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Preface 


In  the  revolution  that  has  reshaped  school  mathematics  over  the  past 
twenty  years,  the  major  efforts  at  first  were  in  behalf  of  the  eapable 
student.  Experienced  teachers,  however,  have  long  been  aware  that 
mathematically  eapable  students  comprise  oniv  a  part  of  the  student 
population.  A  group  often  as  large  as  i\\e  capable  group,  and  in  some 
schools  larger,  is  made  up  of  students  who  have  considerable  difficulty 
learning  mathematics  and  whose  achievement  is  noticeably  below  de- 
sired levels.  Dedicated  mathematics  teachers  have  addressed  them- 
selves to  the  problems  of  these  students  for  many  years.  By  the  sixth 
decade  of  the  twentieth  century,  however,  the  need  for  greater  irath- 
eniatical  competency  on  the  part  of  all  members  of  society  was 
becoming  increasingly  clear.  National,  state,  and  local  interest  started 
to  focus  more  than  previously  on  t!ie  large  number  of  students  in  our 
schools  who  have  trouble  learning  generally;  and  among  these,  of 
course,  are  those  who  have  trouble  learning  mathematics. 

The  Yearbook  Planning  Committee  of  the  NCTM,  at  its  April 
1966  meeting,  agreed  to  recommend  to  the  Board  of  Directors  a  year- 
book on  the  slow  learner  in  mathematics,,  subject  to  the  following 
limitations: 

1.  No  attempt  was  to  be  made  to  identify  such  students  beyond 
the  general  definition  of  ''students  who  are  not  achieving  at  the 
desired  level/' 

2.  The  yearbook  was  to  deal  with  the  subject  matter  objectives  for 
slow  learners  and  the  methods  for  attaining  these  objectives 
at  various  levels. 

The  Board  approved  the  recommendation,  and  a  planning  com- 
mittee for  the  yearbook  was  formed.  The  planning  committee  had  as 
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its  immediate  work  tlic  dcveloi)incnt  of  a  proposal  for  a  conference 
on  tlie  slow  learner  in  niatlicmatics.  It  was  hoped  the  oonferenco 
would  generate  ideas  that  would  culminate  in  the  yearbook  The 
plannmg  committee  completed  its  work  in  April  1967,  whereupon  an 
editor  and  an  editorial  panel  for  the  yearbook  were  appointed.  Four 
of  the  original  planning  committee  members  remained  on  the  editorial 
panel.  Vmcent  Brant  replaced  .lack  E.  Forbes,  who  became  c'.iairman 
of  the  NCTM  Yearl)ool:  Planning  Connnittee  at  that  time. 

The  conference  approach  to  generating  ideas  for  tlie  yearbook  did 
not  prove  feasible  because  of  the  cost  of  such  an  undertaking,  and 
that  approach  was  abandoned.  During  the  early  part  of  1968  the 
editorial  panel  met  twice.  At  those  meetings  we  agreed  on  l)asic 
themes  for  the  yearbook,  selected  tentative  titles  for  the  chapters, 
sketched  elippter  outlines,  and  selected  prospective  authors.  In  August 
1968  a  schedule  and  a  budget  for  the  yearl)ook  were  proposed  to  the 
Board  of  Directors.  The  Board  approved  the  proi)osal  later  that 
year.  By  early  1969  the  writing  team  for  the  yearbook  was  complete. 

The-  editorial  panel  agreed  with  the  first  limitation  set  l)y  the  Year- 
book Planning  Committee  and  did  not  attempt  to  identify  slow 
learners  other  than  by  noting  that  these  are  .students  who  are  not 
achieving  at  the  desired  level.  We  were  well  aware  that  there  are 
a  numl)er  of  reasons  why  students  do  not  achieve.  We  were  also  aware 
of  the  numl)er  of  different  lal)els— underacliiever,  low  achiever,  low- 
ability  student,  disadvantaged  student,  and  so  forth— applica  to 
various  groups  of  these  .students.  We  chose  to  use  the  term  slow 
learner  because  the  students  we  had  in  mind  were  tlioise  who  learn 
mathematics  slowly  and  who  have  a  history  of  learning  mathematics 
slowly.  If  sjxjed  of  learning  is  a  criterion  of  ability  (there  are  those 
who  say  it  should  not  be),  then  perhaps  the  l)asie  group  in  mind  is 
l)est  d''scril)ed  as  those  students  of  low  ability,  and  in  particular 
those  ol  low  mathematical  abiliiy. 

Yd  a  variety  of  students,  with  various  reasons  why  they  learn 
math-.Mnatics  slowly,  are  often  placed  in  tb.e  same  "slow  learner" 
classes.  The  teacher  is  confronted  with  all  these  students.  He  is  not 
always  able  to  determine  the  cause  of  slow  learning,  although  seeking 
the  cause  and  working  to  eliminate  it  as  best  he  can  should  be  a  majo- 
part  of  his  efforts.  The  authors  for  tlw  yearl)ook  were  particularly 
cautioned  not  to  interpret  'slow  learner"  in  such  a  way  as  to  ler.ve 
out  those  whose  apparcnily  low  ability  is  the  result  of  cultural  or 
educational  deprivation. 
The  second  stipulation  oi  the  Yearl)ook  Planning  Committee-that 
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the  yearbook  deal  with  the  subject  matter  objectives  for  slow  learnerij 
and  the  methods  for  attaining  these  objectiv-^s  at  various  levels — was 
subject  to  interpretation.  Wo  frankly  achnit  that  we  chose  to  em- 
phasize the  latter.  The  :nain  purpose  of  the  book  is  to  provide  ideas 
for  teaching  the  slow  learner  in  mathematics.  We  felt  that  it  should 
not  be  a  book  on  curriculum;  it  shoula  certainly  not  attempt  to  pre- 
scribe specific  content  in  mathematics  for  all  slow  learners.  Hence, 
the  emphasis  on  objectives  in  the  book  is  on  how  to  make  them  clear 
to  students  and  how  to  state  them  in  terms  of  desired  student  be- 
haviors, it  is  not  on  speeifie  mathematical  objectives  to  be  attained. 

Certainly,  slow  learners  cannot  be  classified  as  being  alike  in  all 
respects.  However,  teachers  who  h.ave  worked  extensively  with  these 
students  stress  that,  because  of  their  history  of  failure  and  near  failure, 
almost  all  of  them  have  a  low  opinion  of  their  worth,  at  least  as  math- 
ematics students.  They  emphasize  also  that  these  students  learn  best 
when  they  are  actively  engaged  in  the  learning  activities.  Contrary 
to  the  thinkmg  of  the  panel,  some  learning  materials  and  some  teachers 
of  slow  learners  seem  to  take  the  position  that  these  children  are  able 
to  function  eognitively  at  relatively  low  levels  only,  as  in  the  use 
of  computational  skills.  AVith  these  three  points  in  mind,  the  panel 
hoped  to  see  the  following  strands  running  throughout  the  book;  and 
we  asked  the  authors  to  keep  them  foremost  in  mind:  (1)  enhance- 
ment of  the  self-image  of  the  slow-  learner,  (2)  involvement  of  the 
learner  in  the  learning  activities,  and  (3)  attention  to  the  development 
of  both  skills  and  problem-solving  ability.  That  the  authors  did  keep 
these  strands  in  mind  will  be  apparent,  we  think,  to  anyone  who  reads 
the  book. 

The  reader  may  find  it  helpful,  as  we  have,  to  think  of  the  year- 
book as  being  divided  into  three  parts.  The  first  four  cha])ters  give 
background  information  the  teacher  will  find  useful.  In  order,  these 
chapters  treat  the  charaetcristics  and  needs  of  the  slow  learner,  the 
research  literature,  the  advantages  of  stating  learning  objectives  in 
terms  of  student  behaviors  and  some  techniques  for  stating  objectives 
in  this  way,  and  the  creation  of  a  favorable  learning  environment  for 
the  slow  learner. 

The  second  part,  comprising  chapters  5  through  9,  is  meant  to  pro- 
vide more  specific  help  for  the  classroom  teacher.  Adjusting  instruc- 
tion for  the  slow  learner  in  the  elementary  school  and  finding  teach- 
ing styles  that  are  helpful  to  him  in  secondary  school  are  the  themes  of 
chapters  5  and  6,  rcopectively.  Chapter  7  describes  a  nuinbor  of  simple, 
inexpensive  nniltisensory  aids  and  aetiviti^^s  that  can  be  used  with  slow 
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learners;  and  chapter  8  is  dovoted  to  the  laboratory  approach  to 
learning  mathematics.  Procedures  for  diagnosing  mathematics  dif- 
ficulties and  arriving  at  individual  prescriptions  to  overcome  these 
are  dt  veloped  in  chapter  9. 

Tlic  third  part  of  the  book,  for  wani  of  a  better  name,  might  be 
caller!  administrative  considerations.  Chapter  10  deals  with  classroom 
management  and  school  administration.  Chapter:^  11  and  12  deviate 
from  this  third  theme  somewhat  but  are  related  to  it.  Various  pro- 
grams for  slow-learner  groups  are  reported  in  chapter  11.  The  panel 
purposely  chose  programs  representing  a  \-ariety  of  philosophical  and 
curricular  approaches,  wishing  to  leave  open  the  question  of  what 
would  constitute  a  complete  and  appropriate  curriculum  for  slow 
learners  and  recognizing  that  a  variety  of  approachcfe  might  be  suc- 
cessful but  with  different  kinds  of  slow-learner  group.^.  Chapter  12  i.^ 
devoted  to  descriptions  of  some  programs  for  the  in-service  education 
of  teachers— programs  designed  to  help  th<Mn  do  a  better  job  in  their 
work  with  these  students. 

The  two  appendixes  should  be  of  particular  help  to  teachers.  Ap- 
pendix A  presents  a  number  of  activities,  game.^,  and  applications  that 
have  been  found  effective  with  slow  learners;  and  Appendix  B  shows 
sample  lessons  that  have  been  used  sueeessfully  with  slow-learner 
groups. 

We  would  be  remiss  if  we  did  not  take  this  opportunity  to  thank 
those  who  have  helped  bring  the  yearbook  to  realization.  In  the  early 
days  of  planning,  help  came  from  a  number  of  people.  Special  thanks 
are  due  to  Jack  E.  Forbes;  L.  Doyal  Nelson,  chairman  of  the  Year- 
book Planning  Committee  when  the  yearbook  was  proposed;  and 
Donovan  A.  Johnson,  president  of  the  NCTM  during  the  planning 
phase  for  the  yearbook.  Continued  support  for  the  project  came  from 
Julius  H.  Hlavaty  and  H.  Vernon  Price  during  their  terms  as  presi- 
dent of  the  Council. 

We  are  particularly  grateful  to  the  several  authors  of  the  yea i  book. 
They  kept  close  to  schedule  in  submitting  manuscript;  made  changes 
willingly  when  asked  to  do  so;  and,  along  with  members  of  the  editorial 
panel,  reviewed  chapters  of  the  yearbook  and  made  suggestions  for 
changes.  We  are  grateful  also  to  the  many  persons  who  submitted 
excellent  dcscriptio'^s  of  tLeir  programs  to  be  'considered  for  chapter 
11.  We  regret  that,  ^ocause  of  space  limitations,  only  eight  of  these 
could  be  included.  A  list  of  those  we  did  not  have  room  to  include  is 
given  at  the  beginning  of  chapter  11.  We  thank  also  the  teacher.s  who 
submittc.  the  sample  lessons  for  Appendix  B.  We  shall  not  list  here 
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the  names  of  the  writers  in  any  of  these  eategories,  si  nee  their  names 
appear  with  their  eontributions  in  the  yearbook. 

Too  numerous  to  mention  by  name  are  others  who  read  all  or  parts 
of  the  yearbook  in  early  or  late  draft  stages  and  made  helpful  sug- 
gestions to  the  authors  or  the  editorial  panel  members.  Among  these 
were  a  number  of  graduate  students  at  IMontclair  State  College  and 
the  University  of  Virginia. 

Finally,  special  appreeiation  is  due  those  at  the  Washington  office 
of  the  Council.  James  D.  Gates,  executive  secretary,  has  helped  and 
advised  us  on  a  n^imber  of  occasiotis.  Charles  R.  Hueka,  associate 
executive  secretary,  and  his  senior  editorial  associate,  Julia  A.  Laey, 
assisted  by  Charles  Clements  and  Dorothy  Hardy,  receive  our  speeial 
praise  for  the  careful  work  they  did  in  editing  and  preparing  the 
manuscript  for  the  printer,  and  for  the  excellent  job  they  did  in  seeing 
that  the  artwork,  charts,  diagrams,  tables,  and  so  on  (there  are  a 
great  many  in  the  book)  were  skillfully  and  correctly  done. 
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CliaracterijsticjS  and  Needs 
of  the  Slow  Learner 

RICHARD  W.  SCHULZ 


Jow  ACiHMVKHs,  undcrachievcrs,  educafmudly  disadvantaged,  cid- 
'  tnrally  deprived,  emotionally  disturbed— \y\th  an  :'lacrity  and  con- 
fulonce  betraying  only  Mii)crficial  understanding,  sor.  educators  ap])ly 
tlic?o  cu|)licnii.<tic  labels  to  children  and  adoleseents.  Whatever  term 
i.<  used,  there  is  little  evidence  that  human  beings  can  be  so  categorized 
with  any  degree  of  precision. 

Slow  learners  have  been  variously  defined,  in  terms  of  IQ  range, 
mathematical  achievement,  teacher  grades,  reading  level,  or  various 
combinations  of  these.  They  do  indeed  demonstrate  below-average 
intellectual  cai)aeity  on  the  basis  of  at  least  one  of  these  criteria  and 
are  likely  to  display  niatheniatieal  atroi)hy,  or  arrested  develo])ment. 
They  thus  have  nnicb  in  common.  Nevertheless  slow  learners — by  any 
(l(.finiti()n— are  not  alike.  Each  has  his  own  unicjne  set  of  strengths  and 
woakne.v^es,  and  each  shares  in  the  universal,  though  highly  variable, 
attributes,  concerns,  and  needs  of  other  human  beings. 

It  i.s  eonnnonly  said  that  the  child  with  a  ])oor  attitude  or  self-image 
is  (lefieient  in  affevlive  functioning  and  the  child  with  weaknesses  in 
intellectual  skills  is  deficient  in  cognitive  functioning.  This  is  true;  but 
it  is  also  true—and  it  is  a  major  thesis  of  this  chapter— that  slow 
learning  can  result  from  deficient  affective  functioning  as  wdl  as  from 
deficient  cognit.ive  functioning. 
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Solnit  and  Stark  have  warned  that  even  a  child  with  adequate  in- 
tellectual endowment  can  be  prevented  from  learning  by  a  defective 
perceptual  apparatus,  reading  and  writing  disabilities,  an  inner  otatc 
of  excitement  or  anxiety,  overwhelming  life  experiences,  inhibitions  in 
curiosity  and  intellectual  activity,  and  a  home  or  school  environment 
that  interferes  with  the  child's  ability  to  concentrate  and  learn  suc- 
cesslully  (for  example,  a  perfectionist  parent  or  teacher  whose  de- 
mands arouse  resentment  and  discouragement).  They  go  on  to  say  that 
"just  as  a  successful  school  experience  prepares  the  child  for  assuming 
responsibilities  in  later  life,  one  fraught  with  anxiety  and  failure  leads 
to  the  loss  of  self-esteem  and  to  a  self-defeating  attitude"  (36,  p.  989). 

Slow  learners  are  likely  candidates  for  such  loss  of  self-esteem.  In 
treating  symptoms  of  slow  learning,  teachers  must  be  wary  of  such 
generalized  diagnoses  as  "They  don't  know  their  basic  facts,"  or  "They 
can't  read,"  or  "They  must  be  grouped  more  accurately  and  with 
greater  precision."  Even  a  slow  learner  has  already  learned  something. 
It  is  the  job  of  the  school  to  find  out  how  he  has  learned,  what  learning 
disabilities  he  really  has,  and  what  channels  of  cognitive,  affective,  and 
physical  activity  are  still  intact.  Ironically,  schools  may  be  the  only 
treatment  centers  that  blame  the  patient  rather  than  the  treatment 
when  things  go  wrong.  IQ  groupings  themselves  often  serve  to  mask 
instructional  failures.  By  putting  the  blame  on  the  child^s  innate  capa^- 
ity  ("he  is  a  slow  learner"),  schools  have  been  able  to  escape  the  un- 
settling possibility  that  their  own  strategy  or  technology  may  be  at 
fault. 

This  chapter  examines  the  characteristics  of  slow  learners.  However, 
the  reader  is  warned  against  assuming  that  all  slow  learners  are  alike 
or  that  the  characteristics  described  below  present  an  accurate  profile 
of  even  a  typical  slow  learner,  much  less  a  specific  individual.  The 
chapter  concludes  by  reflecting  on  some  important  matters  of  funda- 
mental need  that  arj  generally  overlooked  in  the  treatment  of  slow 
learners.  Affective  concerns  of  children  and  adolescents  are  stressed, 
with  an  underlying  connnitment  to  the  position  that  the  child^s  failure 
to  learn  may  be  partly  the  fault  of  the  school  or  the  teacher  and  not 
exclusively  the  fault  of  the  child. 

Characteristics  of  the  Slow  Learner 

Cultural  differences  and  deficient  cognitive  functioning  are  major 
influences  on  the  behavior  and  achievement  of  slow  learners.  Before 
considering  these  factors  in  more  detail,  however,  it  should  be  stressed 
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thai  differences  are  not  necessarily  defects.  Concerned  by  the  prevail- 
ing preoccupation  with  negatives^  Eisenherg  and  Riessnian  have  urged 
attention  to  the  positives,  maintaining  that  educational  planning 
should  capitalize  on  those  differences  that  may  actually  represent 
strengths  (10).  In  discussing  the  untapped  verbal  ability  of  disad- 
vantaged individuals,  Riessnian  points  to  these  additional  positive 
dimensions: 

.  .  .  the  coopcrativeness  and  mutual  aid  that  ni.-irk  the  extended  family; 
the  avoidance  of  tliestram  accompanying  competitiveness  and  individu- 
alism; the  equalitarianism,  informality  and  humor;  the  freedom  from 
self  blame  and  parental  over-protection;  the  children's  enjoyment  of  each 
others  company  and  lessened  sibling  rivalry;  the  security  found  in  the 
extended  family  and  a  traditional  outlook;  the  enjoyment  of  music,  games, 
sports,  and  cars;  the  ability  to  cxpre^s  anger;  the  freedom  from  being 
word  bound;  and,  finally,  the  physical  style  involved  in  learning.  [30,  p. 
230] 

Fowler  adds  that  even  though  an  early  tendency  toward  autonomy 
may  be  based  on  neglect,  early  independence  can  be  handled  ade- 
quately by  involving  the  child  in  responsibility  and  thus  can  become 
a  partial  advantage  (17,  p.  7).  One  tragedy  of  contemporaiy  education 
may  be  that  so  little  has  been  done  to  identify  and  take  advantage  of 
these  positives. 

Poor  self-image 

A  slow  learner  is  likely  to  have  a  poor  image  of  himselft  both  as  a 
learner  and  as  a  person,  to  the  extent  that  he  has  been  unsuccessful  in 
his  school  experiences.  As  new  challenges  lead  him  to  question  his  own 
worth,  he  grows  increasingly  wary,  and  his  endless  frustrations  lead  to 
feelings  of  guilt  and  shame.  He  lacks  confidence  in  his  future.  During 
adolescence  a  normal  feeling  of  uselessness  becomes  still  more  onerous 
with  the  growing  sense  of  powerlessness,  particularly  when  the  slow 
learner  conies  from  a  disadvantaged  environment.  Indeed,  the  slow 
learner  is  caught  up  in  what  Mager  has  called  universal  aversives — 
conditions  and  consequences  people  tend  to  avoid  (27,  p\>.  50-57). 
These  include  fear  and  anxiety  (for  example,  of  threatened  failure,  ex- 
posing his  ignorance  at  the  chalkboard  in  front  of  his  peers,  or  being 
sent  to  the  principal) ;  frustration  (when  information  seems  irrelevant 
or  is  presented  too  fast  to  assimilate) ;  and  humiliation  and  embar- 
rassment (repeated  failure,  "special  classes/'  and  even  the  feeling  of 
failure  that  is  engineered  into  ^'tlie  lower  half  of  the  grading  curve'^. 

Numerous  studies  appear  to  establish  that  a  relationship  does  exist 
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l)ot\v(»(Mi  >clf-oonc('|)t  and  achicvomcnt  or  .^uece.^s  (4;  8;  16).  In  com- 
inontini^  on  tlie  special  |)rol)lomi.-  of  the  black  lenrner,  Ausubel  speaks 
e(jually  well  for  the  .slow  learner  of  any  color  whose  self-image  has 
been  severely  (lainaged: 

Before  Xejrroes  can  a.<>unie  their  ri^litful  pince  in  a  (le^-^esregated 
American  culture  important  chan^jes  in  the  c<io  structure  of  Negro 
chiklren  mu.M  fir>t  take  place.  They  nuiM  ^iiod  feelings  of  inferiority 
and  >elf-dorogati()n,  acquire  feelings  of  self-confidence  and  racial  pride, 
develop  reaiistie  aspirations  for  occiipntions  recniirnig  greater  ed\ication 
and  training,  and  develop  the  personality  traits  for  nni)lementing  the^e 
aspirations  [8,  p.  130] 

As  the  school  attencH  to  the  matheniatieal  defieieneies  of  the  slow 
learner,  whatever  the  matrix  of  eausal  factors  and  interrelationships 
may  be,  first  priority  should  be  given  to  reeonstruction  of  hi.<  self- 
image. 

Coijnitive  varuibles 

Many  slow  !earnei*s  are  deficient  in  intellectual  skills  or  cognitive 
functioning  a.-^  measured  by  the  predominantly  verbal  i)rol)lems  on 
intelligence  tests.  However,  what  seem  to  be  cognitive  defects  may  be 
simply  differences  in  style  that  are  incompatible  with  the  standard  list 
of  school  virtues  or  intellectual  demands.  Whichever  the  ease,  cognitive 
variables,  like  other  human  attributes,  exist  along  a  shadowy  con- 
tinuum rather  than  on  either  j>ide  of  a  have  or  have-not  lir'». 

Cognitive  (nnciionimf:  deficient.  Intellectual  defieieneies  may,  but  do 
not  neees>arily,  include  some  of  the  following  eharaeteristi'cs  of  an 
impoverished  language-symbolic  system:  a  limited  voeabulaiy;  faulty 
grannnar;  inability  to  use  abstract  .symbols;  deficient  formal  speech 
l)attenis;  restricted  reading  and  listrwiiug  coini)rehension;  and  a  gen- 
eral paucity  of  information,  concepts,  and  relational  sch'^mata  (2;  13, 
Pi).  47-55  and  chap.  3;  17,  pp.  5-6;  24,  pp.  53-54).  The  .^low  learner  is 
apt  to  i)ossess  these  deficiencies.  Moreover,  he  is  apt  to  be  less  effective 
in  classifying,  ordering  sequenee>  of  events,  perceiving  cause  and  efTeet 
n^lationships.  generalizing,  analyzing,  .^olving  abstract  verbal  prob- 
lems, and  maintaining  an  extended  verbal  thought  sequence  (37.  pp. 
5-9).  Since  the  school  is  a  heavily  cognitive  experience,  the  typical 
slow  learner  is  achieving  a  year  or  more  below  grade  level,  particularly 
in  academic  subject.s.  If  he  has  been  held  back  in  his  normal  school 
progress,  he  may  also  be  a  year  or  more  older  than  his  classmates.  All 
in  all,  he  exhibits  a  progressively  deteriorating  achievement  pattern. 
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Learning  sttjlc:  physical,  slow.  In  one  m'iiso.  achuveinont  is  a  tosti- 
moiiy  to  insidious  sorting  and  irwardinjj;  process  that  prizes  head 
orientation  over  hand  orientation,  or  verbal  skills  and  style  over  physi- 
cal skills  and  >tyle.  In  siieh  a  value  >ysteni,  the  slow  learner  i>  often  a 
loser,  for  in  many  cases  his  i)riniary  learninjj;  ^tyle  is  one  of  physieaii- 
zation — confrontation  with  the  innnediate  environment  on  a  physical 
haMs.  While  the  importance  of  visual  and  action-based  mathematical 
experiences  has  been  hypotiiesized  on  a  neurological  basis  for  all 
children  (lo),  tactile  exi)eriences  with  objects  and  events  are  indis- 
l)ensal)lc  to  the  learner  who  has  no  other  effective  input  channel.  To 
form  concepts  and  work  mathematical  problems,  he  needs  the  physical 
input  provided  by  such  manipulative  materials  as  fraction  pieces, 
Diencs  blocks,  geoboards,  puzzles,  games,  machine  calculators,  and  in 
fact  the  entire  mathematics  laboratory. 

But  just  as  physicalization  implies  a  ])hysical  input,  it  also  hints  at 
a  physical  output  (17,  p.  7).  Mathematics  teachers  are  familiar  with 
the  nui.suice  of  the  resulting  "acting  out"  behavior:  pencil  tapping, 
rhythmic  tapping  of  the  feet,  paper  crumbling,  muttering,  waving  fists, 
walking  around  the  classi-oom,  running  in  the  halls,  matching  money, 
yelling,  slamming  books  on  a  table,  temper  tantrums,  name  calling, 
fighting,  and  similar  evidences  that  any  teacher  can  cite.  When  an 
attempt  is  made  to  control  physical  output,  the  result  can  be  sullen 
behavior,  outright  hostility,  withdrawal,  or  daydroaming.  Xone  of 
these  conse(jUences  is  veiy  iilea>ant,  and  any  can  make  learning  more 
difficult. 

A  learning  style  that  is  physical  is  also  slow.  Yet  slowness  sliouhl 
not  be  equated  with  stupidity.  Riessinan  suggests  that  valid  reasons 
exist  for  .-low  learning: 

A  pupil  may  be  slow  because  lie  is  i*.\treniely  careful,  niciiculous,  or 
cautious.  He  may  be  Mow  because  lie  refuses  to  generalize  easily.  lie 
may  be  slow  because  lie  cannot  understand  a  concept  unless  lie  docs 
somcthinp;  physically.  ...  A  clnld  may  be  slow  because  lie  learns  in 
what  I  have  called  a  "one  track"  way:  that  is,  he  persists  in  one  line 
of  thought  and  is  not  flexible  or  broad.  He  <locs  not  easily  adopt  other 
frames  of  referoneo,  such  as  the  tonclicr's,  and  consequently  he  may  ap- 
pear .^low  and  dull.  [30.  P.22G] 

Since  speed  of  re.^^ponse  is  the  dominant  ob.'^ervable  and  rewarded 
behavior  in  most  academic  classrooms,  many  students  may  have  been 
unfairly  penalized  for  their  slow  styles.  It  has  even  been  reported  that, 
in  one  case  study,  science  and  iiiatlieinatics  teachers  waited  signifi- 
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cantly  less  time  for  poor  student?  to  reply  to  que^^tions.  Students  whom 
the  teacher  perceived  as  .slow  or  le?s  able  had  to  answer  more  rapidly 
than  those  perceived  as  fast  or  bright  (31,  p.  13).  If,  in  addition,  slow 
learners  find  that  speeding  up  their  work  increases  not  only  the  prob- 
ability of  error  but  the  risk  of  some  consequence  that  will  further 
damage  their  self-images^-,  it  is  not  surprising  that  they  continue  to  be 
slow  learners. 

Cultural  (Ufferenct.s 

In  general,  cultural  differences  place  the  learner  at  a  serious  dis- 
advantage—sometimes  by  impairing  cognitive  skills,  sometimes  by 
damaging  affective  functioning,  sometimes  by  imposing  bctvv'ecn  the 
learner  and  the  school  a  cultural  barrier  or  conflict  with  which  neither 
the  school  nor  the  child  is  able  to  cope.  For  the  slow  learner  who  finds 
himself  in  a  disadvantaged  environment,  life  is  not-^to  use  Klinebcrg's 
words— ''fun,  filled  almost  exclusively  with  friendly,  smiling  parents, 
doting  grandparents,  generous  and  cooperative  neighbors,  and  even 
warm-hearted  strangers"  (23).  Rather,  the  disadvantaged  legacy  is 
one  of  poverty,  often  complicated  by  minority  status,  with  a  high 
potential  for  economic,  emotional,  and  social  disaster.  Love  of  learning 
is  certainly  not  a  product  of  a  slum  home.  The  marginal  family  may 
be  large,  extremely  overcrowded,  noisy,  disorganized,  broken,  highly 
mobile,  presided  over  by  someone  other  thaii  a  parent,  marked  by 
extremes  of  severe  punishment  and  neglect,  chronically  insecure  eco- 
nomically, and  further  weakened  by  poor  diet  and  inadequate  clothing. 
Because  of  the  authority  stance  of  the  adult  hend  of  the  family,  cul- 
turally deprived  cliildren  often  have  had  little  opportunity  for  intel- 
lectual interaction  with  adults.  Furthermore,  adults  without  an  in- 
tellectual orientation  may  not  be  able  to  help  with  academic  require- 
ment<,  teaeh  such  "school  virtues"  as  promptness  and  orderliness,  or 
direct  children  toward  long-range  goals.  (37,  pp.  4-13.) 

Tims,  children  who  not  only  learn  slowly  but  come  from  a  disad- 
vantaged culture  may  lack  hope,  tend  to  behave  in  a  random  manner, 
respond  only  to  immediate  or  short-term  goals,  and  neither  expect  to 
achieve  nor  fear  not  achieving  (20).  In  contrast,  most  teachers  come 
from  a  iniddle-class  culture,  which  has  given  them  a  generally  hopeful 
outlook,  highly  organized  their  behavior,  mad.  them  conscious  of  long- 
range  goals,  a!ul  led  (hem  to  expect  achievement  and  success.  Such  cul- 
tural conflict  ean  seriously  impair  the  teacher's  effectiveness  in  work- 
ing with  children  from  so  discordant  an  environment. 

A  disadvantaged  culture  does  not  support  the  goals  and  patterns  of 
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school  life.  \Vc  need  to  reinembcr,  however,  thjit  individuals  are  not 
alike.  Fowler  reiieats  thi^  caution  when  he  says: 

Tlierc  IS  a  body  of  evidence  now  rapidly  accuimilating  which  reveals 
cliaracteri>tie  patterns  associated  with  these  conditions  of  hfe.  .  .  .  They 
are  found  in  various  combinations,  althougii  to  some  degree  the  presence 
of  certain  styles  or  traits  tends  to  preclude  the  existence  of  others.  It 
is  iniix)rtant  to  underscore,  however,  that  these  must  be  considered  ideal- 
type  patterns  winch,  while  found  more  frequentl>  in  the  poor  and  under- 
privileged, are  not  uniformly  present  throughout  these  subcultures.  The 
range  of  variation,  botli  in  quantity  and  in  quality  of  types  of  personality 
and  cogniti\e  styles,  are  a^  great  here  as  in  any  other  population.  [17. 
p.  5] 

Reality  set 

It  has  been  said  that  many  slow  learners  value  education  but  dislike 
school.  In  a  sense,  they  have  a  reality  set.  They  are  not  satisfied  by  a 
phony  world,  and  they  raise  serious  questions  about  the  relevance  of 
their  school  experiences.  As  Fantini  and  Weinstein  set  forth  the  issue: 

The  disadvantaged  ehild  has  dared  to  call  attention  to  the  Emperor's 
clothes  by  asking,  ''What's  really  in  education  for  me?"  In  a  counter- 
point of  innocence  and  defiance,  the  ghetto  student  declares  that  the 
>chooi  is  phony,  that  teachers  don't  talk  like  real  people,  that  his  reality 
and  reality  as  painted  by  tlie  language  of  the  school  are  as  mglit  and  day. 

In  questioning  whether  the  school  has  mucli  intrinsic  meaning,  he  has 
become  the  spokesman  for  tlic  niuldle-class  child  as  well.  Middle-class 
students  may  drop  out  of  college  complaining  of  the  irrelevancy  of  their 
clashes,  and  iniddle-elass  AinerwM  may  betray  its  miseducation  by  its 
apathy  toward  social  injustice.  But  even  if  they  find  the  school??  too 
distant  from  the  reality  of  their  lives  they  are  little  inclined  to  challenge 
the  entire  procej^??  becau:^.*  they  have  learned  to  play  the  game  in  order 
to  make  it  to  and  through  college.  [14,  p.  105] 

Slow  learners  need  to  sense  reality  in  the  problems  with  which  they 
are  confronted,  to  sense  at  least  occasionally  that  something  important 
has  happened  in  the  school  matheniaties  setting.  While  social  pressures, 
adult  views,  and  disciplined  logic  may  affect  eurriculuin  choices,  rele- 
vance must  be  based  on  the  perception  of  the  learner — in  the  way  the 
slow  learner  views  the  school  program  as  appropriate  to  his  age,  his 
soeial  and  ethnic  background,  and  as  an  avenue  to  a  useful  adul*  role. 
School  must  be  valid  in  his  terms. 

This  is  not  to  suggest  that  relevance  must  be  based  solely  on  voca- 
tional ineaningfulness;  for  what  is  relevant  to  a  slow  learner  is  often 
related  to  Iiis  affective  concerns,  to  his  inner  uneasiness.  Fun,  enjoy- 
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nuMit,  and  rliscovery  can  aL^o  be  relevant  if  tliey  reach  to  tlie  feelings 
of  the  1-arner.  Unfortunately,  as  Bruner  has  noted,  the  problem  is  that 
learning  i.s  taken  out  of  the  context  of  innnediate  action  just  by  dint 
of  putting  it  into  a  school  and  "the  result,  at  its  worst,  has  led  to  the 
ritual,  rote  nonsense  that  ha^  led  a  generation  of  critics  to  despair" 
(6,  p.  71). 

Xccd  of  immediate  gratification 

Slow  learners  often  find  it  difficult  to  defer  immediate  gratifications 
in  the  interest  of  long-range  goals.  More  often  than  not,  their  academic 
school  experience  is  neither  clearly  nor  convincingly  related  to  long- 
range  purposes.  In  lieu  of  responding  to  such  future  satisfactions  as  a 
good  job  or  a  college  degree,  slow  learners  tend  to  put  their  encrgv  into 
immediately  gratified  desires:  food,  sports,  cars,  friends,  sexuafplea- 
sures,  and  various  other  symbols  of  adult  status.  To  a  jmiior  high 
school  boy  already  one  or  two  yeai^  retarded  in  school  achievement, 
the  distant  outline  of  a  high  school  diploma  seems  more  illusory  than 
real.  Stated  succinctly,  \a  the  light  of  available  data,  graduation  is  a 
bad  bet. 

iMck  of  scliool  skills 

Whatever  the  causes,  slow  learners  are  not  likeiy  to  exhi])it  the  skills 
required  by  ty|)ical  school  strategies  and  routines.  One  skill  they  often 
lack  is  that  of  listemng-^of  paying  attention.  Poor  listening  may  some- 
times be  the  result  of  ha\ing  been  subjected  to  so  much  random  ncise 
that  one  has  learned  to  tune  out  audio  stimuli.  As  Asbell  suggests: 

Psychologists  are  bosjinning  to  vlisoorn  that  the  slum  child's  inattention 
may  be  a  high  skill,  the  result  of  intensive  trainnig  When  the  child  lives 
with  11  poopio  in  throe  rooms  .  .  .  sharing  their  toilets,  knowing  when 
the  man  is  drunk  next  door  and  [that]  the  baby  i.s  awake  downstairs— 
a  child  must  learn  to  be  inattentive  to  survive.  His  ears  become  skilled 
in  not  hearing,  his  eyes  at  not  seeing.  [1,  p.  SO] 

Children  who  have  learned  to  be  inattentive  have  acquired  a  charac- 
teristic of  considerable  concern  to  their  classroom  teachers. 

Another  skill  that  is  typically  deficient  in  slow  learners  is  persis- 
tence. Many  observers  have  noted  the  short  attention  span  of  slow 
learners.  However,  oven  slow  learners  persist  well  beyond  expected 
limits  when  they  are  engaged  in  certain  kinds  of  tasks  that  are  either 
clearly  relevant  or  unusually  interesting. 

Shun  children  are  not  accustomed  to  attending  to,  or  bein^  an  object 
of,  the  long,  orderly,  verbal  sequences  that  teachers  use  in  explaining 
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•ul)j(r(  matter.  .  .  The  niucli-iioted  >hort  attenti()n->pan  is  thu<  only 
partly  a  habit  buih  in  (li>c)rclere(l  and  (li>eontnmou>  homo  htV.  It  may 
also  be  a  consequence  of  tlie  nieaiinijjie^>ne>>  of  nuu-h  of  their  seiiool 
work  and  of  an  ahiio>t  allergie  reaction  to  an  overabiindance  of  e()ninian(l>, 
prohibition>,  and  (lirection>  wliicli  liave  flooded  the  eai>  of  the>e  >tu- 
dent<  })oth  at  home  and  m  school  [37.  p.  {)\ 

In  problem  >olving.  a  reflevtive  ret^pouse  \>  often  laeking.  Slo\\  learn- 
er? tend  to  i)e  more  impul^ivo  than  reflective.  An  hnpnl>ivo  response  is 
freqncntly  a  retpievSt  for  perv^onality  snpport:  tlie  first  peivon  to 
respond  at  .lea>t  wins  some  form  of  recognition.  Ilowovcr.  other  factors 
may  be  at  work,  lor  one  thing,  a  >\o\\'  learner  may  have  difficulty 
tolerating  ambiguity  and  tend  to  clo>e  on  an  an>wer  before  collecting 
and  evaluating  all  the  available  evidence.  For  another,  with  le.^s  under- 
standing, he  is  more  apt  to  gucsi?. 

Initiative  is  another  school  virtue  in  which  >low  learner>  are  typi- 
cally defiei(Mit.  They  need  i  n  unusual  amount  of  prodding,  and  this  i.s 
partly  a  re>ult  of  their  conditioning:  they  have  been  conditioned  to 
exi)eet  their  responso  in  the  .school  >etting  to  be  self-defeating.  They 
may  be  neither  quick  nor  accurate,  but  they  are  clever  enough  not  to 
expose  themselves  in  a  nonsupportive  or  threatening  environment. 
Eventually;  the  teacher  of  slow  learner.^  must  face  the  problem  of  how 
to  initiate  responsive  behavior  from  the  child. 

Finally,  a  ."icnse  of  time,  order,  and  sequence  is  important  for  success 
in  school.  The  slow  learner  is  ai)t  to  have  a  deficient  sense  of  tune,  a 
poor  >en>e  of  order  and  >ef|uenee,  and  an  inability  to  cope  with  se- 
quential ev(iit<.  Since  schools  are  organized  around  routines  and  thiie 
schedules,  the  slow  learner  easily  becomes  disorganized — a  character- 
istic that  sliovN  up  as  lo.^t  pencils,  forgotten  notebooks,  or  unfinished 
homework,  as  well  a^  in  more  serious  n  anifestatioiis.  Di.^orgaiiixation 
leads,  hi  turn,  to  a  poor  attitude  toward  school,  a  high  hicidence  of 
witl'drawal.  regular  absences,  and  a  tendency  to  (h'op  out. 

Lack  of  fiocial  skills 

In  the  ab.^eiice  of  other  sources  of  reward  and  reinforcement,  many 
slow  learners  tend  to  measure  spcees>  hi  terms  of  their  i)ersoual  rela- 
tionships with  peers.  They  seek  strong  jK^'-r  identification  and  group 
.Hii)i)ort  even  as  they  may  lack  many  of  the  social  skills  retjuired  for 
successful  group  work  in  the  school  setting.  Tlu^se  social  skills  are  even 
more  likely  to  be  wanting  when  the  slow  learner  conies  from  a  dis- 
advantaged environment.  Tie  iiiny  unknowingly  break  the  rules  of 
conduct;  for  he  may  never  have  learned  the  school  virtues  of  cleaiili- 
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noss,  piinetiiality,  orderline^-s,  and  rcv<ponsivcnc?s.  He  may  cliafc  iiiulor 
the  pressures  of  endless  routines,  commands,  proliibitiou.-.  and  direc- 
tions. In  another  setting,  however,  he  is  a  different  person.  When  out 
of  school  and  freed  from  its  unacceptable  constraints,  he  i  ny  exhibit 
aggresMve,  physical  leadership. 

Although  a  slow  learner  may  .seek  group  identification,  a  large 
group  (cla.^s)  may  readily  ^'turn  him  off."  Particularly  where  intellec- 
tual performance  is  involved,  exposing  himself  to  his  peers  may  be  too 
threatening  to  his  self-image.  He  is  then  likely  to  respond  more  skill- 
fully in  smaller,,  intimate  groups,  where  the  risks  are  smaller  and  where 
attention  and  reinforcement  are  more  readily  available.  Thus  at  one 
time  the  slow  learner  may  seek  the  support  of  a  peer  group,  but  at 
another  time  he  may  need  to  escape  from  group  pressure,  to  seek  tem- 
poraiy  privacy— in  a  study  cubjcle,  in  a  corner  of  the  room,  in  the 
hali,  or  in  the  nonevaluative  grasp  of  a  headset  as  he  responds  to  a 
carefully  planned  audio  stimulus. 

Deficient  adult  relationships 

Kagan  has  suggested  several  broad  classes  of  goals  that  motivate 
the  child's  learning  of  academic  skills.  Developmentally,  the  first  goal 
is  recognition  from  significant  others.  For  the  young  child,  this  group 
hicludes  parents  and  teachers.  For  the  older  child  and  adolescent,  it 
includes  peers  and  certain  authority  figures  who  have  either  the  skills 
or  the  power  that  the  adolescent  values.  A  second  goal  is  identification 
with  a  model  who  is  oen  as  commanding  desirable  resources.  The  child 
will  want  to  adopt  behaviors  and  learn  skills  that  he  believes  will  make 
him  more  like  the  model.  (22,  p.  34.) 

Unfortunately,  significant  others  and  appropriate  adult  models  do 
not  appear  in  the  adult  relationships  of  many  slow  learners,  particu- 
larly those  from  disadvantaged  backgrounds,  where  adult  males  are 
conspicuously  unavailable  to  boys— not  only  because  they  find  few 
male  teachers  in  the  elementj»ry  school  but  because  the  male  parent  is 
either  niissing  or  too  busy  to  pay  much  attention  to  the  family.  Many 
such  children  seldom  have  an  opportunity  to  sit  dowji  with  an  adult 
and  hold  a  conversation  of  any  personal  consequence.  Adults  are 
creature.s  to  avoid.  ("They  tell  you  to  be  (luiet  or  to  get  out  of  the 
way,  but  they  do  not  talk  to  you.^')  Yet  the  essence  of  a  school  ex- 
perience is  the  adult  conversation  that  these  children  have  not  learned. 
Often  what  passes  for  conversation  is  limited  to  such  statements  as, 
"iMathematics  was  one  of  my  worst  subjects,  too,"  or,  "That's  not  the 
way  I  learned  it/'  or,  "Why  are  they  teaching  you  that?'' 
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One  of  the  most  significant  contingencies  in  a  class  of  slow  learners 
is  that  one  of  them  will  find  in  the  teacher  an  adult  model  with  whom 
he  can  identify,  from  whom  he  can  catch  a  ])Ositivo  attitude  toward 
mathematics,  and  with  whom  he  can  learn  to  engage  in  a  mathematical 
dialogue.  Bruner  has  suggested  that  *^the  co'-rtesy  of  conversation  may 
be  the  major  ingredient  m  the  courtesy  of  teaching"  (6,  p.  90). 

Imj)ortance  of  sex  differences 

No  listing  of  the  attributes  of  a  slow  learner  would  be  complete  if  it 
did  not.  recognize  the  imi)ortance  of  differences  associated  with  the  sex 
of  the  learner.  It  makes  a  great  difference  whether  the  slow  learner  is 
a  boy  or  a  girl,  especially  when  the  school  is  searching  for  strategies 
and  technologies  relevant  to  the  slow  learner.  Whether  inherent  traits 
or  cultural  imi)rints,  sex-related  differences  have  been  observed  in 
learning  .«^tyles,  role  exi)ectancies,  sensitivities,  aggressive  tendencies, 
toleration  of  femininity  or  masculinity,  and  response  to  authority. 
How  a  child  perceives  his  sex  role  can  be  a  critical  factor  in  his  con- 
cei)t  of  relevancy,  his  self-image,  his  tendency  to  initiate  behavior, 
and  his  willingness  to  complete  a  school  assignment.  (19,  pp.  59-67; 
26;  33.)  The  feminization  of  the  elementary  school  may  be  more  than 
coincidentally  related  to  the  fact  that  so  many  more  boys  than  girls 
are  ^^serious  i)roblein  children"  (5,  i)p.  13-17). 

Kagan  has  develoi)ed  the  iini)ortance  of  the  sex  ai)propriateness  of 
school  tasks  by  relating  this  factor  to  modeling  behavior,  or  his  ''iden- 
tification motive." 

The  peer  group  is  not  unimportant  in  the  development  of  standards 
and  motives  surrounding  intellectual  mastery.  The  child  selects  models 
from  among  his  classmates  once  he  begins  school.  As  with  the  lower-class 
family,  the  lower-class  peer  group  is  biased  againsr  school  achievement 
in  favor  of  those  behaviors  that  the  boys  and  girls  themselves  define 
as  masculine  or  feminine.  This  situation  has  serious  consequenees  for 
school  performance.  [21,  p.  S7] 

Although  arithn  riic  is  one  of  the  few  school  activities  labeled  as 
l)redoininantly  inaoCulii:e  by  first-griide  boys  and  girls,  the  influence 
of  intellectual  motivation  has  moderated  by  the  fifth  grade  (22,  pp. 
36-37).  Silberman  has  noted  this  iini)ortant  consequence  of  sex-linked 
behavior: 

The  notion  that  intellectual  activity  is  effete  anil  effeminaie  takes 
hold  among  boys  around  the  fifth  grade.  .  .  .  (Curiously  enough,  the 
notion  that  intellectual  activity  is  w«femmine  sets  in  among  girls  at  about 
the  same  age.)  [34,  p.  203) 
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Thus  the  flight  into  fpininiiiity  of  i>rcadolescent  girh  may  spell  addi- 
tional trouble  for  (he  teacher  of  niatheuiatics.  This  is  but  one  example 
of  the  need  for  considering  sex  difTerenccs  in  plannmg  mathematics 
eurriculum.  The  implioation  in  this  case  is  that  eurrieuluin  materials 
should  include  problems  viewed  by  girls  as  feminine  as  well  as  problems 
viewed  by  boy^  as  maseuline. 

There  are,  of  course,  other  scx-linkcd  characteristics  of  interest  to 
the  mathematics  teaehcr.  Girls  are  apt  to  exhibit  the  approved  virtues 
of  cleanliness,  neatness,  punctuality,  and  orderliness.  They  tend  to 
function  well  in  groups.  They  tend  to  be  better  with  computation  but 
less  proficient  in  mathematical  reasoning  (18,  pp.  49-50).  Particularly 
at  the  onset  of  adoles.'^euce,  they  are  preoccupied  with  personal  appear- 
ance and  so  Mai  relations.  They  seek  to  marry  and  live  happily  ever 
after.  They  are  more  apt  tc  respond  to  gentleness,  soft  voices,  fairness, 
and  democratic  firmness.  They  are  more  apt  to  accept  the  teacher  and 
the  content  on  faith. 

Boys,  on  the  other  hand,  are  preoccupied  with  things  comieetcd  with 
their  masculine  status  (33,  p.  85).  This  is  even  more  true  of  boys  from 
disadvantaged  homes  where  male-female  roles  tend  to  be  more  sharply 
drawn  and  where  .^ex  typing  begins  early  (19,  p.  64).  Males,  even  adult 
males,  from  lower-class  families  gravitate  towards  male  peers  rather 
than  their  families,  ^falcs  seek  to  dominate,  and  they  fear  femininity 
in  any  form.  In  nio.st  subculture!>,  however,  boys  are  more  apt  to  iden- 
tify with  activities  that  arc  mechanical,  scientific,  physically  strenuous, 
adventurous,  legal,  political,  sales-oriented,  or  technological. 

A  plea  for  more  careful  examination  of  sex  differcnee.s  as  they  relate 
to  slow  learners  is  made  by  Bentzcii.  who  says  that  when  a  society  only 
covertly  recognize.^  the  possibility  of  a  relationship  between  a  biclogi- 
cally  determined  difiercntial  between  the  sexes  and  the  three-  to  tcn- 
to-onc  male  predominance  in  learning  and  behavior  disorders,  this 
itself  may  "precipitate  stre.ss  and  trauma,  thereby  frequently  initiating 
the  deviant  behavioral  response  patterns  that  society  has  eoine  to 
expect  as  'iiormar  for  boys"  (5,  pp.  13-14). 

Managing  Instruction 
to  Meet  the  Needs  of  the  Slow  Learner 

The  teacher- nanager  as  the  strategic  change  agent 

In  building  a  mathematical  program  for  the  slow  learner,  the  school 
has  been  notoriously  unimaginative  and  unsuccessful.  Its  failure  can 
be  attributed  to  many  factors.  For  one  thing,  ]eariiiiig  theory  has  not 
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])rovi(locl  an  adequate  base.  For  another,  treatment  has  vaciHaved  even 
as  it  has  ranged  from  si)ecial  worksheets  to  al)ihty  grou])ing,  to  i)re- 
school  centers,  to  such  technological  resources  as  cominUers.  Never- 
theless, in  the  i)rcsent  com])Osition  of  the  real  world,  the  teacher  is  the 
critical  agent  of  change  who  can  adajH  the  stratc^gie^  and  tactics  of 
instruction  to  meet  the  needs  of  the  slow  learner  The  living  teacher, 
not  an  abstract  i)rograni  of  instruction,  is  the  manager  of  instruction, 
sensitive  and  re.^ponsivc  to  the  affective  as  well  as  the  cognitive  needs 
of  the  learner.  lie  must  diagnose  with  systematic  care,  plan  for  an 
extensive  range  of  individual  differences,  and  mediate  effectively  be- 
tween the  things  of  the  classroom  and  the  intellect  on  the  one  hand  and 
the  affections  of  the  learner  on  the  other.  He  brings  to  the  task  a  bag 
of  influencing  teehni(iue.s:  i)roxiniity,  signals,  humor,  constructive  cri- 
ticism, routines,  reinforcements,  and  affections — to  name  but  a  few.  In 
even  the  worst  of  circumstances  he  must  try  to  be  flexible,  resi)onsive. 
and  nonthreatening.  Let  us  now  examine  a  few  of  the  strategics  of  the 
teacher  as  an  instructional  manager  who  ittemi)ts  to  control,  or  at 
least  influence,  affective  functioning,  learning  tasks,  social  interaction, 
and  the  schedule  of  rcinforeements. 

Just  as  there  is  no  stereotype  for  the  slow  learner,  so  there  is  no  uni- 
versal prescription  for  his  treatment.  In  the  discussion  that  follows,  the 
l)roblem  of  individual  differences  is  imi)licit  in  each  dimension  of  the 
learning  task  and  its  management.  Recognizing  that  it  is  impossible 
to  assign  a  single  teacher  to  every  child,  Sears  has  advocated  the  de- 
veloi)ment  of  self-instruction  devices  that  children  can  use  at  their  own 
l)acc  and  has  urged  the  designing  of  research  studies  to  discover  prin- 
ciples that  api)ly  to  group-oriented  teaching  and  learning  as  well  as 
individual  interactions  between  the  teacher  and  the  child  (32,  p.  6-7). 
The  following  paragrai)hs  call  attention  to  a  few  .>'uch  princii)les — ones 
that  are  already  known  but  commonly  overlooked. 

Affective  control:  A  sense  of  trust 

There  is  strong  evidence  that  low  achievement  is  as  much  a  per- 
sonality problem  as  an  intellectual  one.  The  student  must  feel  good 
about  himself  (37,  j).  265).  When  the  slow  learner  comes  to  class 
with  a  seriously  damaged  self-image,  he  cannot  do  good  work.  Effec- 
tive learning  cannot  take  i)lace  until  the  teacher  and  the  pui)il  trust 
and  res])cct  each  other,  until  the  i)ui)il  feels  socially  and  emotionally 
secure  in  the  classroom  environment.  Erikson  has  singled  out  basic 
trust  as  the  first  component  of  a  healthy  i)ersonality,  defining  it  as 
follows: 
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By  ''trust''  I  mean  what  is  commonly  implied  in  reasonable  trustful- 
nosii  a.s  far  as  others  are  concerned  and  a  simple  sense  of  trnst\\orthiness 
as  far  as  oneself  is  concerned.  .  .  .  What  we  here  call  ''trust"  coincides 
with  what  Thereso  Bencdek  has  called  "confidence."  If  I  prefer  the  word 
''trusts."  it  is  because  there  is  more  naivete  and  more  mutuahtv  in  it 
[12,  pp.  50,01] 

To  manage  the  environment  in  such  a  way  as  to  build  a  sense  of 
trust,  the  teacher  must  speak  to  the  feelings  of  the  learner.  The  slow 
learner  must  sense  a  special,  warm,  I-carc-about-you  relationship.  He 
needs  to  feel  the  intimacy  through  hands-on  reassurance  or  through 
carefully  chosen  words  that  manifest  tolerance,  undei-standing,  and 
respect.  He  must  find  a  clear  frame  of  reference  with  consistent  bound- 
anes  for  classroom  behavior.  He  must  learn  to  respond  and  to  engage 
m  adult  conversations  with  his  teacher  as  well  as  his  peei-s.  The 
teacher,  in  turn,  must  learn  when  to  talk  and  when  to  let  students  talk. 
This  may  not  be  easy,  especially  for  teachers  who  have  long  defined 
teaching  as  telling  and  practiced  it  as  such  (37,  p.  275). 

Task  control 

Initiating  responses.  Anxious,  withdrav/n  children  seldom  initiate  a 
response,  whereas  confident,  explorative  children  are  seldom  without 
something  to  do  or  say.  It  is  not  surprising,  then,  that  slow  learners, 
who  are  anxious  because  they  are  school-conditioned  to  expect  failure! 
show  a\-oidancc  and  inhibitory  reactions  rather  than  desirable  re- 
sponses when  presented  with  mathematical  stimuli.  Faced  with  this 
situation,  the  teacher-manager  must  find  ways  to  overcome  it. 

One  way  to  encourage  initiatory  responses  is  to  make  the  classroom 
onvn^onment  more  attractive,  appealing  both  to  the  mind  and  to  the 
feelmgs.  Physical  arrangements  can  encourage  the  slow  learner  to  ask 
a  question,  to  inquire  about  a  specific  puzzle,  or  object,  or  display. 
Since  questioning  by  the  student  is  relatively  nonthreatening  to  him 
(as  long  as  the  teacher  refrains  from  making  humiliating  evaluations 
of  the  question  itself),  the  teacher^s  ability  to  manage  the  environ- 
ment  to  stimulate  questions  is  an  important  technique  for  helping 
children  begin  to  feel  a  part  of  a  warm,  human  relationship.  Ques- 
tioning and  curiosity  should  not  be  punished,  and  any  rea.sonable 
questions  should  be  encouraged,  even  when  they  arc  of  a  nonmathe- 
matical  nature. 

Phyjicalization.  Sensorimotor  involvement  with  real  objects  (and 
pictures  of  objects)  is  a  crucial  preliminary  to  effective  verbalization 
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and  conceptualization  by  the  slow  learner.  For  him,  learning  must  be 
more  than  i)assive  reeei)tion.  He  needs  to  do  things,  sometimes  even 
interacting  with  the  environment  in  random  exi)loration  with  his 
unique  style  and  sensory  mix.  Such  learning  can  be  messy  rather  than 
elegant,  uneven  rather  than  i)rodietable.  Yet  the  understanding  teacher 
will  know  that  many  children  need  to  learn  this  way.  Asbell  makes  a 
special  pica  for  the  culturally  disadvantaged: 

No  one  ever  tells  slum  children  huich  about  aiiythmg.  Conversation 
is  not  a  highly  developed  art  in  their  families.  Suddenly  the  child,  ac- 
eustomed  to  learning  throug!i  his  senses,  is  obliged  to  sit  still  all  day 
before  a  talkative  tcaohcr — she  can  talk  for  hours  without  stopping. 
Moreover,  she  seem?  to  think  the  most  important  tiding  in  the  world 
is  to  make  out  printed  words  on  a  page.  [1,  p.  91] 

And  Davis  makes  a  final  stinging  observation: 

Large-scale  observation  of  American  classrooms  reveals  unquestionably 
tl'at,  in  1065,  the  usual  (and  nearly  universal)  mathematics  class  has 
children  Mtting  in  their  seats,  a  teacher  standing  at  the  front  of  the 
room,  no  piiysical  apparatus  for  the  children  to  touch  and  play  with, 
and  a  lesson  involving  merely  talking,  listening,  reading,  and  writing.  .  . 
This  applies  not  only  to  the  primary  grades,  but  at  least  as  broadly  to 
K-12.  .  .  .  We  need  much  more  use  of  physical  apparatus  in  the  mathe- 
matics classroom,  especially  apparatus  which  the  children  manipulate 
themselves.  [9,  pp.  356-57] 

AlternativcSy  novelty y  and  variety.  Slow  learners  not  only  tolerate 
novelty  and  variety;  they  demand  them. 

Reasonable  predictability  is  a  prerequisite  of  classroom  security,  but 
novelty  and  reasonable  ?t«prcdictability  are  required  to  sustain  ex- 
ploratonj  activity.  The  jioint  is  forcefully  made  by  Waetjen: 

Nothing  erodes  motivation  more  than  constant  exposure  to  the  pre- 
dictable and  familiar  situation.  Of  course,  classrooms  must  be  somcwiiat 
familiar  to  pupils,  since  this  gives  them  guidcposts  for  behavior  and 
therefore  facilitates  motivation.  But  all  classrooms  should  have  some 
element  of  unpredictability  which  gently  nudges  pupils  into  an  "ofT 
balance"  position  and  which  makes  it  necessary  for  them  to  obtain  in- 
formation in  order  to  regain  their  balance.  [38,  p.  39] 

Novelty  and  variety  servo  a  further  purpose  by  making  alternatives 
available — the  alternative  approaches  and  procedures  needed  to  ac- 
commodate the  wide  range  of  learning  styles  and  affective  concerns 
exhibited  by  slow  learners.  '^More  of  the  same"  is  seldom  an  effective 
solution  to  a  learning  problem  that  develops  when  a  child  fails  to 
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achieve  a  stated  objective  through  a  given  set  of  .stimuli.  It  is  to  be 
ho])ed  that  alternative  stimuli,  more  lively  and  in  tune  with  the 
learner's  style  and  interests,  will  then  be  heli)fiil.  Available  alternatives 
must  range  well  beyond  the  unim])refcsive,  unexciting,  and  over- 
whelmingly verbal  format  of  the  typical  mathematics  text— and  beyond 
other  resources  that  are  connnonly  used.  A  workbook  of  problems  all 
l)resented  in  a  similar  manner,  all  requiring  the  same  form  of  response, 
and  all  leading  to  a  single  best  answer  does  not  stimulate  persistent 
behavior  or  arouse  curiosity.  And  the  typical  readmg-lcctnre  style  of 
clas.-room  activity  is  by  uo  measure  a  close  match  with  the  physical- 
action  style  of  the  slow  learner. 

One  imi)ortant  source  of  variety  and  novelty  is  the  mathematical 
game.  Children  develop  cognitive  skills  as  they  play  games,  making 
decisions  and  carrying  out  strategies.  Aside  from  this  fact,  however, 
games  have  value  because  they  are  needed.  The  rationale  for  games, 
Ricssman  says,  can  be  found  in  the  learning  styles  and  characteristics 
of  slow  learners: 

Their  extra-verbal  eoinmunication  (motoric,  visual)  is  usually  called 
forth  in  games,  most  of  wliirli  are  not  word-bound.  Also,  most  games 
are  person-centered  and  generally  are  concerned  with  direct  action  and 
visible  results.  Games  are  usually  sliari)ly  defined  and  structured,  with 
clear-cut  goals.  The  rules  are  defniite  and  can  be  readily  absorbed.  The 
deprived  child  enjoys  the  challenge  of  the  game  and  feels  he  can  ''do" 
it;  this  is  in  sharp  contrast  to  many  verbal  tasks.  [29,  p.  71] 

T(^achers  alert  to  the  need  for  variety  and  novelty,  however,  must  be 
e(iually  alert  to  the  danger  that  the  mathematics  presented  to  slow 
learners  may  degenerate  into  a  series  of  completely  unrelated  topics, 
meaningless  tricks,  useless  ai)plications,  or  mere  amusement  and  enter- 
tainment. Variety  nmst  be  carefully  managed  and  instruction  organ- 
ized to  |)rovidc  the  feeling  of  security  that  slow  learners  seem  to  find 
wben  they  look  forward  to  a  daily  routine.  Nevertheless,  while  a 
typical  class  period  may  include  a  'Svake  up"  exercise,  a  rcvie\v,  a 
game,  tbe  discussion  of  a  new  idea,  and  written  seat  work  or  a  "quiet 
time,"  within  the  context  of  each  part  of  the  lesson  there  is  adequate 
oi)i)ortunity  for  pleasant  surprises,  unpredictability,  and  variety. 

One  further  point  should  be  noted.  When  children  are  exi)osed  to 
many  alternatives,  they  are  likely  to  find  a  i)referred  technique,  strat- 
egy, or  algorithm.  As  a  result,  students  working  side  by  side  may  be 
using  different  strategics  and  algorithms.  Such  flexibility  allows  for 
different  learning  styles  and  need  not  lead  to  mass  confusion. 
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P.^ijchol()(}ical  .structure,  sequencwg,  and  pacimj.  Tliat  pliysicalizu- 
tioii  and  variety  arc  not  Mifilcicnt  m  tlu'ni.sclvcs  is  wdl  argued  by 
Kagan. 

[In  pnvciiool  cnrichnient  program-'  for  iowx r-elass  cliiidrenl  tliore  is 
a  zealous  attempt  to  bombard  the  lower-da.--  eliiid  with  pieiure-.  erayons, 
hooks,  .spoeeli,  and  tyi)e\vriters.  a.s  if  an  intellectual  deficit  \va.<  akin  to 
hunger  and  tiie  pro|X'r  therapy  required  fillnig  of  his  cerebral  }iullcy> 
with  stuff. 

I  would  like  to  argue  for  a  more  pared  .-trategv,  a  -elf-coiHciou.-  at- 
tempt to  intervene  when  the  intrusion  i-  likely  to  he  maximally  <h<tinc- 
tivo  |2I,p.S2| 

Fowler  carries  the  tbouglit  further: 

Key  prmciples  are  the  concepts  of  structure  and  sequencing  of  ma- 
terials, followed  by  the  coordination  and  i)acing  of  the  learning  according 
to  each  child's  rate  and  level  of  mastery.  .  .  Selective  organization  and 
se(iuencing  of  the  material  is  essential  if  the  di.^advantaged  child  is  not 
to  get  lost  hi  a  walk  in  thewood^;.  [17,  pp  I3-UJ 

Instructional  niateriaU  for  tlu;  slow  learner  must  he  selectively 
organized  and  se(|uenced  >o  that  psychological  organization  (structure 
as  the  learner  i)erceive.^  it)  is  consonant  with  the  logical  organization 
(structure  as  the  inatheniatician  perceives  it).  Teachers  of  slow  learn- 
ers must  attempt  to  step  into  the  pupils  frame  of  reference  and  look 
matters  over  from  there. 

The  following  i)rinciples  are  presented  as  reasonable  guides  for  the 
teacher  who  tries  to  manage  instruction  with  both  mathematical  and 
psychological  integrity: 

1.  The  initial  learning  task  must  be  geared  to  the  learner's  slate  of 
readiness,  and  the  child  must  under>tand  what  he  is  supjiosed  to  cIo. 
Reduced  persistence,  excessive  questions,  and  irrelevant  behavior  are 
frequently  the  result  when  the  objectives  and  procedures  are  not  clear. 

2.  Ongoing  learning  ta.<ks  must  be  consolidated  and  performance 
reasonably  dei)endable  before  new,  (lei)en(lent  tasks  are  introduced. 
Furthermore,  newly  devcloi)cd  concejits  will  have  to  be  revisited  fre- 
(luently.  Just  as  one  plays  a  recording  of  a  musical  composition  many 
times  to  appreciate  its  structure  and  meaning,  mathematical  ideas 
mature  with  each  revisit.  Unfortunately,  in  the  interest  of  covering 
l)rescribed  material,  even  slow  learners  are  ru.^hed  to  new  concepts 
when  they  would  better  visit  old  ones.  Superficial  verbalizations  can 
readily  be  memorized,  but  concepts  develoj)  in  depth  as  they  appear 
in  a  variety  of  instances  and  contrasting  examples. 
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3.  Sucrcssive  learning  tasks  must  be  jiropeiiy  sc(|Uenced  and  paced. 
A  child  cannot  be  cx])eeted  to  persist  in  j)robleni-solving  activity  if  the 
ultimate  solution  of  the  i)roblein  lies  beyond  his  ability  or  beyond  his 
repertoire  of  skills  and  store  of  information.  Nor  is  he  likely  to  ])ersist 
long  if  the  fcuceessive  stages  are  not  relatively  easy  to  attain,  particu- 
larly during  the  early  stages  of  instruction. 

The  third  jM'inciple  has  implications  that  should  be  noted  here.  When 
long-range  goals  are  absent,  lessons  and  assignments  in  mathematics 
must  i)rovide  unambiguous  direction  and  well-defined,  attainable  end- 
j)oints.  Children  develoj)  the  confidence  and  j)ersistence  required  for 
longer-range,  goal-directed  activity  only  as  they  frequently  ex])erience 
closure  (that  is,  sense  completion)  in  activities  of  much  shorter  dura- 
tion. For  the  develoj)ment  of  personality,  it  is  jirobably  more  im- 
porta:iL  to  complete  a  short  assignment  than  to  leave  a  long  assign - 
menc  unfinished.  Carefully  designed  worksheets,  learning  activity 
packets,  and  well-managed  assignments  arc  among  the  devices  teach- 
ers can  emi)loy  to  ensure  a  reasonable  amount  of  closure  for  slow 
learners  in  the  daily  classroom  routine.  Of  course,  the  work  s])an  of  a 
slow  learner  can  be  dramatically  lengthened  by  such  factors  as  per- 
ceived relevancy,  fun,  novelty,  and  social  rewards. 

Relevance.  In  arranging  the  learning  task,  adults  often  assume  that 
what  is  meaningful  to  them  is  equally  meaningful  to  the  learner.  The 
serious  business  of  children's  play  may  seem  a  waste  of  time  to  adults; 
yet  the  adult  habit  of  accumulating  knowledge  merely  to  ])ass  an 
examination  may  seem  equally  irrelevant  to  a  child.  For  the  slow 
learner,  the  critical  test  of  relevance  is  not  whether  an  activity  is  per- 
ceived as  im])ortant  by  adult  society  or  the  mathematical  community, 
but  rather  whether  it  is  perceived  as  imi)ortant  and  interesting  to  him. 
As  long  as  a  slow  learner  doe.s  not  perceive  relevance  in  intellectual 
activity,  he  is  in  the  ])osition  of  learning  useless  information.  For 
cxam])le,  a  girl  who  views  mathematical  activity  as  predominantly 
masculine  may  well  find  mathematics  irrelevant.  Wasting  time  in  use- 
less activity  is  self-defeating  for  anyone j  no  less  for  the  slow  learner 
than  for  the  bright  scholar. 

Before  schools  existed,  relevancy  was  never  a  problem;  for  what  was 
learned  was  learned  in  the  context  of  an  immediate  a])plication:  farm- 
ing, building  a  cabin,  hunting,  cooking.  Today,  the  slow  learner  still 
seeks  relevancy  in  the  here  and  now.  Long-range  aspirations  have  little 
attraction  and  almost  no  holding  power.  Depending  on  his  stage  of 
develo))nicnt,  the  slow  learner  may  find  relevancy  in  a  wide  range  of 
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cx])ericnce5;:  shopping;  play  store>;  scales,  graphs,  and  collected  data 
of  the  natural  and  social  sciences;  student  government;  peer  relations; 
family  problems;  cooking;  riewsjiapcr  ads;  social  situations;  Identifica- 
tion figures;  blueprints;  and  offiee  cquipme.  —to  offer  a  representative 
list.  However,  relevancy  is  not  necessarily  practicality.  Children  do 
like  the  excitement  of  finding  out — of  inquiring  and  diseovering — as 
long  as  the  adventure  is  not  endless  and  aimless.  With  patienee  and 
consideral)le  skill  on  the  part  of  the  teacher,  even  slow  learners  can 
want  to  learn  for  the  sake  of  learning.  It  i.s  toward  this  kind  of  rele- 
vancy that  school  experience  should  be  directed. 

Relevance  ean  be  magnified  by  permitting  students  to  take  part  in 
the  planning  of  learning  activities.  When  a  child  is  personally  involved 
in  selecting  one  option  from  a  grou])  of  alternatives,  he  sees  the  '.ask 
as  relevant  bceause  he  has  eoinniittcd  hiuiselj  to  it.  Something  of  his 
personal  life  will  appear  in  the  task  itself,  for  he  has  examined  his  own 
interests  and  priorities  and  made  his  decision  accordingly. 

In  any  event,  the  teacher  of  slow  learners  must  be  eontinually  ready 
with  an  answer  to  the  question  ''What  are  wc  doing  this  for?" 

Social  control 

For  praetieal  reasons,  the  school  remains  a  grouji-cento/ed  expe- 
rience for  most  children.  Fortunately,  grouj)  dynainies  offers  special 
help  to  the  teacher  who  is  attempting  to  manage  the  environment  to 
accommodate  the  individual  differences  of  slow  learners.  Since  the 
motivation  of  a  slow  learner  is  particularly  influenced  by  his  strong 
peer  orientation,  improving  the  social  system  of  the  'dass  or  school  has 
significant  potential  for  favorably  affecting  the  behavior  of  a  slow 
learner  (17,  pp.  9,  15;  20,  p.  14;  37,  pp.  19,  267). 

One  of  the  ir-^st  powerful  applications  of  group  dynamics  is  the  Use 
of  peer  helpers  .4udent-to-student  tutors.  Classroom  groujis  that  are 
emotionally  stable  constitute  a  significant  reservoir  of  i)eer  helpers. 
Slow  learners  tend  to  be  ])eer  learners  by  style  and  by  ex])erienee. 
Sometimes  they  find  it  difficult  to  work  alone  simjily  because  of  their 
need  for  attention  and  affection  (37,  p.  19).  They  arc  reassured  that 
"at  least  two  of  us  are  in  the  same  boat."  They  often  ask  to  study 
together— sharing  ideas,  helping  each  other,  sometimes  just  relaxing 
in  occasional  conversation  as  they  do  their  assigned  work.  Further- 
more, studcnt-to-studcnt  interaction  is  readily  managed  to  provide 
style  matches  and  sex  relevancy  (for  example,  boys  can  be  mutually 
su])])ortive  even  when  required  to  engage  in  work  they  ])crceivc  to  be 
feminine) . 
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Lippitt  and  Lohinan  point  to  a.ssuniptions  they  have  made  in  de- 
signing projects  to  train  student  lielpers:  younger  ciiildren  model  tlie 
behavior  of  tiieir  older  tutors;  older  children  coniimmicate  more  effec- 
tively than  adults  at  the  younger  child's  level;  the  older  child  is  less 
likely  to  be  perceived  as  an  authority  figure;  a  sligntly  older  child 
provides  a  more  realistic  level  of  aspiration  than  does  an  adult;  and 
the  older  child  profits  from  cross-age  socialization  as  well  as  from 
developing  a  more  realistic  image  of  his  own  ability  and  present  state 
of  development  (25). 

In  his  more  usual  classroom  routines,  the  teacher  must  manage  a 
harmonious  relationship  with  the  group  values  of  the  learners.  He  mu.t 
involve  them  in  planning  through  discussion  and  guided  activities  and 
in  decision  making  through  affording  an  opportunity  to  choose  for 
t  lomselves  among  varied  alternatives.  He  must  l)e  alert  to  any  signs 
that  a  child  lacks  the  skills  reduired  for  effective  group  interaction, 
for  there  is  constant  danger  that  a  slow  learner  may  further  damage 
his  self-image  if  called  upon  to  expose  his  disabilities  l)efore  respected 
peer.s.  On  this  account,  the  teacher  must  teach  to  strengths-to  suc- 
cesses and  to  such  positives  as  the  student  has  in  his  l)ag  of  attril)ute« 
A  word  of  caution  must  l)e  offered  al)out  the  grouping  of  slow  learn- 
ers on  the  basis  of  deficient  school  achievement.  There  is  some  evidence 
that  the  homogeneous  social  groups  that  are  a  by-product  of  achieve- 
ment groups  may  not  he  in  the  l)est  interests  of  the  slow  learner  (7 
pp.  21-22)  and  that  the  '  labeling  of  these  groups  with  numbers  or  as 
l)luebirds'  and  'crows'  undoubtuUy  affects  the  parents'  and  teachers' 
expectations  for  the  students  as  well  as  the  child's  level  of  aspiration 
and  Ins  self-concept"  (28,  p.  44).  The  process  of  grouping  may  indeed 
be  .self-defeating,  for  when  a  .tudent  is  lal)elcd  "slow"  he  may  expect 
less  of  himself;  and  if  he  expects  less,  he  may  accomplish  less.  Much 
more  needs  to  be  learned  about  the  effects  of  grouping  and  expectancy 
on  the  slow  learner. 

Reinforcement  control 

One  of  the  most  critical  factors  under  the  control  of  the  teacher  is 
the  schedule  of  reinforcements.  He  must  determine  and  provide  for  the 
optimal  mix  of  rewards,,  successes,  punishments,  and  failures  as  the 
student  responds  and  learns.  Skinner  has  suggested  that  tokens,  sweets 
i)riviloges,  and  other  contrived  roinforcer.s  are  necessary,  in  some  cases' 
to  create  a  special  (or  prosthetic)  environment  to  compensate  for  a 
defective  sensitivity  to  normal  contingencies  of  reinforcement  (35, 
p.  708).  In  any  event,  contingency  management  and  the  scheduling 
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of  roiiiforceinciits  inideiiics  much  of  the  work  in  perforinaiiee  con- 
tracting in  which  business  and  industry  have  been  engaged. 

While  the  slow  learner  must  be  relatively  free  from  the  threat  of 
external  evaluation  and  the  anxious  consequences  of  failure,  he  must 
also  learn  to  tolerate  a  moderate  amount  of  failure  as  he  movc^ 
through  a  prescribed  learning  sequence.  Unfortunately,  the  slow  learner 
needs  more  powerful  and  individualized  feedback  nieehanisnis  than  are 
now  generally  available. 

Some  of  the  more  crucial  principles  that  should  govern  the  control 
of  reiniorcenients  as  they  relate  to  the  needs  of  the  slow  learner  (or 
any  learner,  for  that  matter)  a  -c  these: 

1.  The  risk  of  faihire  nuist  be  kept  as  low  as  possible.  No  one 
eliooses  to  nivest  much  of  himself  in  a  task  where  he  expects  to  fail. 
To  threaten  a  slow  learner  with  failure  is  meaningless  and  even  coun- 
terproductive. An  adolescent  might  rationalize  that  to  study  and  fail 
is  intolerable  whereas  to  avoid  study  and  fail  is  acceptable.  A  teacher 
nmst  manage  the  structure  and  sequence  of  the  learning  tasks  to 
minimize  failure  and  manage  the  social  environment  so  that  failure 
ifc  never  a  humiliating  experience.  An  F  must  never  stand  for  failure 
as  a  person,  and  under  no  circumstances  should  it  speak  with  finality. 
Even  the  unsueeessful  learner  must  continue  to  feel,  '^Tlie  teacher 
believes  in  me.*' 

2.  Feedback  must  be  informative  and  carefxdly  scheduled.  This  is 
much  easier  in  basketball  shooting  than  in  long  intellectual  sequences. 
Children  in  their  games  have  developed  a  helpful  solution  to  con- 
tinuous, nonthreatening  feedback  when  they  talk  about  ^'getting 
warmer"  or  "getting  colder."  Intuitively  they  seem  to  avoid  the  more 
final  exjircssions  "You're  right"  or  "You're  wrong."  In  any  event,  rehi- 
forcements  that  do  not  carry  corrective  or  clarifying  information  must 
be  used  carefully  if  they  are  to  be  useful  in  guiding  subsequent  student 
behavio**. 

3.  Reinforcement  should  be  positive  and  immediate.  Teachers  of 
slow  learners  .should  be  alert  to  every  sign  of  success  or  even  of  good 
intent.  Poor  work  should  probably  be  overlooked  more  often  than  it 
generally  is.  Children  arc  much  better  able  to  handle  absence  of  praise 
for  poor  work  than  condemnation  or  constant  carping.  Appropriate 
rewards  can  include  words  (particularly  afTectivo-oriented  words,  such 
as  "Well  done"  or  '  iMuch  improved"),  recreational  activities  (games 
or  even  free  time),  and  tokens  (especially  wlien  slow  learners  do  not 
respond  to  normal  reinforcing  meehani.<ms  and  as  long  as  the  tokens 
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are  dc.vcrvcd  and  reai^onably  aeocssihlel.  If  bchool  grades  are  ever  a 
suitable  reward,  they  are  certainly  inappropriate  for  blow  learners  if 
they  arc  restricted  to  the  low  end  of  the  scale.  What  can  a  D  convey 
to  a  slow  learner  who  is  trying,  other  than  that  his  best  is  not  good 
enough? 

4.  Punishment  should  be  avoided  Then  is  little  if  any  evidence 
that  punishment  has  value  except  to  inhibit  or  stop  daiigerous  or 
socially  unacceptable  behavior.  Punishment  carries  a  iniiiiniun.  of  in- 
formation. It  is  likely  to  cause  enough  anxiety  to  cripple  a  child's 
initiative  and  persistence  in  working  at  anxj  niathcmaiieal  activity. 
Punishmcnt^whether  physical  or  affective— is  an  .\ersive  technique 
and  a  poor  teaching  device.  Teachers  of  slow  learners  must  be  eon- 
tinually  oriented  to  the  positives  and  the  successes.  The  effects  of 
success  cannot  come  unless  the  learner  tries.  And  if  reinforcements 
are  not  properly  managed,  the  rich  are  likely  to  grow  richer  while  the 
poor  grow  poorer  as  they  travel  along  the  increasingly  complex  con- 
tinuum of  mathematical  skills  and  concepts. 


Summary 

Slow  learners,  no  less  than  other  human  beings,  are  unique  individ- 
uals. Each  has  his  own  set  of  strengths  and  weaknesses;  each  defies 
a  stereotype.  Yet  in  some  respects  they  are  alike;  for  it  i.^;  coninion  to 
find  them  deficient  in  affective  functioning  as  well  as  in  cognitive  func- 
tioning. In  fact,  if  slow  learners  in  inathematies  do  share  any  common 
characteristic,  it  is  probably  that  of  a  poor  self-image  with  respect  to 
mathematics.  Accordingly,  this  chapter  has  maintained  that  work 
with  slow  learners  must  start  with  such  affective  concerns. 

The  other  characteristics  here  discussed  may  or  may  not  be  attri- 
butes of  a  specific  slow  learner.  These  include  various  cognitive  defi- 
ciencies and  various  learning  styles  in  which  action  speaks  louder  than 
words;  cultural  differences  that  sometimes  cause  conflicts  between  the 
learner  and  the  school;  a  reality  set  that  continually  asks,  ^^Wliat's  in 
It  for  me?";  a  tendency  toward  immediate  gratification  rather  than 
long-rango  goals;  a  lack  of  certain  components  of  school  know-how 
(for  example,  listening  skills,  which  may  have  been  actually  un- 
learned  as  ft  consequence  of  out-of-scl;ool  experience);  social  needs 
and  defective  social  <^kills;  deficient  adult  relationships,  which  make 
adult  modeling  and  conversation  difficult;  and  various  sex  differences 
that  may  affect  school  behavior  and  achievement. 
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Instruction  can  he  managed  to  meet  tlie  needs  of  students  with 
those  attributes.  It  is  the  teacher  wlio,  as  manager  of  instruction, 
is  the  ytratogic  cliangc-agent  in  tlie  clas>rooni.  As  already  noted, 
he  can  influence  affective  functioning,  learning  tasks,  social  instruction, 
and  the  schcduie  of  reinforcements.  His  first  responsibility  is  to 
establish  and  maintain  a  i^ensc  of  trust.  In  controlling  the  learning 
ta^k  he  should  allow  for  sensorimotor  involvement  (i)hysical  manip- 
ulation and  activity);  novelty,  variety,  and  alternate  learning  tasks; 
api^ropriate  psychological  structuring,  sequencing,  and  pacing;  and 
cxi)ericnce  that  is  relevant  on  the  learners  own  terms.  For  social 
control  through  grouj)  dynamics,  the  teacher  can  take  advantage 
of  the  slow  learner's  strong  peer  orientation  by  making  use  of  student- 
to-student  helpers.  Finally,  in  his  control  of  reinforcements,  he  would 
do  well  to  create  a  i^uccess-oriented  environment,  of  which  informative 
feedback,  inunediate  reinforcement,  and  a  nonjiunitive  climate  are 
essential  components. 

This  chapter  has  made  only  limited  and  very  general  recommenda- 
tions conceniin:;  the  treatment  of  slow  learners.  More  extensive  sug- 
gestions follow  in  this  yearbook.  However,  a  final  caution  needs  spe- 
cial mention  here— one  that  bears  careful  attention.  If  slow  learners 
are  unique  individuals,  clearly  each  prescribed  treatment  must  be 
based  on  a  uni{iue  and  well-defined  set  of  strengths  and  weaknesses. 
The  cure  cannot  be  ofTective  unless  the  diagiwsis  is  accurate.  The 
|)oint  is  forcefully  made  by  Taba  and  Elkhis: 

A  ba^ic  cause  of  defective  teaching  strategics,  of  ineffective  selection 
of  content  and  materials,  of  niadequate  ai)i)roaches,  and  of  ])oor  learn- 
ing atmosi)hcrc  is  lack  of  systematic,  all-cnconipassmg,  and  contmuing 
diagnosis.  Ju^t  as  a  good  i)liysician  administers  treatment  only  after 
thorough  (hagnosi>,  a  good  teacher  builds  curriculum  and  instruction  on 
analysis  of  data  gathered  bv  use  of  searching  diagnostic  procedures.  [37, 
p.  23] 

Better  tools  are  needed  both  to  »)iiii)oint  the  learner's  strengths 
and  weaknesses  and  to  monitor  the  jirogress  of  the  learning  program. 
Perhajis  the  computer  is,  as  some  have  claimed,  the  only  instrument 
capable  of  eoordinatiiig  the  eoinplex  network  of  diagnosis  and  in- 
struction. Yet  in  the  event  that  new  strategies  and  technologies  still 
fail  to  deliver  a  cure,  it  is  to  be  lioi)ed  that  the  jiatients  will  no 
longer  be  blamed  for  what  went  wrong  and  that,  instead,  mathe- 
matics educators  will  search  for  even  newer,  more  imaginative,  and 
imiovative strategies  and  technologies. 
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Tjte  Research  Literature 


LEN  PIKAART 
JAMES  W.  WILSON 


QxE  turns  to  the  researcli  literature  for  information.  Ideally,  the 
extant  ros-earch  would  provide  solid  informacion  for  the  identifica- 
tion of  slow  learners,  for  the  understanding  of  tlieir  problems  in  learn- 
ing mathematics-,  and  for  direct  applications  to  the  teaching  of  mathe- 
matics to  slow  learner.^.  If  enough  research  information  were  available, 
this  chapter  could  be  the  source  document  for  the  rest  of  the  yearbook. 
The  chapter  is  not  such  a  source  document,  for  the  research  informa- 
tion about  the  learner  in  niathematics  is  insufTicient. 

Educational  research  is  a  young  science.  In  less  than  half  a  century 
research  design  and  statistical  techniques  have  progressed  from  the 
relatively  simple  models  described  in  cla.^sic  works  (e.g.,  106,  55,  and 
54)  to  the  highly  sophisticated  analyses  available  today.  Educational 
research  has  progressed  from  that  of  the  individual  researcher  at- 
tacking specific  problems  to  systematic  ])rograms-  of  research  by  teams 
of  researchers.  Educational  researchers  have  begun  to  use  models  and 
theoiies  for  the  identification  of  .significant  research  problems.  And 
mathematics  education  has  just  begun  to  emerge  as  a  discipline  with 
its  own  organized  body  of  knowledge,  empirical  results,  research  ac- 
tivities, and  practitioner'.,  maxims.  To  some  extent  the  problem  of  the 
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slow  learner  in  niatlieinaticfe  has  had  an  eas\'  ''solution''  in  the  past — 
the  slow  learners  could  be  droj^j^ed  from  the  mathematics  classes.  But 
modern  .society  demands  a  greater  mathematical  literacy  than  the 
.societies  of  ])a>t  times,  and  modern  educational  philosoi)hies  of  uni- 
versal schooling  U])  to  the  age  of  thirteen  or  fifteen  demand  the  use  of 
other  alternatives  for  the  slow  learner  in  mathematics.  The  discipline 
of  mathematics  education  must  construct  a  body  of  information  from 
well-chosen  innovations,  theorizing,  and  quality  programs  of  research. 

During  this  half-century  of  development,  however^  the  impact  of 
research  on  the  teaching  of  mathematics  has  been  relatively  meager. 
Why?  Why  is  there  not  a  large  body  of  research  information  on  the 
teaching  of  mathematics  to  the  slow  learner?  The  answer  has  many 
facets;  there  are  many  infiuencei?.  Researchers  have  been  at  the  same 
time  overwhelmed  by  a  complex  task  and  limited  by  inadequate 
theories,  i)oor  conceptual'  ition  of  problems,  and  pedestrian  research 
designs  and  statistical  tecnmques. 

Primarily,  the  many  classes  of  variables  associated  with  learning 
mathematics  complicate  the  task  of  the  researcher.  For  instance,  he 
must  consider  i)!'evious  learning  experiences,  environmental  influences, 
per.^onality  characteristics,  aptitudes,  and  the  interaction  of  all  these 
classes  of  variables.  Moreover,  the  researcher  must  often  conduct  a 
study  in  a  school  setting,  and  this  requires  the  cooperation  of  respon- 
sible administrators.  Often,  when  the  research  is  completed,  the  popu- 
lation to  which  the  results  apply  is  very  limited.  Reasonable  com- 
l^romises  in  the  research  jn-ocedure  must  be  accepted.  However,  many 
time.s  these  compromises  could  have  been  avoided  by  the  use  of  more 
soi)histieated  research  designs  if  the  researcher  had  been  aware  of 
them. 

The  results  of  learning  research  may  be  meager  because  researchers 
have  not  studied  the  appropriate  variables.  The  burden  of  research 
is  to  discover  or  exj^lain  the  unknown  or  unconfirmed.  Research,  as  the 
primary  method  of  science,  must  select,  by  means  of  an  adequate 
theory,  the  appropriate  variables  to  investigate.  As  ably  stated  by 
Thurstone:  **It  is  the  faith  of  all  sciences  that  an  unlimited  number 
of  phenomena  can  be  comprehended  in  terms  of  a  limited  number  of 
concepts  or  ideal  constructs"  (163,  p.  51).  It  is  one  role  of  an  adequate 
theory  or  model  to  specify  the  finite  set  of  variables  that  may  describe 
the  phenomena — in  this  case,  the  problems  of  the  slow  learner  in 
mathematics.  ^lost  research  dealing  with  the  slow  learner  in  mathe- 
matics has  been  a  theoretical,  and  it  is  no  surprise  that  very  little  or- 
ganized information  has  resulted  from  it. 
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Altliough  it  is  true  that  one  goal  of  research  is  to  obtain  knowledge 
and  information,  it  is  also  true  that  productive  research  stimulates 
the  construction  of  hypotheses  and  research  questions.  If  productive 
re.^carch  stimulates  research,  then  any  review  of  research  wiU  na- 
turally lead  to  suggestions  for  additional  research. 

Therefore,  m  this  chapter  the  authors  will  review  extant  research  in 
the  teaching  of  mathematics  to  slow  learners,  consider  the  limitations 
of  this  research,  and  suggest  avenues  of  research  that  appear  produc- 
tive. The  chapter's  major  sections  consider  the  identification  of  slow 
learners,  concomitant  variables  of  slow  learning,  research  on  instruc- 
tional programs,  and  studies  that  are  predictive  of  future  trends. 

The  Identification  of  Slow  Learners 

The  history  of  research  on  slow  learners  approximately  parallels  the 
history  of  tiic  development  of  the  concept  of  intelligence  as  quanti- 
fiable. Indeed,  it  appears  that  the  first  modern  interest  in  slow  learners 
began  when  researchers  learned  that  individuals  differ  in  intelligence 
as  measured  by  standardized  tests  and  identified  slow  learners  as  those 
who  have  scores  below  the  average  on  intelligence  tests.  One  of  the 
aims  of  this  chapter  is  to  convince  the  reader  that  such  u  definition 
is  inadequate. 

Intelligence 

The  concept  of  intelligence  as  a  quantifiable  and  universal  attribute 
emerged  during  the  current  century.  The  recent  history  of  this  concept 
is  adequately  described  in  most  basic  texts  in  educational  psychology 
(eg.,  see  116,  pp.  245-70),  so  only  the  highlights  will  be  mentioned 
here. 

Unfortunately,  the  concept  of  intelligence  has  been  misused  as  a 
theory  to  explain  the  failures  of  education. 

In  1904  Spearman  proposed  a  two-factor  theory  of  intelligence.  One 
factor  was  general  intelligence,  designated  cj]  the  other  factor  consisted 
of  a  large  group  of  special  abilities,  designated  6\  The  g  factor  was 
envi.sioned  as  relatively  stable,  but  the  several  abilities  of  s  were 
thought  to  dei)end  on  training  and  environment.  Later  E,  L.  Thorndike 
pro|)osed  a  multifactor  concept  in  which  intelligence  was  thought  to  be 
tiie  arithmetical  sum  of  a  series  of  varied  and  unrelated  abilities.  These 
abilities  were  classified  as  (1)  abstract,  (2)  mechanical,  and  (3)  social. 
About  1933  Thurstone  proposed  a  concept  of  intelligence  that  em- 
bodied both  the  Spearman  and  the  Thorndike  notions.  Thurstone's 
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iniiltii)lo-faetor  tlicory  eoneoi)tualizc:r:  intelligence  as  composed  of  a 
f;reat  many  abilities,  but  these  abilities  are  clustered  and  it  is  the 
clusters  of  abilities  that  are  seen  as  factors  of  intelligence.  By  means 
of  the  statistical  technique  of  factor  analysis,  Thurstone  was  able  to 
analyze  the  variance  of  a  great  many  tests  and  to  identify  several 
>l)ecific  factors.  Thurstone's  analysis  is  operational  today  and  serves 
as  a  !  abis  for  the  Primary  Mc-ntal  Abilities  Tests  (146). 

Although  Thurstone's  concei)t  of  intelligence  has  been  widely  ac- 
cei)ted,  it  has  not  been  the  concel)t  most  used  in  practice.  Ever  since 
the  introduction  of  Binet's  first  test  in  1905  and  its  Stanford  Revision 
by  Terman  in  1916  (116,  i)p.  268-70),  most  teachers,  counselors,  and 
school  administrators  have  relied  on  a  single  measure  of  intelligence — 
the  intelligence  quotient,  or  IQ. 

Even  if  an  IQ  score  is  a  valid  measure  of  the  construct  intelligence — 
that  is,  even  if  it  is  a  measure  of  aptitude  to  learn — there  is  good 
reason  to  believe  tliat  its  use  has  been  harmful  to  slow  learners.  The 
assumption  that  the  IQ  score  is  a  sufficient  measure  of  aptitude  has 
led  many  ])eoi)le  to  exclude  students  from  opjiortunities  to  study  some 
>ul)jects — thus  further  limiting  their  environments,  with  a  likely  con- 
sequence of  retarding  their  mental  ages  (103,  p.  45).  To  identify  slow 
learners  by  s|)ecifying  an  IQ  range — for  example,  between  75  and  90 — 
may  well  be  a  confusion  of  cause  and  effect.  Who  is  to  know  if  slow 
learners  tyi)ically  have  low  IQ  scores  because  they  are  undcrachievers 
(perha])s  only  becau>e  they  learn  slowly)  or  because  they  lack  apti- 
tude? Al>o,  it  i.s  easy  to  find  exami)les  of  students  who  have  low  IQ 
>eores  and  high  achievement  in  a  school  subject — and  even  easier  to 
find  student.s  who  have  high  IQ  scores  and  low  achievement  in  a  school 
.subject.  The  whole  ])roblem,  as  indicated  elsewhere  (103,  p.  45),  is  that 
the  exclu.^ive  use  of  IQ  scores  as  a  major  classification  variable  for 
making  decisions  about  the  educational  i)rogram  for  a  student  implies 
either  (Da  belief  that  the  is  genetically  based  and  therefore  in- 
flexible or  (2 1  a  belief  that  a  valid  aptitude  score  can  be  obtained  at 
one  point  of  time — a  score  based  on  the  student's  learning  (and  en- 
vironment) up  to  that  time.  Such  beliefs  are  invalid.  For  the  IQ.  with 
all  the  body  of  research  on  its  develoimient  and  validation,  is  still  an 
imi)erfect  measure.  Educators  have  often  failed  to  recognize  the  limita- 
tions of  IQ  measures  as  they  have  adajHed  and  used  the  measures  in 
>impli>tic  .solutions  to  eomjilex  educational  problems.  These  beliefs, 
and  the  educational  uses  that  follow  from  them,  do  little  more  than 
excuse  some  failures  of  education;  they  contribute  little  to  helping  the 
underachiever  to  learn. 
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IQ  .score  is  not  tlit>  only  criterion  tliat  lias  been  applied  to  identify 
•slow  it-arners.  For  example,  in  one  signifieant  study  Herriot  reports 
(/6,  p.  51): 

'•Siow-lpamers"  .  .  were  roughly  defined  to  be  the  second  lowest 
qiiartile.  ...  In  choosing  students  to  benefit  from  the  "slow-learner" 
study,  some  .<chools  used  previous  standardized  test  scores,  or  teachers' 
recommendations,  but,  in  general,  the  study  classes  chosen  by  principals 
teachers,  counselors,  or  coordinators  were  existing  classes  of  hit-achievers'. 
The  niitial  reasons  for  children  being  placed  in  these  classes  varied,  e.g.- 

(a)  below  grade  level  in  mathematics  achievement 

(b)  inadequate  reading  level 
(e)  slow  worker  in  mathematics 

(d)  inaecurate  computation 

(e)  fearful  of  mathematics 

(f)  antagonistic  towaid  school 

(g)  apathetic,  indifferent  toward  learning 

(h)  recent  transfer  to  school 

(i)  chronic  absentee 

Such  operationally  diverse  classification  criteria  substantiate  the 
absence  of  any  single  satisfactory  method  for  identifying  slow  learners. 
Tins  chapter  will  argue  that  slow  learners  can  be  best  identified  on  the 
ba.sis  of  their  .specific  learning  difficulties  or,  better,  their  specific  learn- 
ing abilities.  Classifieation  by  any  single  general  score  has  led  research- 
ers into  unproductive  investigations. 

Implications  of  individiuil-difference  studies 

Research  in  psychology  during  the  past  seventy  years  has  been  very 
ably  reviewed  by  Glaser  to  identify  implications  for  the  study  of  learn- 
nig  and  individual  differences  (64).  Much  of  the  interest  in  the  re- 
viewed studies  focused  on  tlie  change  in  the  spread  of  individual  differ- 
ences  within  a  group  after  a  period  of  learning. 

As  reported  by  Glaser  (64,  p.  2),  Thorndike  reasoned  that  an  in- 
crease m  thc5)read  of  differences  following  a  learning  period  would 
imply  that  capacities  for  learning,  or  "innate  aptitudes,"  were  func- 
tioning rathcv  than  environmental  factors;  however,  a  decrease  in  the 
spread  of  differences  could  be  caused  either  by  differing  native 
capacities  or  by  differences  in  previous  practice. 

To  further  explain  this  notion,  reference  is  made  to  figure  2.1.  If  the 
curve  labeled  with  mean  .f,,  represents  a  distribution  of  a  sample 
before  instruction,  then  a  distribution  such  as  the  one  labeled  t^,  with 
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Fig.  2.1 


mean  1*2,  might  occur  after  learning.  In  this  case  the  spread  of  differ- 
ences has  inereased,  and  one  might  guess  that  differences  in  ca])aeities 
for  learning  handicapped  low-abilitj''  students  and  helped  high-ability 
students.  Alternately,  if  the  distribution  (2  were  identical  in  shape  to 
that  of  tif  it  might  be  inferred  that  everyone  had  simply  inereased 
his  achievement  by  a  fixed  amount  and  thus  capacities  for  learning 
had  had  no  effect.  Finally,  if  (2  exhibited  less  spread  than  ti  (was  very 
steep),  it  would  be  difficult  to  hypothesize  the  cause.  Perhaps  the  in- 
struction or  praetice  was  so  effective  that  everyone  achieved  similarly 
high  achievement  scores.  In  any  case,  a  probable  eause  would  not  be 
indicated  in  this  last  situation. 

Glasor  marked  two  studies  by  Woodrow  as  classic  (64,  p.  3).  In  the 
first,  Woodrow^  investigated  the  effect  of  praetice  on  convergence  or 
divergence  of  individual  differenees  and  concluded  the  change  in  the 
spread  of  the  differences  depended  on  the  shape  of  the  learning  curve 
and  the  positions  of  individuals  on  it  (174).  Thus,  relative  individual 
differences  may  be  a  function  of  the  way  a  task  is  performed.  Later, 
Woodrow  explored  the  relationship  of  measures  of  general  ability, 
such  as  intelligence,  and  specific  learning  variables  (173).  In  this  study 
the  general-ability  measures  were  specified  in  terms  of  task  accom- 
plishments, while  the  specific  learning  abilities  were  defined  as  change 
measured  by  the  difference  between  an  initial  score  and  the  final  score 
on  given  learning  tasks.  Woodrow  concluded  that  a  specifie  ability  to 
learn  is  not  the  same  as  general  intelligence  and  that  the  correlation 
is  insignificant  or  close  to  zero,  thus  implying  the  futility  of  using 
general  measures  to  identify  slow  learners. 

This  second  study  by  Woodrow  suffered  from  one  impairment — the 
use  of  gain  scores.  Simply  stated,  the  problem  is  that  gain  scores  are 
dependent  on  the  initial  scores  of  individuals  and  subject  to  errors  of 
measurement.  More  to  be  recommended  is  a  technique  that  obtains 
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a  residual  gain,  wliieli  is  (lie  final  score  less  tlie  iwdieted  final  seore. 
This  iJiediotcd  final  seore  is  determined  by  a  regression  function  on 
tlic  niitial  scores.  (150.) 

In  si)ite  of  the  critici-sm  of  the  Woodrow  research,  the  results  have 
l)ccn  corroborated  by  others  (see  64,  pp.  4-5).  All  these  studies  inii)ly 
that  there  i=.  great  danger  in  using  a  general-ability  measure  as  a  i)re- 
dictor  for  .student  .-ucccss  on  a  .si)ccific  learning  task. 


Concomitant  Variables  Associated  with 
Slow  Learning  in  Mathematics 

Several  studies  have  been  conducted  to  determine  variables  asso- 
ciated with  slow  learning,  and  in  general  there  arc  many  variables 

Ross  studied  twenty  fifth-  and  sixth-grade  underachicvers,  defined 
as  those  students  with  an  IQ  of  100  or  more  on  the  California  Test  of 
Mental  Maturity  who  were  at  least  one  year  below  grade  level  in 
achievement  (141).  He  investigated  arithmetic  perfonnance  -cncral 
academic  Dcrforinance,  intellectual  abilities,  i)hysical  characteristics, 
l>ersonal  and  social  judgment  factors,  and  home  and  family  back- 
ground. In  general,  he  found  si)ecific  deficiencies  in  basic  arithmetical 
computation  i)roccsses,  in  the  solving  of  reasoning  problems  involving 
inultii)lication  and  division  of  whole  numbers,  and  in  all  processes  in- 
volving common  fractions.  Sixteen  of  the  students  (80  percent)  were 
at  east  one  year  below  their  grade  level  in  reading,  and  they  were 
underachieving  in  other  school  subjects.  Also,  the  children  evidenced 
withdrawal  and  defeatist  attitudes.  Thirteen  were  identified  as  having 
emotional  i)rol)leins,  and  fifteen  had  shown  immaturity  or  slowness  of 
general  i)hyMcal  develoi)mcnt.  Parents  tended  to  be  from  a  low  socio- 
economic class  and  to  hold  one  or  more  teachers  responsible  for  their 
child's  inadecjuacies. 

With  regard  to  the  socioeconomic  level  of  the  home  enviromnent, 
nnnkk.y  found  the  achievement  of  disadvantaged  kindergarten  chil- 
dren to  be  significantly  below  that  of  children  in  the  middle-class  areas 
(41). 

An  investigation  .'•imilar  to  Ross's  was  conducted  by  Sister  Agnc 
Jerome  (90),  who  studied  twenty  slow  learners  in  grades  3  through  8 
In  t he  areas  of  aehieveincnt  and  social  adjustment  her  results  were 
similar  to  those  of  the  Ro.-s  study.  The  subjects  were  in  satisfactory 
|)hyMcal  condition,  however,  and  Sister  Jerome  did  find  that  thirteen 
subjects  iiad  Stanford-I3iiiet  IQ  .scores  in  a  range  from  74  to  90"  the 
total  group  mean  was  89.  ' 
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Ca\Yley  and  Goodman  ^^tiidicd  mentally  handicai^i)cd  children  in 
^])coial  ela>ses  (28).  They  found  many  s^ignifif^ant  correlations  l)ctwcen 
achievement  m  other  content  areas  and  achievement  in  arithmetic  and 
Ix^twcen  achievement  and  Primary  Mental  Al)ilities  Test  scores.  The 
rejiort  is  particularly  interesting  i)ecause  i)rofiles  are  i)rovidcd  that 
demonstrate  the  wide  range  for  different  factors  of  achievement  within 
the  age  sul)groui)s.  For  exami)le,  children  in  the  age  grouj)  from  twelve 
to  fourteen  years  old  had  mean-gnide-eqoivalent  scores  that  ranged 
from  the  second  month  of  grade  2  in  grammar  to  the  tenth  month  of 
grade  3  in  eomi)utation. 

In  a  ^tudy  of  i)rol)leni-i;olving  al)ility,  low  IQ  children.  com])ared 
with  those  of  average  and  high  IQ,  showed  a  greater  incidence  in  non- 
persistenee,  m  offering  an  incorrect  solution,  and  in  using  a  random 
ai)i)roach  (100). 

There  is  an  excellent  summary  by  Cronl)aeh  (36)  of  several  studies 
conducted  to  investigate  the  affective  domain  in  relation  to  cognitive 
learning  (e.g.,  51,  4,  and  69).  Cronbach  identifies  "constructively'' 
motivated  students  as  those  who  have  a  high  level  of  achievement 
motivation  and  low  anxiety,  whereas  "defensively"  motivated  students 
are  those  who  have  the  oiii)Osite  i^attern.  The  research  summary  in- 
dicates that  ''constructive''  students  learn  best  when  they  are  assigned 
moderately  difficult  tasks,  immediate  goals  are  not  too  ex])licit,  and 
feedliaek  is  jM-ovirled  for  judging  themselves  rather  than  for  motiva- 
tion. "DefeuMves  "  on  the  other  hand,  will  function  best  when  short- 
term  goal>  are  si)elled  out,  there  is  a  maximum  of  exi)lanation  and 
guidance,  and  feedback  occurs  at  short  intervals.  Cronbach  also  i)oints 
out  that  It  is  inii)ortant  to  remember  not  only  to  cai)italize  on  the  exist- 
ing ajititudes  of  .'students  but  also  to  attemi)l  to  improve  these  ai)ti- 
tudes.  The.^e  generalizations  have  been  corrol)orated  by  Leiderman 
(103,  pp.  45-50)  in  an  analysis  of  other  studies  (e,g.,  108,  79,  91,  and 
101). 

Olick,  at  the  Olympic  Center  for  Mental  Health  and  Mental  Retar- 
dation. University  of  Washington,  is  currently  completing  a  paper  on 
the  relationships  between  attitude  and  achievement  of  350  sixth  grad- 
(*rs.  Although  a  jiositive  relationshij)  between  these  variables  has  been 
n^ported  l\v  Dodson  (38,  pp.  91-92),  Cdick  is  attempting  to  tease  out 
the  relative  causal  effect  of  achievement  and  attitude  variables.  He 
writes : 

Aohi(»v('inent  is  overwhelmingly  the  more  frequent  causal  fjictor;  how- 
(»ver.  more  frc(iuently  than  not,  i(  occurs  in  an  '•jncoDjiruent"  direction. 
That  is,  it  o])crates  to  lower  the  attitude-achievement  rclationshi]).  When 
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attitude  is  causal,  wliieli  is  ui  tlie  minority  of  cases,  the  effects  are,  more 
frequently  than  not,  congruent.  That  is,  favorable  attitudes  enhance 
achievement  and  vice  versa.  Dissatisfaction  for  the  learning  task  and  the 
learning  situation  may  be  the  price  we  pay  for  pushing  kids  toward  high 
achievemem 

This  phenomenon  may  also  explain  the  lack  of  correlation  between 
attitudes  toward  school  and  aehieveinent.  Two  variables  are  operating- 
one  to  increase  the  correlation  and  the  other  to  decrease  it— and  perhaps 
they  cancel  each  other.^ 


Research  on  Instructional  Programs 

Cronbaeh  has  suggested  three  major  ways  of  adapting  patterns  of 
education  to  individual  differences,  as  indicated  in  the  third  column 
of  table  2.1,  which  is  adapted  from  his  summary  (36,  p.  24). 

TABLE  2.1 

P.vTTKiiNs  OP  Educational  Adapt.\tion  to  I.\i>ividual  Diffkukncks 


Educ^Uonal  ^^'r^'aTme^^^^  Modifications  to  Meet  Individual  Needs 


Fixed 


Options 


Fixed  within 
course  or 
program 


Fixed 


Fixed  within 
an  option 

Alt-ernatives 


la)  Alter  durations  of  schooling  hy  sequen- 
tial selection 

16)  Train  to  criterion  on  any  skill  or  topic 
(alter  duration) 

2a)  Determine  for  each  student  his  prospec- 
tive adult  role  and  provide  ti  curriou- 
hun  preparation  for  that  role 

3/?)  Provide  remedial  a<ijuncts  to  fixed 
main-track  instruction 

36)  Teach  different  pupils  by  different 
methods 

3c)  Teach  at  an  appropriate  level  on  the 
learning  curve 


Fixed  goak,  fixed  treatments 

The  firot  pattcni  is  "adaptation  within  a  predetermined  program'* 
ni  which  hoch  educational  goals  and  instructional  treatments  are  fixed. 
In  order  to  meet  individual  differenees  the  duration  of  schooling  eould 
Ue  altered  by  a  plan  of  sequential  seleetion  siieh  as  exists  in  many 
sehools  in  England,  Australia,  and  Sweden.  However,  the  International 
1.  Oren  Click,  1969:  personal  communication. 
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Study  of  Acliievemeiit  in  Mathematics  reported  little  support  for  selec- 
tive retention  (84,  pp.  87-102).  In  the  United  States,  academic  pro- 
grams or  college-hound  tracks,  although  part  of  comprehensive  schools, 
may  be  thought  of  as  examples  of  relatively  fixed  educational  goals 
and  fixed  instructional  treatments. 

An  alternative  instructional  pattern  with  fixed  goals  and  fixed  treat- 
ment is  to  train  all  students  to  a  criterion,  thus  altering  the  time  for 
instruction.  Before  the  end  of  the  nineteenth  century,  Sliarpe  has  re- 
l)orted,  it  was  found  that  students  differ  in  the  time  needed  to  memorize 
a  piece  of  information  (148).  Although  the  effect  of  Sharpe's  report 
was  to  emphasize  the  existenee  of  individual  differences,  it  also  pointed 
to  a  procedure  for  instructing  slow  learners.  A  recent  study  was  re- 
ported by  Begle  at  the  First  International  Congress  of  Mathematical 
Education  (8,  p.  106).  He  found  that  fourth-grade  slow  learners  learn 
mathematics  as  well  as  more  able  students  when  instructional  time  is 
increased  for  the  slow  learners.  These  results  corroborated  results 
found  earlier  by  Herriot  with  seventh-  and  ninth-grade  students  (76, 
p.  44). 

Goal  options,  fixed  treatments 

Another  pattern  identified  by  Cronbach  is  an  "adaptation  by  match- 
ing educational  goals  to  the  individual."  Thus  the  goals  become  op- 
tions, and  the  instructional  treatments  may  be  fixed  within  a  particu- 
lar option.  In  order  to  meet  individual  differences,  each  student^s 
prospective  adult  role  might  be  determined  and  a  curriculum  provided 
that  would  prepare  him  for  that  role. 

Margaret  Cobb  (34)  indicated  that  there  was  a  high  risk  of  failure 
when  any  student  entered  first-year  algebra,  as  it  was  usually  taught 
in  1922,  with  a  mental  age  of  less  than  15-6.  Many  general  mathe- 
matics courses  and  shop  mathematics  courses  were  developed  to 
provide  less  demanding  goals  for  slower  students.  Both  Castaneda  and 
Hoffman  have  reported  research  supporting  the  pattern  of  matching 
educational  goals  to  the  individual  (27;  82). 

Fixed  goals,  treatment  options 

A  third  pattern  identified  by  Cronbach  is  "adaptation  by  erasing 
individual  differences";  goals  are  fixed  within  the  course  or  program, 
but  there  are  alternative  instructional  treatments.  In  order  to  ac- 
complish the  program  objectives  with  individual  differences,  remedial 
adjuncts  to  the  main  track  could  become  part  of  the  program.  For 
example,  remedial  work  could  be  available  and  the  student  could  be 
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l)miiitte(i  to  l)rancli  into  tlic  romedial  adjunot,  as  in  some  forms  of 
l)ro^ranuiu>(l  instruction.  Alternatively,  hierarchies  such  as  those  ree- 
ommended  by  Gagne  eould  be  established  that  would  serve  as  bench 
marks  in  the  learning  ])rocess  (61). 

Several  authors  have  reported  re.seareh  that  sui)i)orts  the  value  of 
remedial  programs  (13;  23;  63).  The  results  of  studies  of  programmed 
instruction,  regarded  as  a  treatment  alternative,  are  not  conclusive 
noi;  78;  93).  Nutting  and  Pikaart  rei)orted  signifieant  inereases  in 
computational  si)eed  and  aceuraey  with  disadvantaged  i)ui)ils  as  a 
result  of  a  si)eeial  program  of  drill  (123,  i)p.  1-39).  Similar  sueeess 
has  been  rei)orted  in  a  eomi)Uter-a.s.sisted  instruetion  i)rojeet  of  drill 
and  i)ractice  in  McCoinb,  MississipjH  (158,  pp.  22-24). 

A  slight  modification  of  the  previou.s  i)attern  is  ono  in  which  the 
adaptation  is  made  by  altering  instruetional  methods.  This  pattern 
ai)i)ears  to  Cronbach  to  bo  ono  of  the  most  promising,  in  a  review  of 
Cronbach's  artiele,  Carroll  suggests  that  another  modjfieation  might 
also  be  included  (26).  Beeause  the  sehool  does  not  eontrol  the  total 
history  of  the  individual,  Carroll  suggests  a  i)roeedure  for  loeating 
the  ai)i)roi)riato  level  on  the  learning  eurve  for  each  individual  and 
adai)ting  instruetion  to  him.  It  may  be  that  this  pattern,  listed  as  3c 
in  the  table  above,  would  include  patterns  3a  and  36  in  its  seope. 

Investigations  of  the  effeets  of  altering  instruetional  methods  have 
often  involved  a  revision  of  content  also.  For  exami)le,  Easterday  re- 
l)orted  the  effectiveness  of  a  .^i)eeial  program  that  ehanged  instruetional 
methods  and  eontent  (45).  Callahan  and  Jaeobson  found  sueeess  in 
the  UM>  of  Cuisenaire  rods  (22),  and  Lereh  and  Kelly  rei)orted  good 
results  in  units  that  eini)loyed  mathematical  structure  and  student 
exploration  (104).  Berger  and  Howitz  studied  the  effectiveness  of  the 
XCTM  series  Exi)erienees  in  Mathematical  Discovery  (E.MD)  and 
found  the  units  were  beneficial  (12).  The  EMD  scries  can  be  described 
as  discovery  lessons  for  ninth-grade  students  in  the  30-50  percentile 
range.  In  two  other  studies  of  modified  versions  of  the  EMD  series, 
Maynard  and  Strickland  found  no  significant  differenees  in  achieve- 
ment among  three  groui)s  whether  the  method  for  each  group  was  dis- 
covery. develoi)mental,  or  expository  (113,  pp.  178-83;  155,  i)p.  169- 
73).  Karnes  found  that  tho  relative  effeets  of  various  instruetional 
programs  can  be  very  significant  even  as  early  as  ages  four,  five,  and 
six  (94). 

Individually  Preseri])ed  Instruction  (IPI),  or  the  Oakleaf  Project, 
IS  a  dev(Ooi)mental  project  of  the  University  of  Pittsburgh  Research' 
and  I)eveloi)ment  Center  (159,  pj).  78-79).  A  great  many  behavioral 
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objectives  liave  been  tipecified  for  tlie  elementary  school  mathematics 
program;  and  as  each  titudent  achieves  a  given  objective,  a  new  learn- 
ing; sequence  is  assijjjnod  for  otiier  objectives.  Although  research  re- 
ported at  this  writing  is  not  comparative  or  summative,  the  formative 
research  indicates  that  the  instructional  model  is  very  effective  (105). 
One  of  the  most  encouraging  asi)ects  of  the  IPI  program  is  the  ])remisc 
accepted  by  its  authors  that  the  student  cannot  fail.  If  particular 
oi)jectives  are  not  achieved,  the  staff  is  connnitted  to  design  a  new 
learning  .<e(|uenee  for  the  individual  student.  Thus,  the  focus  is  on 
instruetioiuil  i)rocedurcs  for  individual  students,  as  oi)i)Osed  to  general 
mothod>  for  whole  classes. 

Studies  That  Are  Predictive  of  Future  Trends 

AImo>t  j*.ll  the  rejwts  of  the  im])lementation  of  mathematics  pro- 
grams have  emphasized  that  slow  learners  need  to  succeed. 

Rosenthal  and  Jacobson  conducted  two  studies  relating  to  this  need 
<140).  Ill  one  eX])eriment  twelve  i)sychology  students  were  each  given 
live  laboratory  rats  of  the  same  strain.  Six  of  the  students  were  told 
xhvA  their  rats  had  been  bred  for  brightness  in  running  a  maze,  while 
the  other  six  students  were  told  that  their  rats  could  be  cxi)ccted  to  be 
poor  maze  runners  for  genetic  reasons.  The  students  were  assigned  to 
teach  their  rats  to  run  the  maze.  During  the  whole  study  the  rats  be- 
hoved to  be  brighter  in  maze  running  ])erfonned  better.  At  the  end  of 
the  study  the  students  were  given  a  questionnaire,  and  the  results 
indicated  that  those  assigned  the  allegedly  brighter  rats  rated  their 
subjects  brighter,  more  ])lcasant,  and  more  likeable  than  the  students 
who  had  the  allegedly  duller  rats  rated  theirs. 

In  aa  analogous  study  by  Rosenthal  and  Jacobson  teachers  were 
told  that  certain  students  in  their  cla.^ses  could  be  expected  to  show 
unu.sual  intellectual  gains  during  the  school  year  (140;  139).  The 
names  of  these  students  had  actually  been  cho>en  by  means  of  a  table 
of  random  numbers  at  the  end  of  the  prcviou.s  >chool  year,  yet  the.^e 
randomly  >elected  students  demonstrated  significant  gains  in  intel- 
ligence as  measured  by  the  Flanagan  Tests  of  General  Ability 
(TOO  A). 

Although  this  study  was  not  conducted  with  slow  learners,  it  ap})ears 
that  it  may  hav(»  im])ortant  >ignificance  and  sonio  important  implica- 
tions for  teachers  of  .slow  learners.  Teachers'  expectations  about  stu- 
denis  may  be  an  extremely  important  variable. 

It  .should  be  pointed  out,  however,  that  a  review  by  R,  L.  Thorndike 
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contains  the  following  scathing  comnient  about  the  Rosenthal  and 
Jacobson  study: 

The  cntcrprii^c  which  represents  the  core  of  this  document,  and  i)rc- 
Himably  the  excuse  for  its  publication,  has  received  widcsi)rcad  advance 
publicity.  In  si)ite  of  anything  I  say,  I  am  sure  it  will  become  a  classic— 
widely  referred  to  and  rarely  examined  critically.  Alas,  it  is  so  defective 
teelniicaliy  that  one  can  only  regret  that  it  ever  got  bevond  the  eyes  of 
the  original  mve:,tigator5!  Though  the  volume  may  be  an  effective  addi- 
tion to  educational  propagandizing,  it  does  nothing  to  raise  the  standard 
of  educational  research.  [162,  p.  708] 

Thorndikc's  review  eontains  important  questions  about  the  re- 
liability of  the  data  reported  in  the  study.  It  remains  to  be  seen  if 
additional  researeh  will  support  the  original  study. 

A  recurring  theme  in  this  eliapter  has  been  tho  notion  that  classify-- 
mg  slow  learners  as  underaehievers  or  low-aptitude  students  is  not 
helpful  and,  in  faet,  may  be  harmful.  A  similar  ill-advisod  use  of 
classifieation  may  be  the  grading  proeess  eommon  in  this  eountiy. 
Bloom,  Hastings,  and  Madaus  have  observed: 

As  educators  .ve  have  used  the  normal  curve  in  grading  students  for  so 
long  that  we  have  come  to  believe  in  it.  Achievement  measures  are  de- 
signed to  detect  differences  among  our  learners— even  if  the  differences 
are  tnvial  in  terms  of  the  subject  matter.  We  then  distribute  our  grades 
m  a  normal  fashion.  In  any  group  of  students  we  expect  to  have  some 
small  i)ereentage  re^-eivo  A  grades.  We  arc  suri)rised  when  the  figure 
differs  greatly  from  about  10  i)ercent.  We  are  also  prepared  to  fail  an 
equal  proi)ortion  of  students.  Quite  frequently  this  failure  is  determined 
by  the  rank  order  of  the  students  in  the  group  rather  than  by  their 
failure  to  grasp  the  essential  ideas  of  the  course.  [15,  pp.  44-45] 

The  thesis  eoneerns  the  development  of  a  ^'mastery"  eurrieulum 
This  is  analogous  to  pattern  36  in  table  2.1:  fixed  goals  within  a  pro- 
gram and  alternative  instruetional  treatments.  The  authors'  hypothesis 
is  this: 

Given  sufTicient  time  and  ai)propriate  types  of  heli),  05  percent  of 
students  (the  toj)  5  i)ereent  i)lus  the  next  90  i)ereeiit)  can  learn  a  subject 
with  a  high  degree  of  mastery.  To  say  it  another  way,  we  are  convinced 
that  the  grade  of  A  as  an  index  of  mastery  of  a  subject  can,  under  ap- 
l)roi)nate  conditions,  be  achieved  by  uj)  to  95  percent  of  the  students  in 
a  class.  [15,  p.  4G] 

They  suggest  some  of  the  following  techniques  for  individual  tcaeh- 
ers  to  find  ways  of  modifying  their  instruction  to  fit  the  different  needs 
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of  the  >tU(lojits  and  therefore  to  work  toward  a  mastery  curncuknn 
( 15,  pp.  48-49) : 

L  Group  study.  As  students  need  opportunity  for  working  in  small 
groups  (perhai)s  of  two  or  three  students),  this  kind  of  activity  can  be 
useful  for  discussing  points  of  diffieulty  in  the  learning  process.  The 
.small  group  should  be  noncompetitive  in  nature,  with  emphasis  on 
eooi)eration. 

2.  Tutorial  help.  This  is  a  costly  i)rocedure,  to  be  used  when  other 
moans  of  instruction  are  not  available.  Ideally,  the  tutor  should  be 
someone  other  than  the  teacher,  in  order  to  bring  a  fresh  way  of 
viewing  the  learning  problem. 

3  Textbooks.  Since  textbooks  may  vary  in  the  clarity  with  which 
they  explain  a  particular  idea  or  process,  one  means  for  adapting  in- 
struction is  to  attempt  to  match  alternative  presentations  with  particu- 
lar learning  problems. 

4.  Workbooks  and  pro(jrammed-instruction  units.  These  units  may 
1)0  especially  helpful  for  some  students  who  cannot  grasp  the  ideas  or 
procedures  in  the  textbook  form. 

5.  Audiovisual  methods  and  academic  mes.  Some  students  may 
learn  a  particular  idea  best  through  concrete  illustrations  and  vivid 
and  clear  explanations. 

At  the  heart  of  the  mastery  curriculum  is  the  formative  evaluation 
of  classroom  learning  (15,  pp.  43-57).  This  evaluation  serves  a  diag- 
nostic function  and  is  used  for  making  decisions  about  the  next  stage 
of  instruction  for  each  particular  student.  Learning  outcomes  are 
organized  hierarchically  and  diagnostic  tests  prepared.  Then  for  each 
stage  in  the  hierarchy,  if  the  student  fails  to  reach  mastery,  an  alter- 
native instructional  sequence  is  specified.  Thus  the  instructional  pro- 
gram is  modified  for  each  individual  and  structured  so  that  he  even- 
tually achieves  the  desired  terminal  objective  for  the  unit. 

Bloom,  Hastings,  and  Madaus  reported  several  years'  investigation 
of  master}'  l^^^ming  procedures,  where  operating  procedures  s«ch  as 
formative  evaluation,  diagnosis,  and  prescription  of  alternative  in- 
struction were  incorporated  into  existing  classes.  Results  from  algebra 
classes  and  test-theory  classes  were  very  encouraging.  They  reported 
significantly  better  class  performance  in  a  test-theory  class  as  a 
result  of  incorporating  mastery  learning  procedures.  (15,  pp.  53-56.) 
Wilson  illustrated  the  use  of  mastei  j  learning  mater  ials  froiii  BIcum  s 
project  in  a  first-year  algebra  course  (170). 

If  the  notion  of  a  mastery  curriculum  is  feasible,  although  its  im- 
l)lementation  is  probably  more  costly  than  normal  expenditures  for 
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whication,  it  wouid  appear  that  there  is  real  hope  of  providing  the 
(■(liication  that  .slow  learners  have  long  needed.  For,  ohviouslyt  the 
procedure  has  direct  implications  for  the  slow  learner. 

Thus,  in  the  mastery  learning  model,  all  students  are  helped  to 
achieve  a  criterion  mastery  of  the  learning  at  hand.  The  focus  is 
not  on  .separating  students  into  grade  classifications  of  A,  B,  ...  ,  or 
F.  Init  rather  on  helping  .students  reach  the  mastery  level.' Such' an 
instructional  model  avoids  simply  identifying  those  students  who 
have  not  learned;  instead,  the  in.4ructional  effort  is  to  determine 
how  each  student  can  l)est  learn.  Research  on  the  development,  i  se, 
and  validation  of  the  mastery  learning  model  for  slow  learner.-  in' 
mathematics  is  an  obvious  need. 

.•\  useful  .strategy  for  identifying  problems  for  research  in  organizing 
instructional  objectiv.-s,  for  identifying  test  items,  or  for  analyzing 
results  of  an  evaluation  is  to  cla.^sify  learning  outebmes  in  terms  of 
mathematics  co-;.nt  and  in  terms  of  the  level  of  behavior  expected 
of  .students,  .^everal  cla.ssification  schemata  have  been  reported  in 
the  recent  literature,  most  of  them  l)a.sed  on  the  Bloom  Taxonomy 
(14).  .Schemata  specific  to  mathematics  have  been  reported  by 
AAil.<on  (170).  Husen  (84,  pp.  93-94),  V/ood  (171),  Romberg  and 
AAil.son  (138),  and  Begle  and  Wilson  (9).  Kilpatrick  has  questioned 
the  predictive  ii.sefulnci's  of  such  schemata  precisely  because  so  many 
different  formulations  have  been  reported  (96).  But  validating  the 
hierarchy  of  cognitive  levels  is  not  the  major  point  in  presenting 
the.se  .schemata  here.  Rather,  their  value  lie.s  in  the  heuristic  direc- 
tion they  provide  for  organizing  and  specifying  the  prol)lems  of 
re.seaich.  in.struction,  and  evaluation.  Organizational  .schemata  for 
looking  at  the  problems  of  .studying  the  slow  learner  in  mathematics 
are  sorely  needed. 

The  most  coinp.-,-hensive  schema,  or  table  of  si)ecifications,  has 
l)een  provided  by  Wilson  (170).  A  simplification  of  that  schema 
follows.  The  essential  idea  in  the  table  of  specifications  is  that  ob- 
jectives of  mathematics  in.struction  can  be  classified  in  two  ways: 
(1)  l)y  categories  of  mathematical  content  and  (2)  bv  levels  of  be- 
havior. The  degree  of  specificity  of  the  categories  in  either  dimension 
Is  arbitrary  and  should  be  adjusted  to  the  task  under  study.  For 
example,  a  .set  of  content  categories  might  l)e  number  .systems,  algebra, 
and  geometry.  Tiiis  could  include  most  of  the  types  of  mat'heinatics 
content  slow  learners  might  encoimter  in  their  school  years.  (In  fact, 
a  problem,  perliap.s  an  area  of  research,  can  be  identified  already  in' 
that  slow  learners  in  matl-.eniatics  would  tend  to  have  limited  con- 
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tact  witli  ritlior  algebra  or  geometry  eoiitent.)  A  >et  of  behavior 
levels  might  include  comi)Utatioii,  comprehension,  ajiplication.  analvMS, 
interests  and  attitudes,  and  appreciation.  Sec  figure  2.2. 


OHJKCTIVKS  OF  MATMKM.VTICS  IXSTHUCTION 

Content 

Compu- 
tnlion 

Coinpie- 

Apphcution 

Analysis 

liiterost 
Attiuuios 

Appie- 
ciatioii 

Numbei 
Systems 

Algebra 

Geometry 

Explicit  definitions  of  the  labels  on  each  dnnoubion  need  to  be 
stated  in  order  for  the  schema  to  become  operational.  One  such  set 
of  definitions  can  be  found  in  Wilson  (170,  pp.  653-63). 

A  cursory  examination  of  the  table  of  specifications  suggests  some 
l)ossible  areas  of  investigation  of  slow  learners  in  mathematics.  For 
instance,  one  would  suspect  that  with  slow  learners  there  tends  to 
be  a  heavy  emj)hasis  on  the  number  systems-computation  cell  auvl 
little  attention  to  other  cells  of  the  table.  This  might  be  the  ease 
because  of  the  assumption  that  comprehension,  a])plication,  or 
analysis  behaviors  (and  even  attitudes  and  appreciation)  are  dc- 
j^cndent  on  a  mastery  of  computation.  The  assumption  is  a  dubious 
one,  but  in  any  event  empirical  questions  for  research  can  be  gen- 
erated. Can  analysis-level  behaviors  be  cfTcctivcly  taught  to  slow 
learners  if  they  are  deficient  in  computation-level  performance?  In 
what  positive  ways  can  a  slow  learner  appreciate  mathematics? 

Summary 

This  chapter  has  examined  the  research  on  the  slow  learner  in 
mathematics  and  found  it  lacking.  Therefore,  instead  of  summarizing 
research  findings  the  task  has  been  to  look  into  the  ])otential  of 
research  in  this  area. 

Strong  traditions  were  identified  in  this  chapter  with  regard  to 
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the  u>o  of  M'oreb  a.s  ineabure>  of  aptitude.  This  was  found  to  be 
madeciuate  A  more  fruitful  approach,  bringing  with  it  progress  in 
the  under.standing  of  the  problems  of  the  slow  learner  in  matiieniatics, 
i>  to  con^ider  .specific  learning  aptitudes  of  slow  learners  and  to  adapt 
instruction  to  take  account  of  these  individual  dilTerences.  It  is  in 
this  direction  that  »)otentially  fruitful  programs  of  research  on  the 
>low  learner  in  mathematics  are  identified. 
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Bekavioral  Ohiectives 


HENRY  H.  WALBESSKR 
HEATHER  L.  CARTER 


Summary 

you  may  find  it  peeiiliar  to  he  confronted  with  the  summary  of  a 
ehapter  at  its  hcginning— hut  such  unusual  hohavior  is  to  be  ex- 
l)ected  from  hchaviorists  Beginning  at  the  end,  as  it  may  >eeni 
like  playing  a  game.  It  is  true  that  the  authors  are  playing  a  game,  as 
may  ho  ^ecn  in  the  use  to  he  made  of  eartoon>.  However,  the  inn'iiose 
is  entirely  serious;  and  it  is  only  fair  to  tell  you  at  the  start  what  the 
following  narrative  is  intended  to  con\-ey.  The  thesis  being  exi)osed 
here  is  elegant  in  its  simplicity:  //  a  teacher  describes  his  objectives 
for  slow  learners  in  terms  of  observable  behavior,  then  he  increases  the 
likelihood  of  being  successful  in  teaching  them. 

Introduction 

It  is  only  fair  also,  and  in  line  with  the  authors'  faith  in  behavioral 
objectives,  to  tell  you  at  the  outset  what  the  objectives  for  the  reader 
arc.  A  sensible  notion,  telling  the  reader  what  he  should  be  able  to  do 
after  reading  something.  Why  is  it  not  done  more  often?  At  any  rate, 
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here  are  the  aiithorij'  objectives  for  you.  After  reading  this  chapt^jr  and 
participating  in  its  activities  where  indicated,  you  should  have  ac- 
quired the  behaviors  ilhistrated  in  figures  3.1-3.5. 


t  /  / 


STATEMENTS  1 
OF  ' 
OBJECTIVES 

1  BEHAViORAL 
OBJECTIVES 

INSTRUCTIONALLY  . 
HELPFUL  h 

/  I  1  * 

Distinguishing  between 
a  statement  of  a  behavioral  objective 
and  a  statement  of  a  non  behavioral  objective 
Fig,  3.1 


Oescribmf  the  benefits  of  stating  objectives  in 
behavioral  language  for  the  slow  learner  and 
his  teacher 

Fig,  3.2 
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As  you  see,  the  commentary'  of  this  chapter  is  punctuated  with  visu- 
als, which  are  emnloyed  to  make  important  pointi?.  This  maneuver  is 
not  frivolous;  its  purpose  is  to  persuade  you  to  read  the  entire  chapter 
before  making  a  judgment  about  the  worth  of  behavioral  objectives 
for  the  teacher  of  slow  learners.  However,  should  you  abandon  this 
chapter  and  need  a  reason  for  doing  so,  a  few  well-worn  but  still  com- 
monly used  excuses  are  offered  in  the  following  illustrations. 

The  Too  Confining  Reason 


I  find  writing  behavioral  objectives 
to  accompany  instructional  materials 
too  restricting  for  my  discovery, 
inquiry,  process,  being  aware  of, 
interest,  open-minded  goals 
Fig.  3.6 


th;o  slow  leaunku  in  mathematics 

The  Really  Important  Reason 


Behavioral  objectives  are  all  right 
in  their  place, but  the  really  important 
purposes  of  mathematics  instruction 
cannot  be  described  m  that  way. 


Fig.  3.7 
The  Mind's  Eye  Reason 


Sure  I  have  obiectives  in  mind 
when  I  teach  something,  but  it 
isn't  possible  to  write  them  down. 
Fig.  3.8 


Since  behavorial  objectives  are  not  an  altogether  new  idea,  some 
readers  may  already  possess  the  competencies  identified  as  objectives 
for  this  chapter.  For  those  readers,  figure  3.9  and  the  invitation  merely 
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to  bk\m  this  chai)t'»r  are  oft'ered.  Skimmers  are  also  invited  to  try  the 
as.^essment  tasks  at  tlio  end  of  the  chapter. 

The  Mo?t  Competent  Person 

O  p 

BEHAVIORAL  OBJtCTIVES 


I  need  not  read  this  chapter  because 
and  practice 
I  already  possess     /\    each  of 

the  behaviors  descibed  as  objectives 
Fig.  3.9 

An  Unusual  Committee 

Once  upon  a  time — and  herein  licb  the  truth  to  be  found  in  fable — 
the  community  of  Openminded  decided  to  adopt  a  new  instructional 
se(iucnce  for  slow  learners  in  mathematics.  A  .selection  eommittoe  was 
a|)pointcd,  with  representatives  from  classroom  teachers,  parents,  stu- 
dents, mathcmuties  supervisors,  paraprofessionals,  and  building  prin- 
cipals. The  supenntendeni's  charge  to  the  committee  was  broad  and 
ambiguous:  ^'Select  a  mathematics  curriculum  most  appropriate  for  the 
slow  learners  in  our  school  system." 

The  committee  asked  publishers  to  send  their  representatives.  An 
invitation  was  extended  to  each  jHiblisher  of  textbooks  designed  for  the 
elementary  or  secondary  grade  level  (Uid  intended  for  the  slow  learner. 
Each  rei)rcsentative  was  to  give  a  clear  description  of  his  program,  in- 
eluding  the  materials  available,  with  a  brief  review  of  the  pedagogical 
approach.  Most  companies  agreed  to  send  representatives. 
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They  came,  they  presented;  the  committee  listened,  asked  for  elarifi- 
cation,  and  recorded  what  was  said. 

After  the  final  presentation,  the  eommittee  met  to  decide  on  the  texts 
to  be  adopted.  They  diseuss'ed  the  alternatives  as  eaeh  eommittee  mem- 
ber perceived  them.  The  discussions  continued  for  several  meetings 
with  no  resolution.  Communication  difficulties  were  ob\-ious,  60  the 
committee  decided  to  call  in  a  consultant.  Accordingly,  a  behavioral 
scientist  was  asked  to  provide  advice  on  .selection  procedures. 

The  behavioral  scientist  came  but  did  not  offer  the  anticipated  ad- 
vice. No  tried-and-true  rules  were  given,  no  foolproof  procedures  out- 
lined. What  is  more,  no  resolution  of  the  selection  problem  was  pro- 
vided. Instead,  the  consultant  raised  hard-to-answer  questions,  such 
as,  "What  do  you  want  slow-learning  students  to  be  able  to  do  with 
respect  to  mathematics?"  If  someone  lapsed  into  ambiguous  language 
by  replying  "Know  how  to  .  . .  he  would  tactfully  reject  the  response 
by  asking  another  question,  "How  do  you  know  when  the  student 
knows?"  This  manner  of  probing  offended  some,  embarrassed  others, 
and  frustrated  most. 

The  consultant  then  focused  on  one  topic,  asking,  "What  do  you 
want  every  slow -learning  student  to  accomplish  with  respect  to  this 
topic?"  At  least  half  a  dozen  answers  came  from  committee  members, 
with  twice  as  many  "clarifying"  remarks,  whicli  some  decided  were 
needed  to  interpret  their  responses.  The  variety  of  expectations  for  one 
competency  was  surprising  and  perplexing— surprising  because  of  the 
many  differences  of  opinion,  which  had  never  been  so  clearly  voiced; 
perplexing  because  no  one  knew  how  to  resolve  the  difficulty. 

This  procedure  was  repeated  for  two  other  topics,  with  similar  re- 
sults. By  the  end  of  the  meeting  the  eommittee  members  began  to  real- 
ize that  the  consultant  had  made  them  focus  their  attention  on  the 
outcomes  of  instruction.  More  than  that,  he  had  led  them  to  consider 
these  outcomes  in  terms  of  observable  student  performance. 

At  the  conclusion  of  the  session,  the  behavioral  scientist  referred  to 
a  procedure  employing  carefully  stated  objectives.  He  suggested  that 
this  procedure  be  tried  as  a  means  of  helping  the  eommittee  members 
to  communicate  with  one  another  as  well  as  to  select  appropriate  cur- 
riculum materials.  The  experience  of  the  past  hour  was  all  the  persua- 
sion the  eommittee  needed  to  try  this  approach.  They  agreed  that  be- 
fore any  decisions  could  be  made  about  the  instructional  sequence  for 
mathematics,  uiey  would  need  to  define  the  performance  outcomes 
expected  of  their  students. 

But  the  committee  members  were  not  skilled  at  writing  performance 
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statements.  Oh  yes,  some  had  heard  of  volumes  like  Gagnc's  conditions 
book  (8),  Bloom's  Taxonomy  (3),  Mager's  book  (13^  Cook  and  Wal- 
bessers  book  on  constructing  objectives  (5),  and  the  work  on  affective 
taxonomy  (12).  Others  recalled  names  of  .school  systems  or  projects 
that  had  made  use  of  behavioral  objectives.  Projects  like  the  ''Mary- 
land Elementary  Mathematics  In-service  Project"  (MEMIP)  and 
''Science — A  Process  Approach"  were  named;  also,  activities  such  as 
those  carried  out  in  the  school  systems  of  Anne  Arundel  County,  Mary- 
land; Baltimore  County,  Maryland;  Bloomfield  Hills,  Michigan;  Cor- 
pus Christi,  Texas;  Frederick,  Maryland;  Howard  County,  Maryland. 
However,  no  one  was  familiar  enough  with  any  of  these  procedures  to 
be  willing  to  assume  the  responsibility  of  teaching  the  others. 

A  decision  was  made  to  hold  a  series  of  instructional  sessions  which 
the  behavioral  scientist  would  lead.  Objectives?  for  this  instruction  were 
identified.  At  the  end  of  the  instructional  sessions  each  committee 
member  would  be  able  to — 

1.  construct  a  behavioral  objective; 

2.  identify  instructional  materials  that  should  be  used  to  help  slow 
learners  acquire  a  specified  behavior; 

3.  construct  evaluation  tasks  to  measure  the  acquisitions  of  the  per- 
formance; 

4.  demonstrate  the  use  of  behavioral  objectives  in  making  decisions 
about  the  design,  construction,  implementation,  and  assessment 
of  instruction  for  slow  learners. 
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A  log  was  kopt  of  the  instructional  sessions  when  the  consultant  met 
with  the  committee.  The  following  section  is  a  description  of  that  log. 

The  Committee's  Log 

Session  1:  Characteristics  of  a  behavioral  objective 

Each  member  of  the  committee  was  asked  to  write  an  objective  for 
an  exercise  on  fractions.  Here  is  a  selection  of  the  written  objectives: 

A.  Write  a  fractional  numeral  in  the  form  of  a  decimal. 

B.  List  four  fractions  in  order  from  least  to  greatest.  Vame  the 
fractions  witli  decimal  numerals. 

C.  Rename  a  fraction  as  a  decimal  numeral,  given  the  name  of 
the  fraction  in  English  words. 

D.  After  instruction,  each  student  will  be  able  to  distinguish  the 
largest  fraction,  given  a  set  of  three  fr.xtions  named  by  decimal 
numerals. 
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E.  After  instruction,  each  f^tiident  will  understand  how  to  rename 
a  fraction  as  a  d.'cimal  numeral  when  he  is  presented  with  a 
fractional  numeral. 

The  consultant  identified  some  of  the  stated  objectives  (not  all  of 
which  are  listed)  as  desoriptiojis  of  performance. 

Which  of  those  listed  (A,  B,  C,  D.  E)  do  you  suppose  he  identified 

in  this  u-aij!  Write  ymr  response  in  the  blank  provided  Go 

ahead,  don't  be  bashful.  Write  a  response— no  one  uill  grade  you  on 
it.  Did  you  select  any  of  the  first  three^  No?  Gooi  for  you!  The 
comuUani  selected  one  statement,  D. 

The  consultant  then  asked:  "Why  were  statements  A,  B,  C,  and  E 
not  accepted  as  adequate  descriptions  of  performance?  Were  these 
statements  inaccurate  as  to  content?^' 

"No"  was  the  general  response. 

"Are  these  objectives  unrealistic  expectations?" 

"We  can't  decide"  or  "No"  were  the  responses. 

"Were  the  wrong  words  used?" 

About  half  of  the  group  responded  "Yes,"  while  the  other  half  said 
"No." 

"What  do  you  mean?"  was  asked  of  some  who  had  responded  "Yes." 

Their  pooled  responses  said  that  the  words  used  in  the  four  un- 
acceptable statements  did  not  make  clear  the  desired  student  per- 
formance. 

At  this  point  the  consultant  asked,  "With  which  objectives  would 
there  be  the  most  agreement  about  how  to  determine  whether  an 
individual  had  achieved  the  objective?" 

Which  do  you  think?  Statements  A,  /i,  C,  D,  and/or  E?  Go 

ahead,  take  a  chance.  Make  a  response. 

The  consultant  then  repeated  the  statement  of  tlie  objective  which 
he  had  said  did  describe  an  observable  performance:  "After  instnic- 
tion,  each  student  will  be  able  to  distinguish  the  largest  fraction,  given 
a  set  of  three  fractions  named  by  decimal  numerals."  Suggesting  that 
the  comjnittee  mcnibers  reexamine  the  statements  of  the  five  objectives, 
he  asked:  "How  is  this  one  statement  different  from  others?  What 
characteiistics  does  this  statement  include  that  the  others  do  not?" 

Tlio  group  decided  that  the  characteristics  of  a  performance  state- 
ment are  detennined  by  the  types  of  information  it  provides.  These 
types  were  identified  as  follows: 

1.  Who  is  to  acquire  the  behavior 
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2.  What  behavior  he  is  to  acquire 

3.  When  the  behavior  U  to  be  aequiied 

4.  Under  what  conditions,  or  given  what  .<>ituation,  there  is  a  high 
expectation  that  the  behavior  will  be  exhibited 

The  eonsultant  then  a^ked  the  eonunittee  to  reexamine  the  five 
statements  and  decide  which  of  the  four  eharaeteristics  each  statement 
possessed. 

While  the  committee  is  working  that  out.  here  is  a  task  for  you.  Tn/ 
naming  each  of  these  four  characteristics  for  statement  D  above, 

1.  Who?  

2.  What?  

3.  When^  

Jf.  Given?  

The  acceptable  resjmises  are  not  going  to  be  given,  so  you  might  as 
well  respond  now.  When  you  have  completed  that  task,  try  doing 
the  same  analysi.s  for  statement  E  above. 

1.  Who"^  ^  

2  What?  

3.  When?  1  ' 

Jf.  Given?   

After  the  committee  members  had  examined  each  of  the  five  state- 
ments of  objectives,  the  behavioral  scientist  led  a  discussion  that  con- 
sidered each  objective.  ''Did  you  find  any  of  the  four  eharacteristics 
misi;ing  from  the  statement  of  the  Tirst  objective?^'  he  asked. 

Respo)}ses  that  you  can  provt,.^  without  any  assistance  w^re  made 
by  the  group. 

The  discussion  proceeded,  each  objective  being  considered.  Every- 
thing went  along  without  difficulty.  That  is,  until  the  discussion  of  the 
fifth  objective,  there  was  no  difficulty.  The  committee  members  could 
not  reach  agreement  on  tliis  objective.  Their  discussion  yielded  this 
characterization: 

1.  Who?  Each  student. 

2.  What?  Will  understand  how  to  r-^name  fractions  as  decimal 
numerals. 

3.  When?  At  the  end  of  instruction. 

4.  Given?  A  fractional  numeral. 

The  consultant  listened  to  their  arguments  but  made  no  comments. 
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After  the  (li>fU<sion  had  been  going  for  about  five  minutes,  lie  inter- 
ruptecl  and  drew  tlii.s  first  session  to  a  eonelusion.  He  left  the  com- 
mittee members  with  a  task  to  i)e  com|)leted  before  the  next  session 
The  ta>k  was  tlii:?:  each  member  wa,<  asked  to  construct  an  assess- 
ment task  (a  test  item)  for  objective  D  and  an  assessment  task  for 
objective  E.  The  consultant  said,  ''Each  assessment  task  should  be 
one  that  can  be  used  with  slow  learners  and  should  be  such  that  pass- 
ing or  failing  the  task  reveals  whether  the  student  has  acquired  the 
docribed  behavior."  He  went  on  to  say,  "Your  assessment  tasks  are 
not  restricted.  You  need  not  use  multiple-choice  items.  Your  asscss'nent 
ta.ks  need  not  employ  paper  and  pencil  or  otherwise  be  restricted  to  a 
format  convenient  to  group  administration.  The  principal  restriction 
is  that  the  task  actually  assess  the  behavior." 

Session  2:  Task  jittwq 

At  the  end  of  :?e.-sion  1  each  committee  member  was  asked  to  write 
evaluation  items  for  two  objectives.  Session  2  began  with  a  presenta- 
tion and  discussion  of  the  tasks  constructed  to  assess  objective  D. 
Most  of  the  tasks  were  similar,  except  for  the  particular  fractions 
selected.  One  typical  task  was  expressed  this  way:  "Give  the  child  a 
piece  of  paper  on  which  three  fractions  have  been  written:  4.17,  1.47, 
and  4.71.  Ask  him  to  place  an  X  under  the  name  for  the  largest 
fraction." 

Someone  suggested  that  one  variation  on  this  task  was  to  atk  the 
student  to  "place  an  X  under  the  name  for  the  smallest  fraction" 
rather  than  the  largest  fraction. 

The  consultant's  response  to  this  variant  was  "That  is  not  an  apj)ro- 
priatc  task." 

Whrj  (lid  the  consultant  say  that?  Surely  if  an  individual  can  pick- 
out  the  largest  fraction,  he  ran  also  pick  out  the  smallest  fraction. 
Let's  listen  in  and  perhaps  the  consultant's  reasoning  xnll  become 
clear. 

The  person  who  suggested  the  variation  observed,  "Well,  if  I  only 
test  to  see  if  the  student  can  pick  out  the  largest  fraction,  he  will 
certainly  get  it  right  bccavsc  that  is  what  I  taught  him.'' 

Someone  then  asked,  "What  do  you  want  the  student  to  be  able  to 
do?  Do  you  want  the  student  to  identify  the  largest,  the  smallest,  or 
both?" 

Anothci*  person  chimed  in  with,  ''He  should  be  able  to  flo  both." 
The  co:isultaiit  then  remarked,  "If  this  is  so,  shouldn't  both  be 
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Mated  it)  ihv  (iocriplion  of  tlu'  oi)j(rtiv{'?  i^ciDcinbcr.  ihv  performance 
>tat('nuMit  tcU.s  what  yon  want  the  Icarnc:  to  hv  ahic  to  do — no  nioir 
and  no  less." 

Tlie  connnittee  came  to  an  agreement  that  task>  eould  he  written 
for  ohjeetive  D  and  that,  as  the  ohjeetive  was  then  (ie>enhed,  only  the 
heliavior  of  identifying  the  larj];e>t  fraction  should  he  as>e>>e(h 

The  group  then  proceeded  to  describe  ta>k>  doigned  to  a>>e>s  the 
behavior  docribed  by  statement  E.  Here  there  wa>  inueli  le>>  agree- 
ment. The  con^uItan^  asked  that  several  of  the  ta^k.«-  be  written  on  the 
o\'erhcad  projector.  Four  of  them  are  presented  below: 

1.  Give  the  .student  a  card  on  which  I  \>  written  tml  a-k  him  to  tell 
how  the  fraction  can  be  changed  to  a  decimal  numeral 

2  Give  the  .-tudent  a  card  on  which  are  written  -J.  J.  and  \.  Ask 
him  to  write  each  of  lhe>e  fractions  in  decimal  form. 

3.  CJive  the  >iu(Ient  a  card  on  which  *J  is  written  and  another  on 
which  0.725,  0.75.  and  0.57  are  written.  .*\-k  him  to  .-elect  tiie 
decimiil  numeral  that  names  ihe.<ame  fraction  as  ]. 

4.  Give  the  >tU(h'nt  a  card  on  which  >  written.  Ask  him  to  >how 
you  how  to  change  this  numeral  to  a  decimal  ii'imcral 

The  behavioral  >cienti>t  then  probed  the  cominiltee.  a<kmg.  "Are 
these  tasks  all  equally  difficult?" 
The  common  respon-^e  wa>  **Xo." 

lie  then  a.-^ked,  "Is  there  a  >imilarity  about  thc-^c  ta-^k.s?" 
•'No'*  and  "Not  as  much  as  we  should  expect**  were  the  two  most 
common  replies. 

^i.et  us  return  now  to  >tatemcnt  D,"  the  con.'-ultant  said,  "and 
examine  its  wording  carefully:  'After  instruetio*\  each  student  wil,  be 
able  to  (ii<tingui.<h  the  largest  fraction,  given  a  set  of  three  fractions 
name<i  decimal  numerals.*  What  one  word  in  this  statement  of  an 
objective  helps  you  most  in  predicting  tin*  kind  of  performance  mo>t 
likely  to  be  requested  jf  the  students  during  instruction  and  in  an 
asse.'-sment  task  for  thi>  behavior?'' 

Several  different  rc-^ponscs  were  given,  but  the  group  finally  decided 
that  the  word  (Usti7i(j)(ish  was  the  best  due  to  the  asscs-^ment-task 
l)erformancc. 

The  consultant  nodded  and  then  a.^ked.  ''What  part  o*'  .-speech  usu- 
ally describes  performance  in  English?'* 
Most  agreed  that  it  was  the  verb. 

"Xow  consider  statement  E.  What  is  the  principal  verb  in  that 
statement?" 
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Vndcrdand  wa.s  tho  verb  named. 

The  consultant  observed,  ''The  verb  understand  has  a  much  broader 
collection  of  meanings  than  distinguish  has.  Thi.^  may  account  for  the 
variety  in  the  abSe^Mnent  tasks  you  constructed.  The  greater  the 
number  of  performance  interpretations  a  word  has.  the  les.s  clear 
the  meaning  of  the  objective.  The  performance  ver!)  employed  in  the 
statement  of  an  objective  appears  to  be  a  central  consideration." 

It  was  apparent  that  some  concern  had  to  be  directed  toward  a 
mechanism  for  classif\ing  the  ineatiing  of  performance  verbs  used  in 
the  statement  of  objectives. 

The  consultant  ended  this  session  with  an  assignment:  "By  the 
following  session  name  three  verbs  which  you  feel  describe  different 
performances  commonly  called  for  in  mathematics  instruction." 

You  are  invited  to  try  your  hand  at  this  assignment  before  readiig  on. 
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Session  3:  Verb  limit  at  wns 

At  (lie  beginning  of  tlic  so.oion  tlio  consultar,r  a«kc(l  lor  the  por- 
fonnaiico  verbs  tbe  conuniltoc  nu»inl)er>  bad  iianicd.  Of  tbc  bundml  or 
so  verbs  they  named,  bcrc  arc  tbe  ones  most  frequ/Mitly  given: 


Your  collection  probably  included  some  of  the  same  verbs  and  per- 
Jiaps  others  not  ?iamcd  in  the  list. 

Tb-     o?t  frequently  used  verb:^  were  written  on  a  tran>parency  an 
(Hsphi\^.(l  by  using  an  overbead  projector.  The  consultant  as''ed. 
"Wbat  do  you  expect  tbe  .student  to  do  wben  tbe  objective  is  indi- 
cated by  tlie  verb  i)lirase  Write  an  answer?^* 

After  all  tbc  sugge.stions  bad  been  beard  and  considered,  a  similar 
(juestion  was  a.dced  about  tbe  \'erl)  soltw. 

Tl  is  question-discussion  format  was  repeated  for  each  of  the  verbs 
in  tbe  list.  For  some  verbi-  there  were  few  responses;  for  others,  many. 
Sometimes  tbe  student  performance.^-  described  were  alike;  sometimes 
there  was  little  or  no  similarity. 

The  couMiltant  observed,  *'\Ve  have  already  seen  that  some  verbs 
are  more  likely  to  lead  to  misintcpr  ,t'ons,  because  a  variety  of 
meanings  can  be  supi)lie(l  Maybe  just  i-  .*^,.ig  that  an  objective  should 
ineliide  a  performance  verb  is  not  sufficient  to  assure  specificity. 

From  the  list  of  verbs  they  had  already  named,  committee  members 
were  able  to  pick  out  several  ambiguous  verbs  and  verb  phrase.s: 
understand,  develop  an  atvart.iess  of,  gain  faeility  xcith,  and  appreciate. 
The  consultant  pursued  this  problem,  saying:  "One  jiurposc  of  writing 
behavioral  objectives  was  to  assure  clarity.  How  can  the  ambiguity 
difficulty  lie  reduced?"  He  then  ^uggc-^ted:  ''Here  is  a  strategy  that  I 
find  heljiful.  Fir>t  attempt  to  identify  each  different  tyi)e  of  i)erform- 
anee  you  might  ol)^ervc.  Don't  pick  out  a  specific  in>t'uice  in  which 
the  performance  i.s  exhibited,  but  name  the  class  of  performances  itself. 
For  exanii)le,  supjwe  an  objective  dealt  with  tbe  i)erfonnance  of  writ- 
ing a  :iuml)er  sentence  of  some  >ort.  Don't  select  writing  a  number 
sentence  as  the  '^erfc  nuance  category,  l)ut,  rather,  the  general  per- 
formance vriting. 

''Each  tyi)e  of  i)erformance  is  named  and  that  one  name  is  used  to 
identify  all  members  of  tbe  perfonnancc  class.  For  example,  all  jier- 


.-olve 
make 
(!cfin(* 
identify 


write  an  an.-wer 


jiivea  rule  write  a  name  for 

Mibtract  add 


know  compute 
prove  .M  b-litute 

make  an  educated  jiues-  cMimate 
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forniances  that  require  the  >tU(lont  to  write  something  belong  to  the 
performance  class  ivrite,  whether  he  is  to  write  a  number  sentence, 
wnte  the  name  for,  or  write  the  name  for  a  given  number/' 

Some  connnonly  occurring  performances  were  seen  to  belong  to  the 
following  nine  performance  classes,  which  can  be  used  as  operational 
guides  in  setting  up  instructional  objectives: 

1.  Identify.  The  individual 
selects  (by  i)ointing  to,  touching, 
or  lacking  uj))  the  correct 
object  when  given  a  class  name. 
For  example,  when  i)retented 
with  a  >et  of  .<mall  animals  and 
a^ked,  "Which  animal  is  the 
frog?*'  the  child  is  expected  to 
respond  by  i)icking  uj^  or 
clearly  i)ointing  to  or  touching 
the  frog.  If  the  child  is  asked 
to  "pick  up  the  red  triangle" 
when  presented  with  a  set  of 
l)ai)er  cutouts  representing 
different  ."shapes,  he  is  expected 
to  pick  up  the  red  triangle. 
•  This  class  of  performances  also 
includes  identifying  object 
properties  (such  as  rough, 
Mnooth,  straight,  curved)  and, 
in  addition,  identifying  changes 
such  as  an  increase  or 
decrease  in  size. 


2.  Distinguish.  Ideniifies  objects 
or  events  when  they  ire 
potentially  confusable  (square, 
rectangle),  or  when  two 
contrasting  identifications 
(such  as  right,  left)  are 
involved. 


3.  Construct.  Generates  a 
construction  or  drawing  that 
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identifies  a  designated  object  or 
set  of  conditions.  Example:  A 
line  segment  is  given,  and  the 
request  is  made,  "Complete  tliis 
(\g\uv  so  tiiat  it  represents 
a  triangle.'' 


4.  Name.  Supplies  the  correct 
name  (orall}  or  in  written 
form)  for  a  class  of  objects  or 
events.  Example:  "What  is 
this  three-dimensional  object 
called?"  Response:  "A  cone." 


5.  Order.  Arranges  two  or 
more  objects  or  events  in  proper 
order  in  accordance  with  a 
stated  category.  Example: 
"Arrange  these  moving  objects 
in  the  order  of  their  speeds," 


6.  Describe.  Generates  and 
names  all  the  necessary 
categories  of  objects,  object 
properties,  or  event  properties 
that  arc  relevant  to  the 
description  of  a  designated 
object,  event,  or  situation. 
Example:  "Describe  this 
object" — and  the  observer 
does  not  bmit  the  categories 
by  mentioning  them,  as  in  the 
question  "Describe  the  color  and 
shape  of  this  object."  The 
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cliild's  (le^cni)tion  considered 
^u^^lei(Mltly  complete  when  tlicre 
ii^  a  jn'obability  that  any  other 
individual  i:^  able  to  use  the 
descri])tion  to  identify  the 
object  or  event. 

7.  State  a  rule.  Make:;  a 
verbal  statement  (not 
neees.<arily  in  teehnical  terms) 
that  eonveys  a  rule  or  a 
l)rineii)!c,  ineluding  the  names 
of  the  i)roi)('r  elas.<es  of  objeets 
or  events  in  their  correct  order. 
Exaini)le:  ''What  is  the  test  for 
determining  whether  thi^s  surface 
i>  flat?"  The  aecei)tal>le  - 
re^l)onse  requires  mention  of 
the  a|)i)lication  of  a  straightedge, 
ir  various  direction.^,  to 
determine  touching  all  along 
the  eflge  for  each  position. 

8.  Apply  a  rule.  Uses  a 
learned  prineii)le  or  rule  to 
derive  an  au'^wer  to  a  CjUestion. 
The  answer  may  be  correct 
identification,  the  sui)i)lying  of 
a  name,  or  some  other  kind  of 
res])onse.  The  question  i,s  stated 
in  ^uch  a  way  that  the 
iutlividual  must  emi)loy  a 
rational  i)roeess  to  arrive 

at  the  answer. 

9.  Demonstrate.  Performs  the 
operations  neec^ssary  (o  the 
api)lieation  of  a  rule  or 
l)rinciple.  Exaini)le:  ''Show 
bow  you  would  tell  whether 
this  surface  is  flrt.''  The  answer 
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rcfpiirc^  that  \hc  iiuli^  idual 
n>('  a  >trai<^litc(l<;o  to  dcMTinipc 
\vh(»tli(M'  its  ed^o  tou('iio>  tlu* 
>urfa(T  at  all  |)oint^.  and  in 
\*an()u^  direction^. 


The  coii.-ultant  then  .-ngfic^tcd.  "l.ctV  try  to  u^o  thoM*  nine  per- 
formance ela»e^.  SnppoM'  you  work  in  i2;roup>  of  three  tiyinj^  to  inateh 
eaeh  of  the  |)erfonnanee  verh^  we  lifted  earlier  with  one  of  the  nine 
j)erforinaneo  ela^^e^."  Maeii  (nj>le  woi'ked  throujih  the  li^t. 

Vofi  are  otnlcd  to  ()tf  (his  irlth  tin  h.sf  he  prcitarcfl  o)  (he  !is(  showu 
em  her  iu  lhi>t  chapter. 

When  everyone  had  finished,  the  eon>uhant  a^ked.  "SuppoM*  you 
wanted  tlie  >tu(lent  to  tell  someone  how  to  do  >onietliinj^.  W'hieh  of  the 
inne  perfonnanee  eIa^M'>  lelU  what  you  would  cNjieet  him  to  <!o?'* 

Dcficribc  wa^'the  aetion  ver!)  eho>en. 

The  committee  tried  >everal  more  of  the  verh^  and  found  tliem^elve^ 
Iar<j;ely  in  ajireement.  In  faet,  the  ji;roup  reported  no  diflTieulty  m 
a^>i<i;ninj!;  mo^t  of  their  perfonnanee  \'erl)^  to  one  or  more  of  the  nme 
eatef^ones.  DilTieultio  eame  with  tjie  >am(^  veri)>  that  had  previeu>ly 
created  indeci>ion.  One  of  the^e  w.a^  the  verb  knoir.  After  --ome  di^- 
cuv>ion.  it  wa^  decided  that  the  yerh  knoir  \va>  not  a  perfonnanee 
verl).  The  decision  \\'i>  made  to  i)ractioe  with  the  nine  performance 
ela>>e>  in  de-erihinp;  oi)jective>,  adding  to  the  li>t  a>  the  need  aro>e. 
It  was  acknowie(lj2;e(I  that  the  nanio  for  the  nine  perfornKUice  cla^^e^ 
were  arbitrary,  hut  they  were  >een  to  i)e  helpful  for  communication 
amon^  the  connnitlee  memher^. 

The  con>;iItant  cn(h'<l  thi>  >e»ion  with  an  a.->i<^nmen( .  "For  our 
next  meetini;.  I  want  everyone  to  write  one  performance  oi)jcctive  for 
an  (Oementary  >chooI  niathematic>  activity.  The  ol)jectiv(»  >houl(i  deal 
with  a  i)erformance  exp(^c»ed  to  he  ac(|uired  hy  all  or  nearly  all  >low 
learner>.  You  may  u>e  only  one  of  th(*  nine  action  verl)>  ni  nammj; 
llic  performance  in  your  >tate.nent  of  the  objective.  Kach  of  the  char- 
aeteri>tic>  of  a  performance  .-statement  identified  and  named  in' the  fir.-t 
>e>sion  >hould  be  inclu(UMl  in  your  dc-cription  of  an  obj'Ttivc."  Each 
conmiittee  UKMuber  wa^  a^ked  to  review  the>e  charae(eri>tic>  before 
preparing  hi>  statement. 

You.  (no.  arc  nn'itcfl  to  rcrieir  thene  eharactenatics  bcfofc  prcpnwuj 
your  statement  of  a)i  objeetire. 
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Session  4:  Item  vritiinj 

All  incinhciN  of  the  coiiiiinttcc'  wvrv  >U(r('>>fiil  with  the  a>si<z;!iniciit. 
|-!a('li  |)(  r.-on  procntcd  ilic  -statement  of  a  pcrfonnanco  oiijcTlivc  and 
u^cd  one  of  the  nu\c  action  vcrl)--  Here  i>  one  of  the  ^tal(Mncnt>:  "At 
the  end  of  tin*  >c»ion  the  >tudcnt  >liotild  Ik'  ai)lo  to  construct  a  dcfini- 
tiou  of  closed  curve  when  pvcn  a  >ct  of  clox'd  ciirve-^/V 

For  this  oi)j('ctiv(\  the  eon-^ultant  proented  the  following  five  a>M*>^- 
ment  ta^k^: 

A.  f.ook  at  thi>  page-  of  ilhi>tration.<.  PI  are  a  line  -segment  below  the 

illuM ration  that  >hows  a  clo>ed  etirve. 
13.  Here  i-*  a  >et  of  >hape.<.  Kaeh  of  ihe>e  i>  ealled  a  elosed  enrve. 

Make  a  definition  for  the  term  rlosed  curve. 
(\  Here  are  a  >et  of  (lennition.>  and  a  .^et  of  .<hape>  Ivich  of  the 

>hapf'>  J-  ealled  a  eloM*d  etirve.  Place  an  X  next  to  tiie  defmition 

that  de>cril)e.s  a  closed  etn'Ve. 
I).  Here     a  definition  of  closed  curve.  Look  at  the>e  dlti>tration>. 

How  .votild  you  ti>e  thi>  definition  to  help  yon  decide  which  of 

the  >hape>  i<  ;i  clo>ed  etirve? 
K.  Make  a  definition  fo;'  the  term  closed  curve. 

The  con^tdtant  a-^ked.  "Which  of  these  five  tasks  as>e»e>  tl.e  behavior 
named  i)y  the  .statement  of  tlu-  ol)jeetive?"  All  five  (a-^k-^  were  >tiji;- 
goted  by  one  per>on  or  another,  btit  mo>t  s'leeied  two  of  them. 

('mi  i/on  quv^^  u  hirh  tasl.s  tccre  .whrtal  hu  nuM  !  Look  oi  the  artiou 
t'vrh  iti  the,  objective:  titat  ma//  assht  ijou  in  wahiuq  yoia  choicv. 
The  ia^ls  selected  bij  wont  were   uud  

'  What  i>  the  action  verb  in  the  i)enonnanee  .statement  we  are  (ii-^- 
eu»ing?" 
Coustruct. 

"What  are  some  of  (he  meaninj^^  of  con.'itruct 

To  make  >onietirmg,  or  btiild  something,  or  ptit  .^omethinj^  toji^ether. 
or  as>cnible  W(M'e  the  re>ponse>  given. 

**Which  of  the  a.oosnunt  (a>k^  acttially  re(|tiire>  the  >ttnlent  to  do 
o:ie  of  fhe>e  thing>?'' 

Some  diseti^^ion  ensiu'd  becatiM'  two  tasks  n'ere  .<tigge>(wl  as  appro- 
j)nate  l)y  several  individtial^.  B  and  K  were  the  two  candidate-^ 
^ngge>ted.  The  stipport  for  the  al)propriateness  of  both  \\i\>  l)ased  on 
the  ob>ervation  that  the  .>ame  action  was  reqtiired  in  both  ins(ance>. 
there  agreement  l)etween  the  jxM-fonnance  named  in  (he  o*^jec(ive 
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and  thai  named  l>y  the  a»e<Mnent  ta>k  for  the  objective?" 
'•Ve>"  wa^  the  an.<\ver  for  B,  and  ''In  a  way"  for  Iv 
^'Why?" 

*'Both  a>k  for  a  definition  to  be  con>tructed." 
**Arc  there  difference>  between  tasks  B  and  E?" 
"Yes." 

"What  are  they?" 

"There  i>  more  information  <;iven  in  ta>k  B.  In  B,  but  not  in  K.  the 
students  are  given  a  set  of  clo>ed  ciirve>  from  whiHi  to  devise  a  defini- 
tion." 

"What  docs  the  objective  >tate  a>  being  given?" 
"A  set  of  closed  curves"  was  the  re>i)onse  from  sc^'eral  committee 
members. 

"So  what's  the  problem?  WJiich  task  fit>  the  conditions  specified  by 
the  objective?" 

The  committee  finally  agreed  on  tas'k  B  as  the  only  task  that  sam- 
nlcd  the  appropriate  performance  named  by  the  action  verb  and 
sati.^fied  the  specification  of  what  was  to  be  given. 

The  consultant  asked,  'How  will  you  decide  whether  a  student's 
response  is  acceptable?  Think  about  a  response  to  assessment  task  B." 

"Why,  thatV  easy/'  someone  said.  "As  long  as  he  makes  a  definition 
of  a  closed  curve,  it's  acceptable." 

"Will  you  accept  a  definition  if  he  says  it,  or  must  he  write  it?" 

Some  said  yes,  others  no.  The  uncertainty  of  what  constituted  an 
acceptable  response  became  clearer  to  everyone  with  this  lack  of 
agreement. 

"How  could  the  ambiguity  surrounding  an  acceptable  response  be 
clarified?" 

Several  committee  member>  contributed  to  the  formulation  of  this 
general  position:  The  statement  of  any  assessment  task  should  include 
a  description  of  how  to  identify  a\i  acceptable  response. 
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Tlio  conMiitant  a^>i|j;no(l  a  task  to  ix'  roinplded  Ix-foro  tlio  next 
>os>ion:  "Read  two  |)a<;o^  from  one  of  (lie  texts  con^ideml  earlier  i)y 
tile  currieuinm  eomniiltee.  Identify  tlie  po^Mbie  performance  ol)jcc- 
tive>  for  {h\>  in^trnetionai  >e(|ue;ice.  Name  tii<»  aetion  vcr\)>  for  eacii 
objeetive  you  liave  identified.  Keep  a  record  of  line  and  page  nmnijers 
to  A\o\v  tile  section  deaiinj;  witii  eaeii  j)erfonuajvce."  All  ap'eed  to  use 
a  tal)le  .vitli  tliose  ljeadmg"<  to  report  tlieir  findings: 

Action  Xv.nn      Link  NrMni:i{'>)       Vv.v:  XrMUKi{(s) 


You  are  inviivd  to  attempt  this  task.  *SV/cc/  two  pages  from  au  ap- 
propriate text  and  trij  eomplelm()  a  table  like  the  one  suggest ed.  You 
might  ai<(f  iiwit  to  tn/  a  pagf'  that  deah  ivith  problem.*i  or  exercis-es, 

Scs^siou  5:  Performance  agreement  between  objective  and  student 
re^iponse 

The  consultant  i)egan  tliis  session  by  u>ing  an  oveihead  projector  to 
show  four  rectangles.  A  committee  member  was  asked  to  place  an  X 
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bolow  the  Mj'iaro  region.  He  .selected  one  of  the  figure.^,  hut  not  without 
i;ome  hesitation. 

''What  action  verb  de.-^cribes  the  performance  carried  out  hy 
Mr  ?" 

Two  responses  were  given;  some  said  Ukntijij,  and  other.^  dhtin- 
(jidsh.  "What  is  the  difference  between  distinguish  and  identify^  We 
agreed  on  this  earlier." 

In  rei)ly,  these  distinctions  were  made:  Distinguish  implies  a  special 
collection  of  identify  performances.  Distinguish  is  use<l  when  some  of 
the  items  are  quite  similar.  The  actions  indicated  by  both  verbs  involve 
picking  out,  choosing,  pointing  to,  or  .^electing;  but  one  action  is  more 
difficult  than  the  other. 

"That's  the  right  idea.  Distinguish  demands  that  the  elements  be 
very  similar,  whereas  uhntijy  doob  not  require  this  similarity.  Remem- 
ber that  the  choice  of  identify  or  distinguish  (le|)ends  on  the  items  in 
the  task  ami  the  characteristics  of  the  learner  who  is  expected  to 
exhibit  the  perfonnance.'' 

Someone  from  the  committee  suggested  that  both  responses  could  be 
acceptable  for  the  performance  with  the  square  region. 

"Why  would  you  say  that?"  inquired  the  consultant. 

'Tor  some  leaniers  the  i)erfornianee  would  be  difficult,  while  for 
others  the  figures  would  not  be  easily  confused."  The  committee  mem- 
ber continued,  "If  one  could  use  a  ruler,  the  task  would  iy»  simple. 
But  if  he  has  to  'eyeball'  it,  the  task  is  more  difficult  because  two  of 
the  rectangular  regions  are  close  to  being  .square  regions." 

"Good  analysis,"  said  the  consultant,  who  went  on  to  suggest,  "Sinco 
we've  looked  at  two  of  our  nine' action  verbs,  lets  sp^^nd  a  few  more 
minutes  reviewing  the  pr^rforman-e  meanings  of  the  others." 

For  a  start  he  asked  "What  performance  docs  this  represent? 
'Suppose  I'm  the  student  and  the  teacher  has  just  said,  '.^'how  me  how 
you  would  find  the  quotient  of  294  divided  by  6.'  The  stud-nt  wrote: 
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The  tcnchcr  ron^i<icfc<l  il  to  Ix*  an  accept ahic  ixTforniancc." 

KvoiTonc  'Mia]>|)cnc(l  on"  iho  (Tror>  mi\(\v.  Hc>])On<c>  ranged  from 
>nieker.s  to  near  hcliij^ercnce  al)Out  not  puttinj;  down  llic  correct 
anMVor>.  The  con>uliant  >lnck  to  renderii  g  of  the  algorithm.  He 
then  repeated  the  ia>k  and  the  (lue^tion.  <aying,  '*Uemeinher  the 
teacherV  word< — 'Show  me  how  yon  would  find  the  (juolicnt  of  294 
divided  ])y  6.'  For  what  ])crfonnance  did  the  teacher  call?" 

''Demonstrate'*  wa>  the  re.-Don.'-e  from  mo^t. 

The  con.'-nltant  continued,  '  Recall  the  definition  of  dcuwnstrate.  Did 
the  >tudent  fj)ointing  to  liimr^eil)  exhihit  that  (lenred  performance?'' 

A  verbal  exi)b<ion  followed.  Calm  returned.  After  the  many  com- 
ments were  sorted  out,  it  became  clear  that  most  res|)onscs  belonged 
to  one  of  two  jmsilions  being  advanced.  One  grouj)  held  that  the 
desired  performance  wa^  exhibited;  the  other  contended  that  the  per- 
formance VIS  not  completely  exiiibifd.  The  dilTcrences  centered  on 
the  ob.'-er nation  that  the  an>wer  given  wa>  not  the  (piotient. 

The  considtant  refocused  the  ditcusj?ion  with  this  (piestion,  *'Are 
there  times  when  you  grade  on  more  than  whether  the  student  gives 
the  correct  intwor?" 

**Ves/'  can^e  the  reply. 

"What  el>e  do  you  include?" 

*'Sometime>  we  are  interested  in  the  teclmiciue  used  or  the  fctratcg}' 
employed/' 

''So  there  are  times  when  you  are  concerned  \\\ih  a  teclniiciuc  or 
strategy.'' 
"Yes/' 

"What  did  we  name  the  class  of  ])erforniances  concerned  with  ex- 
hibiting a  tactic  or  .«-trategy  for  |)*'0ce(lure?'' 
''Demonstrate/'  came  out  hesitantly. 

"Did  the  student  demonstrate  a  i)rocedure  that  would  yield  a 
(luotient?" 

'*Yes"  was  the  overall  response,  with  some  adding,  "but  he  made  an 
error." 

*'But  did  he  demonstrate?  ' 
^'Yes.^' 

"But  what  do  we  u>e  if  the  teacher  is  concerned  with  the  answer  as 
well  as  the  procedure?"  was  asked  by  se'^'eral  o;  ttie  committee. 

The  consultant  countered  with  the  (piestion,  "IIow  many  different 
performances  is  that?" 

"Two?"  was  suggested  with  a  (juestioning  voice. 

"Which  two?" 
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"Dcmon.strating  and  coiiiitructin^." 
'*Goul  thoughtr 

"Is  it  acceptable  to  eonibine  two  performances  in  a  dcK-ription  of  an 
J)jeeti\'e?" 
''What  does  the  cominiUee  think?" 

It  ;vas  agrce(l  that  when  two  performances  were 'desired,  both  could 
be  named  in  a  statement  of  the  dual  objective.  Someone  cautioned  that 
whenever  this  combining  was  done  it  would  be  necessary  to  remember 
that  there  were  really  two  objectives.  Listing  the  two  performance?  in 
one  statement  is  only  a  convenience. 

Situations  involving  the  action  ver!)s  order,  slate  a  rule,  apply  a  rule. 
and  describe  were  also  "walked  through"  by  the  colnmittee  members. 
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Tho  coiiMiItant  then  a^ked  .several  committee  menibeiv  to  record 
the  verbs  they  IkkI  listed  lor  tl:c  ii^^tructional  iiKiterial.  In  general. 
tluTe  'va>  agi'cen'ient  al)out  tlie>e.  V/iiere  disagreements  occurred,  they 
invoived  tlie  use  of  distiiujUK^h  rather  than  identify  or  the  use  of  apply 
a  rule  rather  than  conatruct.  Each  of  these  minor  diflerences  was 
resolved  hy  the  eonnnitte^^ 

•'Do  you  suppose  this  sort  of  performance  description  could  be  done 
fov  an  entire  chapter?" 

"Yes."  came  back  the  response. 

"For  sevcM'al  chapter^  or  an  entire  book?'' 

"Yes"  wa-  the  opinion  of  all  the  committee  members. 

^*\Vhy  might  we  want  to  write  performance  doeriptions  for  text- 
book-^?  What  i)o>sil)Ie  purpo>e  would  be  served?" 

What  purpo'ies  xronU^  performance  (lesinijttiotis  of  textboohs  serve 
for  the  teaching  of  alair  l^'arners'^  Try  tuntutty  at  leaM  tiro. 

Discussion  niadc  it  clear  that  with  performance  descriptions  of  the 
textbook's  objectives,  a  teacher  can  more  easily  >elect  those  aetiviti^'s 
that  will  helj)  achieve  his  instructional  objective  .  The  posses.^ion  of 
such  information  phue.s  the  teacher  in  an  excellent  position  to  ask  tho 
l)ul)lislier  for  evidence  of  the  effectiveness  of  the  publisher^  product. 
For  example,  the  teacher  can  ask  for  the  percentage  of  learners  who 
ae(|uire  each  of  the  desciibed  perfoi'mauecs  if  an  instructor  follows 
the  recommended  activities.  If  teachers  insist  on  such  information, 
then  text  books- -their  statement  of  objectives  and  the  effectiveness  of 
their  activities — will  certainly  improve.  This  is  especially  true  for 
slow-learner  mathematics  texts,  where  claims  often  far  outreach 
reality.  (Quality-control  standards  are  and  have  been  lacking;  this  is 
one  way  of  providing  such  standards. 

For  the  teacher  of  the  slow  learner,  information  about  time  for 
acquisition  would  be  especially  valuable.  Such  questions  as  "How  long 
does  it  take  for  100  percent  of  the  learner.^  to  acquire  the  behavior; 
for  00  percent  of  the  learners;  for  80  percent  of  the  learners?"  have 
special  significance  for  this  teacher,  who  needs  to  know  whether  slow 
learners,  given  time,  can  acquire  the  same  mathematical  behavior  as 
other  learners. 

Interrupting  the  discu.^.sion,  a  committee  member  said:  "That's  all 
right;  we  see  how  behavioral  objectives  would  help  in  the  selection  of 
material.  But  how  aj)out  teaching?  Do  you  see  behavioral  objectives 
directly  helping  instruction?'^ 

"Good  idea,"  the  consultant  rei)licd.  "Let's  consider  the  question 
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♦ogotlior.  Is  it  important  for  tlio  tonclior  to  know  wlion  lie  lia^  >nc- 
recded?" 

''Yo"  was  the  nnaniniotis  roponx'. 

"How  will  the  tcaeher  know  when  he  lia>  succeeded?" 

''When  tlio  student  learn<  what  the  teacher  intend>"  was  the  fn>t 
comment. 

'•Xo,  that's  not  quite  it."  .<ai(l  another  committee  member.  "The 
teacher  will  know  he  has  succeeded  when  he  can  see  (he  learner  show 
uie  behavior  the  teacher  is  trvinj^  to  help  him  acquire." 

"In  other  words,"  .someone  interpreted,  "if  he  shows  the  behavior, 
then  the  teacher  has  evidence  of  success."  And  another  added,"  If  he 
doesn't  >how  the  behavior,  then  (he  teacher  lia^  evidence  of  fadm-e." 

"Whose  faihn-e?"  a.^ked  the  consultant. 

The  consensus  was,  "If  the  behavior  is  not  acquired,  the  instruc- 
tional sy.^^teni  is  at  fault." 

The  ccn  ultant  then  advanced  this  idea.  "So  if  we  wri(e  behavioral 
objectives  (o  descri.'e  the  jimposes  of  in.'-(nK'tion,  all  our  trouble."-  with 
slow  learneis  learninj^  uiathenia(ics  wd!  be  over."  And  with  a  twinkle 
he  added.  'That's  the  way  it  is.  iMi't  it?" 

To  this,  the  reply  was  nej^ative.  Beconiinj;  more  clear  about  <he 
performances  instructors  want  students  to  exhibit  won't  solve  all  the 
problems  of  the  slow  h^arner  in  nia(liema(ic.«- — all  knew  tha(. 

"But  it  can't  help  i)ut  make  a  difTerence."  added  >everal.  "I:  you 
know  what  you  ^'ant  to  accompli.^^li  and  how  (o  recognize  when  you've 
succeeded  or  failed,  it  can't  do  anyfhinj^  bttt  licl|)." 

In  support  of  (his  conclusion,  (he  cons\d(ant  s])oke  of  recen(  re.*»e-.rcli. 

"Tnvesti{^a(ions  by  Cook.  Kngel,  (Jray,  Rowan,  r.nd  '^midi  provide 
evidence  of  the  benefits  for  (he  learner  whow  ins(niction  is  jilanned 
around  s(ated  behavioral  objec(ivcs,*'  be  .*^aid.  "These  five  invc.^tij^a- 
tion<  |4;  7;  11;  10:  17|  provide  insij^lU  into  (he  efTects  of  behavioral 
objec(ives  on  acquisi(ion,  rate  of  forj^et(inj^,  and  gcneralizabili(y.  Each 
of  tlie.-'e  (hree  learning  diir.fusions  is  impor(ant  for  all  learners  but 
especially  impcr(ant  for  slow  learners.  For  if  (eachers  can  help  slow- 
learners  remember  what  (hey  have  learned  longer  'ind  also  g(»neralize 
to  new  si(ua(ions.  one  of  (he  mos(  persi^(en(  leanung  diflictdties  of  (he 
slow-leanier  ])opuK.(ion  will  have  been  re.-^olved.*' 

In  (his  chapter  it  has  be^n  argued  tha(  behavioral  objec(ives  can 
benefit  (he  schools  in  various  ways:  by  heljiing  (hem  (o  selec(  appro- 
])ria(e  ins(ruc(ional  activities  and  (o  orj;anize  curricula  (o  (ake  ad- 
van(age  of  endr  behaviors  r  d  (he  cunnda(ivo  na(ure  of  learning:  by 
making  it  easy  for  (eachers  and  s(U(lei!^^  (o  recognize  .Miecess  or 
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^    \*-* .  f  A.    v^f-.      ^  t     ^!!U'  \UiU   ewry  ^\\{\\  j^rador  can 
-  •       »  v  I  t(»r  a  MinuTiral  }iu/,zU'.  given  a 

' .      <         -  r\|»!,!Mtj<i!'  w  ai*o'ptal)|(*  t'.iat  do*'-'  ac- 

•  t  t«.»   /^-^  r.t.l  -4>lulu«!i  or  M»lutiosi< 
r   •  r  u».  k  't    -u*i<  timi  e.u h  >rvciitli  grader  can  order 
'       »;  'i.'t^'  fa? Ml li  ?j»i!t*bcr^  With  (lifTcuMit  denominators 
.  ,?.,.5.^r  .  ,  }jri;..vt^  a  M't  of  nann'^  for  rational 

t  ,  *  -  '  ^       1. » r   i  *  ».*  }i  and  the  (>ral  m^-truction  to  do  the 
'  rl* »  jujj-vt  letorrt-rt  and  completed  m  a  sui^le 

•  *  * ' 

*     .  u.-ik  <'i  jS5-tpit  tsop  the  fifth  urader  can  dernoe.- 
i\  u'  i' '^-andni',:  of  t'he  properties  of  additir^'i  ai:d 
»ht».t^*.\f     Hi   vi.,)\iid  *-ho\s  he  can  add  and  >uhtiact 
.%,!m  f-  wls.-M-  J  uni*  raN         M'\.era}  digits, 
f    \*.f. ;         njoujh-  of  uistruction,  the  .secondary  .school 
^1  IV  \t\  sjiidtiit  <.»5i  ident;f\  an<i  name  t!ie  errors  in  ai\ 
»i^:,:i,»!'t  a  d«'senption  of  tho  nrgumo!it  and  the 

:''^*tu*tv*n  ti)  a!ial\2<'  it  for  errois.  The  .stnd.'^nt  must 
i    'j*t\  and  nan^e  theerr.>rs  in  nmo  out  of  ten  presentations. 
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Yes  No  e.  After  one  scinostor  of  instruction,  tlie  tcn-yoar-old  will  have 
strenj^thoned  hi.s  .ibiiity  :o  solve  problenih  involvinj^  niatiie- 
niatical  sentences  that  require  addition  and  subtraction  of 
integer^.  Given  a  collection  of  situations  involvinj;  mathe- 
matical sentences,  tlie  student  will  name  the  solution 
correctly  for  each  sentence. 


2.  Objective  in  figure  3.2:  To  describe  the  benefits  of  stating  objectives  in 
behavioral  language. 

Asscssmenf  tefc.-  Describe  three  benefits  for  tlie  learner  and  three  benefits 
for  the  teacher. 

a.  For  the  learner : 

(1)  :  '_ 

(2)  I  

(3)  — 

b.  For  the  teacher: 

(1)  

(2)  —  —  -~" 

(3)  —  ~-         ^  ~ 

3.  Objective  in  figure  3.3:  To  distinguish  between  the  liberal  an<l  the  strict 
application  )f  a  definition  of  a  behavioral  objective. 

Background  injormation: 

.  Sometimes  the  value  of  using  behavioral  objectives  is  diminished  by 
overly  strict  applications  of  a  particular  definition  of  what  the  statement  of 
a  behavioral  objective  is.  Such  applications  might  lead  some  authois  or 
teachers  to  omit  important  objectives  simply  because  they  cannot  easily 
fit  them  into  the  description  of  an  observable  i)crformance.  This  outcome 
would  be  sad  indeed  and  should  be  viewed  as  a  negative  input  in  need  of 
correction. 

,  Suppose  you  decide  to  use  Walbesser's  definition;  The  statement  of  a 
behav'ioral  objective  is  a  stateinent  with«si\'  components  telling  (1)  who  the 
learner  is,  (2)  what  performance  he  is  to  exhibit,  (3)  what  is  given  to  him, 
(4)  who  or  what  initiates  the  learncr*s  performance,  (5)  what  the  acceptable 
responses  are,  and  (6)  what  the  special  restrictions  are,  if  any. 

Assess77ient  task:  The  following  statements  are  interpretations  of  the 
application  of  the  definition  given  above.  For  each  statement,  circle  the 
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a|)})roi)nate  word  to  indicate  wlietherit  is  a  strict  or  a  liberal  interpretation. 


Strict    Liberal    a.  A  behtivioral  objective  must  be  ^o  s])eciri^  that  only 

one  acceptable  response  is  i)Ossii)le. 
Strict    Lil)eral    b.  A  behavioral  objective  must  be  so  si)ecifie  that  it 

ai)plies  to  exactly  one  teaching  environment. 
Strict    Liberal    c.  Behavioral  objectives  should  always  be  written  before, 

not  after,  an  instruetional  activity. 
Strict   Liberal    d.  Abebavjoral  objective  must  ineliule  some  perforinanee 

verb  defined  by  the  working  team  of  writers. 
Strict    Liberal    c.  \.  behavioral  objective  should  not  be  so  si)eeifie  that 

it  ai)piies  to  only  one  stimulus  setting. 
Strict    Liberal   /.  A  behavioral  objective  should  not  be  so' specific  that 

it  can  be  assessed  by  only  one  test  item. 


4.  Objective  in  figure  SJf.-  To  demonstrate  the  use  of  behavioral  objectives 
in  the  design  of  instructional  material  for  the  >low  learner. 

Assessment  task:  Obviously,  any  a-^se.-^^ment  of  this  long-range  objective 
belongs  to  the  future.  The  authors  of  this  chapter  invite  you  to  share 
your  dcnlon^tration^  with  them  and  the  inathematicjr  education  commu- 
nity. Your  ])roductivity  will  be  a  mea>ure  of  whether  you  have  acquired 
tins  behavior. 

.').  Objective  in  figure  So:  To  construct  rec|ue>t.s  for  beha\'ioral  objee^ivc^ 
and  accompanying  evidence  of  accompli>hment  from  ])ublishcrs  of  in- 
structional mnt(M'ial  for  the  slow  learner 

Assessment  task:  On  the  .supposition  thai  you  are  about  to  select  some 
instructional  material  for  a  mathematics  course  intended  for  slow  learn- 
ers, construct  a  letter  to  be  >ent  to  each  pui)li>her  of  materials  you  might 
purchase,  requestmg  the  behavioral  obje  .ives  embedded  m  their  mate- 
rial and  any  ovidence  that  >low  learner^  have  accom])lished  thes(»  objec- 
tp  e>  as  a  roult  of  using  the>e  material>. 

RaNGK  ok  AcCKPTAHLK  llKSPONSKb 

\.  Behavioral  objective  statements 

a.  Yes.  b.  Yes.  e.  No.  (/.  Yes.  e.  No. 

2.  Benefits  of  stating  objectives  in  behavioral  language 
a.  Examples  of  benefits  for  the^  learner: 

(1)  The  learner  can  name  the  competencies  he  is  exi)eeted  to  acquire. 

(2)  When  he  has  acquired  the  comi)etencies,  the  learner  can  identify 
what  *    is'asked  to  identify. 

(3)  The  ol)jective.«>  act  a.s  cues  to  the  learner  to  helj)  liim  acquire  skills  in 
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a  .^liortoi  time  and  ivUun  a<-()u:ie<l  >kilN  lonutM-. 
(•1)  Tho  objective.-  act  a-  •^uuloline-  to  avM-,t  tho  Icanior  in  makirii^ 
genorali/.atioM> 

Kxamplcs  of  benofit.s  for  tlio  tcachci . 

(1)  Tho  toaclicr  can  Klontify  nhat  ho  ha-  to  toach. 

(2)  Tho  toachorcan  ol)jectiv<'ly  <ieci<ic  when  tho  li^arnor  hasaoquucd  the 

(3)  The  teadier  can  con-tiuet  instuietional  ta-ks  rehUed  to  tho  learner 
objective.-. 

3.  Strict  and  liberal  inttrprctations 

a.  Strict.     ^^tr:ct.  r.  Strict.  (/  Liberal,  c.  Libeial.  /.  Liboial. 

4.  

5.  


Curriculum  Materials  Based  on  Behavioral  Objectives 

Some  iiitore-ting  curriculum  inateriali;  onii)loyin<5  hcliavorial  ol)jec- 
tivcs  are  l)eing  (lcveIo]>e(l  l)y  sdiool  ^y.-tcm^.  jirojects,  and  individuals 
in  the  United  Stat(.^.  Amonj;  thci^e  materials  are  some  intended  for  the 
t^low  learner  in  i  laihcmatics.  The  following  illustrations  are  taken 
from  one  ^Qi  of  .^uch  materials  coij^trueted  by  the  Baltimore  County 
Public  School  System  of  the  Mate  of  Maryland  (15>  The  content  of 
the  iliu.^tratioiK-  is  intended  to  a-<i^t  teacher^  and  curriculum  develop- 
er^  in  the  .reparation  of  behavoriai  objective.-,  their  a<se>Mnent  ta.-ks. 
and  allied  instructional  activities. 
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Points  to  Ponder 

Behavioral  ol)j('rtivo>  will  not  iviiiake  >\o\y  learners  into  average  or 
fa^t  learners. 

l^eliavioral  ol),iertives  for  >lo\v  learner>  in  niatheniaties  will  i)e  like 
l)eIiavioral  objectives  for  other  learners  in  mathematics;  l)ehavioral 
(le>cri|)tions  are  the  same,  Init  the  expectation  about  how  quickly 
each  l)ehavior  is  acquired  will  he  dilTerent.  Slow  learner^  >houUl  not 
he  shortchanged  in  eontent  or  exj)ected  capabilities.  These  are  learners 
who  are  simply  slower  to  acquire  the  desired  l)ehavior 

Behavioral  objectives  help  the  teacher  determine  when  he  and  his 
seleeted  instructional  materials  have  failed, 

Telling  the  learner  the  hoha\orial  objective  h^lps  him  to  ac(|uire 
the  behavior. 

The  techniques  of  con.^tructing  behavioral  objectives  are  easily  ac- ' 
(luired,  but  it  is  extremely  difficult  to  maintain  the  discipline  of  put- 
ting them  to  Use.  It^^  too  easy  not  to  do  it. 

At  first,  try  writing  behavioral  objeeti\  -  for  one  or  two  lessons, 
not  an  entire  course.  See  if  stating  the  objectives  in  this  manner  liel|)s 
your  instruction  and  the  cliildrer/s  learning.  If  it  helps,  continue  to 
Use  it.  You  will  find  yourself  l)ecoming  more  and  more  proficient  as 
you  Use  these  skills.  If  it  does  not  seem  to  help,  do  not  use  it  after  tlie 
first  attempts.  But  try  it  before  judging  its  merits. 

Prologue  to  Action 

The  literature  on  individual  difTerenoes  has  an  important  message 
for  effectively  teaching  the  slow  learner.  There  do  exist  individual 
differences  with  resj)eet  to  rate  of  acquisition.  Human  beings  learn  at 
different  rates,  but  the  organization  of  schools  and  school  .^subjects 
seldom  acknowledge  these  differences.  If  school  subjects,  say  mathe- 
matics, were  a  description  of  l)eliaviors  to  lie  acquired  rather  than 
material  to  be  covered  in  a  given  period,  then  the  slow-learner  prol)- 
lem  would  no  longer  be  a  ])roblem.  Children  woulcl  be  expected  to  learn 
at  different  rates. 

Tlii^  is  a  l)old  suggestion,  wliieb.  the  authors  recognize  as  sueli;  but 
they  submit  it  as  a  solution  to  a  prol)leni  heretofore  insoluble  Your 
participation  in  the  iin])leinentatioii  of  the  solution  is  invited. 
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A  Favorable  Learmit^ 
Environment 


.1  AM1\^  n    VV.  \R-()N 


>i\u\  that  th(»  >l(nv  loarncr  ha^  a  poor  s-If-imaj^o;  that  he  >ho\vs 
-Mittlo  ('uri()Mt\%4iicJ^<  v(M-hal  al)ihty.  is  ouhnrally  doprivod,  that  ho 
has  a  >hort  attention  >pan,  htth'  initiative,  and  many  other  charactor- 
i>tic^— inchidinf^.  of  course,  the  faet  that  he  k^arn^  >Io\vly.  A  i)articuhar 
indivuhial  may  exhihit  all  the>e  attrihutes  or  only  a  few.  Still  another 
charaeten>tie,  however,  i^  nio^t  eonnnon— one  u>ually  (k'senhed  as  ^'a 
poof  attitude."  The  very  u^e  of  thi^  term  e\'phun<  the  total  faihire  of 
the  >clio()l  t(^  a(hi[)t  to  that  muhifaceted  and  eoniph^  phenomenon:  the 
>low  k'arner. 

In  too  many  instanre>,  if  judged  hy  their  action^,  a(hninistrators  and 
U'aeh(M\s  ahko  have  eonfu^ed  the  rekitive  i)ositi()iw  of  the  slow 
learner  and  the  >eho()L  Once  again  there  i>  need  to  sCM  the  nwrd 
>traight:  the  school  operates  for  the  learner,  rwt  the  learner  for  the 
sehool.  Th\<  llU'an^  vUiaX^iu'  total  environment  provided  the  child  by 
(he  school  nnM  conform  aNiearly  as  po^^ihle  to  \\i<  uiiUjueneN^.  It  is 
al>o  clear  that  slow  learner<  pre>ent  learning  style>,  intelkH'tual  de- 
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vclo])in(  lit,  >orial  >kill>,  M'lf-conccpt-.  and  i^Xjnrtancy  Icvrl.vtiiat  rlial- 
Iriiiio  hom*>tly  attiMni)te(l  eflort-  to  i)rovi{k*  tlinii  wnh  an  (Mivironnirnt 
conducive  to  learning. 

Snico  *hv  total  >chool  environment  niu>t  adai)t  to  the  >\o\v  learner, 
the  classroom  facility  itself  uiu^t  conform  to  1h>  needs.  Within  the 
ela^>rooin  arc  mood-,  motivation^,  and  a  j^eneral  atmo>i)here.  all 
having  effects  on  the  child.  In  thi.<  {•hai)ter  the>e  factor^  will  he  t'e- 
veloi)ed  with  >i)eci{ic  ilUK-tration-^.  First  the  ai)i)roi)riate  i)hy>ieal  eh.ar- 
acteri>tic>  of  the  environment  will  l)e  examinetl.  Then  the  affeetive 
and  cognitive  a-i)ccts  of  the  clas>room  situation  will  he  <h-cu-H*d  in 
terms  of  motivational  method-,  general  atmo^jihere,  and  the  ])-ycho- 
logical  concern^  of  the  slow  learner. 

Physical  Characteristics  of  the  Environment 

A  clasM-Qom  that  ij>  gloomy  and  taek>  vanet\  or  ^uipri^o  in  decor 
and  arrangemcni  nardly  meaMiro^  up  a>  a  favorahle  i)laee  to  s;)en(l  a 
.^ichool  (hiy.  Arehiteetural  feature.-  are  usually  out  of  the  teacherV 
control.  Dcci  ions  have  already  i)een  made  ahout  the  lighting  system 
and  window.-.  Others  have  (h^cided  wliether  to  have  a  cla>-r()om  de- 
igned for  ahout  thirty  pupds  or  a  modern  ''ojUMr  cla>-r<)Oin  cai)ahle  of 
hou.-mg  t\v<^  or  three  times  that  numher.  Oeea.-ionally  thi.-  oi)en  class- 
room ad.ioms  another  in  the  su-called  two-i)aek.  Whatever  the  design, 
however,  the  teacher  does  have  vanou-  means  of  controlling  the  i)hy.-i- 
cal  environment. 

The  arrangement  of  the  rooms  furnishings  i-  one  inean.«  of  exerci'-ing 
control.  For  the  slow  learner,  this  arrangement  should  he  oihmi  and 
flexihle.  Di^sks.  chairs,  and  tahles  >houi(l  l)e  moved  aMout  a-  any  activity 
dictates.  Several  tahles,  with  three  or  four  chair.-  at  each,  should  he 
available  for  small-group  work.  The  walls  or  corners  .-liouhl  he  reserved 
for  tlu'  student  who  wi>he>  to  ^^ork  on  a  i)ro.iect  individually. 

One  i)art  of  the  room  .^hotild  contain  math  games  and  other  equip- 
ment, such  as  a  tape  recorder,  a  slide  machine  or  filmstri])  i)rojcctor. 
and  (if  audio  tai)es  are  available)  a  listening  center  where  several 
children  can  listen  to  tapes  at  the  same  time  without  disturbing  others. 
Space  should  be  designated  for  -pare  pencil-  and  i)a]HM*  (both  whole 
sheet<  and  half  sheets),  for  the  >low' studcMit  often  lose<  or  forget.^ 
material.  A  gaily  decorated  juice  can  or  a  block  of  wood  drilled  with 
holes  will  make  a  fine  pencil  holder.  Manila  folder>  sta])le<l  at  the  ends 
can  hold  ])a])er. 

A  math  table  may  have  an  activity  file.  This  would  contain  task 


UK) 


THK  SLOW  LKAUNKK  IN'  MATHEMATICS 


(•ar(l<  or  work^licet>  for  >iinj)lo  aetivitie>  tliat  could  engage  tlic  >tii(lent 
wlio  "fini.<lio>  fii>t'*  and  kee])  liiin  from  di>tractingotI)er.<. 

Activities  witli  measurement  are  very  ])0|)ular  with  the  slow  learner, 
ror  this  rca>on  it  i.s  de>iral)le  to  have  on  hand  a  great  variety  of 
measuring  (!eviee>— yardstick,  ruler,  tape  measure,  scale,  halance,  egg 
timer,  watch,  clock, calciular.  and  >o  forth. 

Many  kinds  of  container^  should  he  found  in  the  room— milk  car- 
ton.-^, hoxcs.  cans,  cui)s  (paper  or  plastic),  jar.s.  and  similar  oi)jects. 
The  .student-  are  eager  to  hring  the.^e  in  because  they  cost  nothing  anci 
they  repiesent  tlie  real  world,  which  too  often  goes  unreprcsent'nl  in 
the  mathematics  das.^room.  U>e  of  the.<e  ol)jects  makes  them  helieve 
(hat  perhap.s  there  is  .^ome  mathematics  outside  the  classroom. 

Thousands  of  paper  clips  and  tooth  i)ick.?^  (for  place  valiiel,  some 
drinking  straw.<,  and  a  few  iar.^  of  i)eans.  peas,  rice,  or  the  like  could 
l)e  u.^ed  for  counting  in  puzzle  .^tuations.  (The  nuinhcr  of  rice  grains 
hi  a  jar  must  be  e>timated  (iuickly.  Besi<U\<>  the  large  jar  of  rice,  the 
student  has  two  smaller  jar.^,  one  larger  than  the  other,  and  a  paper 
hag.  He  may  al^o  use  a  halance  or  a  scale.  lie  places  his  estimate,  hi.« 
work,  and  his  name  on  a  slip  of  j)ai)er  and  puts  it  in  a  box.  The  beans 
and  peas  may  he  used  in  the  same  way.) 

Through  the  use  of  direction.s  on  caids  or  worksheet.*?,  the  teacher 
can  develop  self-directed  student  activities  u>hig — 

road  maps  ("How  far  is  it  from  A  to  /i?"  'Tind  the  shortest  route 
from  X  to  Yn  ; 

TV  schedules  ("Which  channel  has  the  most  time  devote(i  to 
movie<?"  "Prove  it.*'  "How  much  tnne  does  channel  7  use  for  soap 
operas?"  "For  detective  or  i)olice  drama?'*) ; 

food  (idverti;ements  ("IVing  this  ad,  plan  a  picnic  for  8  people  and 
list  the  food  and  total  cost.'^  "What  is  the  cost  of  3  i)Ounds  of 
ground  i)eef,  H  i)ounds  of  boiled  ham,  3  dozen  cans  of  Diet  Cola, 
and  10  haminirgcr  buns^**  "Which  is  the  i)etter  buy— the  Del 
Monte  can  of  peaches  or  the  Libhy  can  of  peaches  li.<toci  in  this 
ad?"  "Why?"); 

food  recipes  ("How  many  ounces  of  cream  would  you  use  to  make 
this  for  5  i)eople?"  "Here  is  a  recipe  for  6  people;  use  the  attached 
advertisement  and  find  the  total  cost  for  the  higredients  needed"). 

All  the  material  named  above,  and  much  more,  should  be  used  with 
the  slow  learner.  This  workaday  material  provides  the  sort  of  relevance 
he  has  been  seeking  but  not  finding  in  his  school  ex])ericnces.  The 
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pri\-ir:il  I  nvinjiiinriit  dcvrnbcd  will  pr  )vi(lo  tlu*  >tU(lont  >vitli  an  in- 
fn:n»u  -^i^iirj;:  'Amu      ('()inu)rtal)ly  faunliar  and  at  tlio  >amo  time  not 
ftiisihar  to  <  vakt*  ni:!d  cuno^uy.  oii.ioyniont,  and  a  fow  :>ur{)riso.^. 
Tiii'  waIN  o\  \\w  cia-^rooni  are  n^uully  liung  witl  l)ulleMn  hoards 
u'd  i  h.tikho.titN   Bnllrnn  IxjanN  provide  tlio  inatliematios  to^^olior 
o|.jKU'tuniiu«s  to  display  tlio  u^ual  noMers  and  'Svell-dono"  papers. 
W*!!-  loji.  "  paptTv  >lu>uld  not  n<'ce>>arily  l)e  limited  to  the  >o-eailed 
A  p  ip»      In  t'aot,  i^radni^  the  >\o\\  learner  at  all  exoe])t  hy  growth  is 
,jl«-urd  It  may  hi*  d(»<jrahle  to  di>pl;>y  hi>  p»'?test  and  posttest  papers 
-id**  hv  >idr  witfii  a  i;re:tt  deal  oi  i;i\)\vth  has  taken  jilaco.  He  should 
\u  v*.ll(A\(<!  to  (hoo>e.  houevrr.  \\hether  they  wdl  i)0  (li>played  and  how. 

Still  (Uhrr  purju)>e>  may  he  >erved  hy  bulletin  hoards.  Ones  in  well- 
»ra\il'd  arm-  nniv  l)e        to/hsplay  difficult  "facts,"  formulas,  prop- 
rriv  iaheled  m  ouM  trie  >hape>,  ajid  tables.  Such  information  can  be 
plie^'d  on  a  boani  without  fanfare  or  explanation.  When  there  i>  sonie- 
'\iin\i  ui       rurt-.^'uiuni  that  can  be  divined  iiy  viewing  it  over  a  perrod 
of  M'.iit*  (-ueh  a*  ihe  pattern^  in  a  ^lundreds  chart),  it  is  a  candidate 
tor  di-})]av  oii  Vuch  a  buUetin  'board 
WhiU  total  cla-s  projects  n>\\\g  ch.arts  and  graphs  are  developed 
h  :4>  ma[»lung  the  son's  >hadow  ai  noon. each  day  from  the  opening 
of  -«h(jol  n\  September  to  the  ln>t  day  of  >chool),  a  bulletin  board 
inav  ,idv(rti>e  the  re>ults.  A  trick  that  oTten  ^ets  the  interest  of  the 
fKi>>  i>  advertising  on  a  inilletin  board  for  help  in  solving  a  certain 
hvA  of  problem  'A  ^tucient  who  1ias  mastered  that  type  of  problem 
\Ui>\\«  r>  the  ad 

Filially,  a  word  on  t-lie  u>e  of  chalkboar\N  in  the  classroom.  Keep 
thi  th  jm  of  nmraU,  piruire^,  and  dh^plays  of  any  kind  so  that  students 
ran  :s>e  tiu'in  a-^  they  elu^o^e.  If  this  is  done,  the  slow  learner  may 
t  b  {'{  to  go  to  th(»  hoard  n-ith  anotlu .  >tudent  who  has  a  grasp  of  some- 
thuiii  ^\ith  wlnVh  he  i>  experiencing  difficulty.  The  slowdearner  makes 
UPatrr  u>e  (if  the  chalkboard  wheii  he  can  use  it  in  this  way.  Then  it 
jM)v.  -  no  fhreat  to  him.  as  it  would  if  he  were  sent  to  the  board  to 
\\(irk  some  f)roblem  l)efore  the  whole  class. 

Methods  of  Motivation 

Rrv^^ird^  snch  a<  candy,  a  trip  to  the  zoo,  'Voins/'  and  even  trading 
^^amp-- \re  form^  of  cxtrini^ic  motivation  used  today  to  encourage  the 
studt^m  tV^  \\ork  hard  and  learn.  In  some  perfortiiance  contracting, 
radios  ami  other  ap])liances  are  being  ofiered  for  higher  scores  on 
aclnrven)ent  te>t-   Soiiie  of  these  extrinsic '  motivators,  or  rewards, 
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actually  do  reinforce  desired  behavior  in  mathematics.  However,  the 
reinforcement  that  is  )nobt  desired  como<  from  some  inner  contentment 
for  having  achieved,  which  is  a  form  of  intrinsic  motivation. 

Intrinsic  moti^mtors 

Expectation.  Exi)ecting  a  slow  learner  to  do  a  job  often  motivates 
him  to  get  the  job  done  if  he  is  mathematically  ready  for  it.  Knowing 
that  someone  expects  him  to  be  ablr  to  acquire  a  certain  skill  makes 
the  student  begin  to  doubt  his  own  low  evaluation  of  his  ability.  This 
api)roach  must  be  used  rcalibtieaby,^  with  the  learner's  progress  kei)t 
in  mind.  Therefore,  it  is  a  good  idea  to  begin  with  a  task  or  skill  below 
what  he  is  ready  for,  so  that  he  will  be  assured  of  fulfilling  the  teach- 
er's expectations.  For  example,  if  a  student  is  accomplished  in  multi- 
plication but  division  is  his  present  area  of  concentration,  it  might  be 
well  to  give  him  partially  completed  division  problems  and  let  him 
practice  multiplying  "down."  The  teacher  might  write: 


every  action  and  word  the  teacher  must  exhibit  his  positive  expecta- 
tions of  a  student:  (a)  by  waiting  longer  for  an  answer  froin  the  stu- 
dent during  classroom  work,  (h)  by  using  remarks  like  ''I  had  an  idea 
you'd  get  it'*  or  "I  kr.ew  it!''  or  "This  is  getting  monotonous!"  (after 
the  student  s  second  or  third  correct  response  in  class  or  on  a  work- 
sheet), (c)  by  including  the  slow  student  in  groups  with  the  more 
endowed  students,  taking  care  that  his  assignment  and  acceptance 
there  will  increase  his  own  expectancy.  For  example,  when  a  group  is 
orking  on  the  weight  of  a  number  of  objects  for  graphing,  the  slow 
learner  could  wci^^i,  .call  out  the  \Veights  to  otliers,  or  record  the 
weights  called  out  by  others.  The  level. of  his  assignment  would  depend 
on  the  student.  His  activity  doesn't  have  to  be  mathcmatieally 
oriented.  Knowing  that  his  teacher  does  have  realistic  expectations  of 
him  motivates  the  slow  learner  (almost  any  learner)  to  want  {o  ac- 
complish the  task. 


or 
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Then  the  student  would  write: 
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Hope.  Many  .^lov  loarners  come  from  an  onvironinont  that  could 
hardly  he  expected  to  motivate  them  to  Miccecd  m  school.  They 
older  people  from  their  culture  not  succeeding  and  have  little  hope 
of  nni)roving  their  lot.  In  fact.  ho|)e  is  the  most  vital  part  of  motiva- 
tion. Few  i)eople  can  i)e  motivated  to  act  if  they  are  convinced  there 
is  no  hope  of  .success,  and  when  the  acts  dcsir(»d  i)y  school  result  so 
iiuliredly  in  the  econoinie  >ucces<  they  desire,  slow  learners  are  eoin- 
l)letely  mdiffercnt. 

To  change  this -lack  of  hoi)e.  the  teacher  of  the  slow  learner  must 
provide  frequent  opportunities  for  him  to  exhibit  suece-^i^t  i,<  obvious 
that  these  chances  to  do  well  nuist  i)e  carefully  chosen  so  thal~tliey  arc 
within  the  cai)ai)ilities  of  the  leanier.  (This  is  discussed  at  length 
later.) 

<  It  is  often  suggested,  and  rightly  so,  that  succosful  nu^i  from  their 
own  culture  or  geographic  area  or  part  of  the  city  come  in  to  talk 
individually  to  the  student.^.  This  >ort  of  ''At  least  I  did  it"  presenta- 
tion is  helpful.  The  person  invited  does  not  have  to  i)e  a  Jackie  Roi)in- 
son  or  a  Lee  Trevmo.  Ho  can  he  a  grocer,  a  used-car  salesman,  a 
mechanic,  or  any  successful  pei\<on  who  has  estai)lished  himself  as  a 
contriiniting  inemi)er  of  the  coinmimity. 

The  mere  estahlishmcnt  of  the  fact  that  there  is  an  "out"— a  i)etter 
world  that  can  be  obtained  through  school  and  socially  accepted 
I'outes — is  a  big  step  toward  increasing  hope  and  thus  promoting 
motivation.  » 

Excunple.  The  biggest  role  the  teacher  of  the  slow  learner  plays  in 
the  elas^srooni  is  that  of  example.  If  the  teacher  does  not  desire  to 
learn,  does  not  have  a  healthy  respect  for  (in  fact,  uncontrolled  enthu- 
siasm for)  his  own  learning,  he  may  find  it  impossii)le  to  teach  the 
slow  learner.  How  can  a  student  resist  the  honest,  overt  seeking  and 
digging  for  an  answer  if  the  teacher  is  displaying  this  himself?  1o  do 
this,  the  teacher  must  put  himself  in  the  position  of  puzzling  out  the 
solution  to  a  v(xing  mathematical  problem,  or  finding  a  new  approach 
to  it,  and  show  ihat  he  is  enjoying  himself.  During  this  activity  he 
might  even  be  thinking  aloud  so  that  the  class  can  listen  and  !)e 
invited  to  join  in. 

Throughout  his  life  the  slow  learner  has  said  ''I  don't  know"— or  at 
least 'thought  it— many  times  a  day.  What  a  fine,  settling  feeling  to 
hear  the  teacher  say  ''I  don't  know''  once  in  a  while.  There  is  nothing 
more  satisfying, and  identifying  for  the  slow  learner  than  to  know 
that  sometimes  the  teacher  is  in  the  same  i)oat. 
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!<i(ccess.  Of  ooui>c  the  >lo\v  h^arncr  imi^t  have  ^oals  ho  is  able  to 
ivach.  Thc>o  ^()al>,  no  mattor  how  loii^-raiigo,  nni>t  bo  (iigostcd  by  tho 
^iow  h^irncr  as  many  short'term  goal>.  If  there  is  a  universal  mistake 
made  by  the  teaeher  of  the  >lo\v  learner,  it  is  "too  mueh  too  soon." 
When  the  ^oaK  are  in  >i^ht  and  the  .student  kn()\v>  they  are  ol)tain- 
able,  there  will  be  effort. 

It  IS  not  enough,  however,  merely  to  have  ol)tainable  goals.  Beyond 
tlu^,  the  learner  nuk^t  receive  ^ome  >ort  of  >ati>fier  along  the  way.  As 
stated  l)efore,  thi>  ean  ])e-a  ''Well  done/'  a  pat  on  the  l)aek,  or-even 
j)rizes  or  gold  stars.  He  will  be  able  to  apply  him>elf  and  exert  the 
l)roper  effort  if  the  >ati>faetio!i  is  there  Bugel>ki  (2)  feels  that  eon- 
eentration  is  not  neee>>arily  a  .special  gift.  If  something  has  ])rought 
sati>faetion  previou>ly,  then  applying  one>elf  to  it  again  is  easy.  He 
states  that  "a  history  of  >ueee>ses  can  ])e  equated  with  i^ueli  sati>fae- 
tions/'  What  satisfaetions  are  worthwhile?  Bugelski  adds  that  even 
nrtifieial  motives  >ueh  as  money  or  honor  rolls  are  reasonable  as  long 
as  they  are  ol)taiiiable.  'The  learner  may  make  his  fiiv^t  efforts  only 
for  sordid  reasons  (sueh  as  money),  but  the  sati>faetions  that  eome 
from  sueeess  will  eventually  be  adequate  eompensations"  (2,  p.  160). 

Funher,  the  teaeher  himself  can  be  the  satisfier  through  his  efforts 
to  a>Mire  that  the  student  is  deynitcbj  (joinq  to  be  SKCces^^fui  at  lea>t 
iniiudlyr  in  all  material  the  student  begins.  The  slow  learner  comes 
with  a  hi>tor>-  of  failures,  which  produced  his  lack  of  interest.  The 
teacher  sets  about  to  eliange^rtiis  hi>tory  to  one  of  suVee>se>  through 
the  careful  organizing  of  the  material.  For  example,  to  take  a  slow 
learner  from  8  x  23  to  18  x  23  would  be  a  mistake  without  the  inter- 
mediate ^^^ep^  of  10  X  20  aiul  10  X  23  and  more  work  with  the  dis- 
*ril;Mtivo  property  of  multiplication  over  addition.  His  chances  of 
success  with  10  X  20  and  then  10  X  23  and  finally  18  X  23  are  more 
assure,!  than  if  lie  were  moved  directly  into  the  h\>{  problem.  Sueeess 
is  probably  the  prime  motivator,  and  all  teachers  of  slow  learners 
should  provide  for  it. 

Many  tea^^hers  feel  that  progress  charts  Oh  the  bulletin  board  pro- 
vide the  learner  with  sati>faetio!i.  (The  slow  learner  should  be  allowed 
the  option  of  keeping  his  own  chart  and  ^howing  it  as  he  feels  it  bears 
showing  )  At  ivny  rate,  a  "pj^'^^^J'^'"  of  the  learner's  jirogress  i>  impor- 
tant. The  teaclur  ean  provide  ulditional  motivaMon  by  establishing 
steps  at  .-arious  levels  and  recognizing  each  student  when  he  jnasters  a 
major  .-te|),  showing  his  chart  rf  he  wants  it  shown  and  rewarding 
him  with  some  privilege,  such  aj:  extra  tiim  at  the  record  }>layer  or 
tape  machiiic  to  hear  his  ia\orite  arti^ts. 


"How  (iid  you  f^ct  tliiii?"  or  "Clicck  your  (Icciiiial  point  "  'i'iic-c  iillow 
tlic  ^^U(l('lU  to  know  lie  1-  on  tlic  ri^lit  irack 

Wlicn  correct iiif?  ))aj)or>.  it  i>  licljjful  to  allow  ))artial  credit  for  the 
correct  |)roce->  or  cciuatKMi  or  iiuinher  .-cntenci ■— or  e\'en,  in  extreme 
ca-e^.  tiic  neat  aligiinieiit  of  dijiit-  I'or  example.  |)arti!il  credit  ha-  heen 
allowed  in  the  ))rol)lem>  in  fissure  1.1.  each  of  which  i-  \\ortli  ')  point- 
if  eiitirelv  correct. 
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Fig  4  1 

The  fc(Hli)ack,  to  l)e  holj)ful  to  tlic  >\o\\'  learner,  \w\\A  l)e  received  as 
soon  as  j)o>>il)le.  Pa])eri*  ke])t  longer  tlian  oveniij^ht  liave  almost  lost 
their  value  as  teaching  agent.-^.  In  the  classroom,  it  is  ideal  for  the 
teacher  to  he  literally  at  the  studentV  elbow  to  moke  suggestions  and 
auMver  (juestions  about  the  work.  KnowkMlge  of  roults  can  be  >trongly 
motivating — but  only  if  not  delayed. 

Extrinsic  motiva tors 

Because  of  the  relatively  worldly  orientation  of  slow  learners,  it  is 
not  surprising  that  worldly  goods  and  activitif> — extrinsic  motivators 
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A  sixth-grade  teacher  of  a  low-average  grou])  had  given  the  class  an 
assignment  in  science  that  required  a  one-page  essay  on  one  of  five 
topics.  Clara  handed  her  essay  in  to  the  teacher,  who  found  that  it  was 
easily  the  finest  job  in  the  class.  A  few  weeks  later  a  test  was  admin- 
i.stered  and  the  same  topics  were  given  the  class  for  the  essay  part  of 
the  test.  Clara  s  was  so  well  written  and  sounded  ^o  familiar  that  the 
teacher  took  the  essay  she  had  originally  written  and  compeared  the 
two.  They  were  alino>t  i(ientical.  When  the  class  assembled,  the  teacher 
:-ccu>e(l  Clara.. holding  the  proof  over  hi^  head  before  the  class.  C^atch- 
ing  hini>elf.  he  a^ked  to  see  t!ie  now  tearful  girl  outside  the  roem.  Clara 
pleaded  that  >h(  did  not  cheat,  that  >hc  had  written  and  rewritten  her 
original  e>say  >o  many  times  for  a  ''good  grade''  she  knew  it  by  heart, 
Tiie  >keiitical  teacher  held  the  i)ai>ers  in  his  hand  and  asked  the  fright- 
ene(l  Clara  to  repeat  the  essay.  Slu  did!  Word  for  word!  This  teacher 
e.-corted  Clara  back  into  class,  lie  apologized  to  the  whole  cla^s  and 
Miggested  they  >ho\v  better  judgment  than  he  did  when  they  cleal  with 
peopif'.  The  cla>s  loved  hini.  Clara  was  a  heroine  again  and  immedi- 
ately establi>hed  a  cru>h  on  the  young  teacher  who  accu>ed.  then  vin- 
dicated, her.  Although  it  may  be  human  to  !om'  one's  temi>er,  it  is  in- 
human not  set  the  situation  right  by  a  very  human  ai)ology.  Teaeher^ 
are  Inunan,  and  certainly  each  inu>t  show  this  aspect  to  the  slow 
leanu^r  who  eome>  to  bnn  with  a  long  hiMory  of  human  error. 


a  fact. 

I'Atriii-ic  motivators  twv  Mroimly  attractive  to  the  student  and  may 
t(Mi)j)t  liiin  to  fii<l<i:o  as  he  lmrne>  toward  suecess  When  oflerinfi;  thc^e 
rewards,  tlu'refore.  the  W'acher  inust  aceept  no  shortcut :  he  nnis(  hold 
the  hnc  on  what     or  is  not  suceessfid  coniph'tion  of  a  task 

Here  are  some  evtriti^ie  n)otivators  that  have  pro\'<d  siioec^wful  and 
are  now  u\  u>e: 

1'inie  at  the  record  phiyc^r  or  tap(*  machine  to  hear  favorite  arti^t^ 
"Coins"  that  may  ho  exchanged  for  time  at  iho  game  tahh*  or  the 
phiyground 

I\)int>  that  can  aeciimuLate  to  >ho\\  that  a  stiuh^nt  h'ad>  the  chi>s 
in  hi<  favorite  game* 

Tra(hng  >tamp^  (consuh  a  h)cal  company)  that  may  he  conected  m 

a  Ijook  and  rech'cmed  for  gifts 
S^lgaHe^^  gum  and  other  types  of  >weet> 
Tickets  for  certain  movies 

Classroom  Atmosphere 

Mr.  Smith,  who  wa>  a  >peciarNt  working  v.ith  a  group  of  inner-city 
fir.st  grader^.  o])ene<l  his  h'sM)n  with  a  counting  game.  He  wotihl  knock 
on  the  door:  a  slti<!(>nt  wouhl  a>k  who  was  there:  and  Mr  Smith  woukl 
give  his  numher  name  l)y  knocking  >ay,  three  times  on  a  desk  The 
response  wouhl  then  he.  'Tome  m,  ^U'.  Three"  (or  Mr.  P'our.  etc.,  de- 
IxMuhngon  the  iu'mi)cr  of  tiinc^  he  knocked). 

After  phiymg  this  game  successfully  in  one  room,  Mr.  Smith  entered 
another  clas.<rooin.  He  knocked,  only  to  he  greeted  with  ''Just  a  min- 
ute'" in.^tead  of  '*\Vlio  is  it?"  He  (explained  the  game  again  and*  re- 
ceived the  doinnl  response.  Then  when  ho  knocked  hi>s  "name"  on  the 
desk,  a  child  responded  with  ''Come  in,  Mr.  Smith."  The  classroom 
teachef'  looked  scornfully  at  the  student  who  gave  the  response."  and 
the  child  cringed  in  the  silent  roonv.  But  by  this  time  Mr.  Smith  was 
unahle  to  contain  himself.  Ru>hing  to  the  child,  he  laughed,  hugged 
the  little  first  grader,  and  ^^aid.  *'By  golly,  I  am  Mr.  Smith  I'd  been 
playing  this  game  so  long  l\\  forgotten  my  name."  The  rest  of  the  les- 
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can  be  of  real  u.*<e  to  them."  Once  again,  the  teacher  who  reacts  to  the 
child's  opinions  and  academic  efforts  with  respect  and  understanding 
will  be  abie  to  reach  and  guide  the  child's  further  thoughts  and  efforts. 
Respect  is  seldom  one-way.  When  it  is  cstablisherl  through  fairne?.<>- 
as  by  Clara's  tea'^her— and  through  patience,  it  becomes  a  mutual 
feeling. 

A  teacher  of  "low  level"  third-grade  chihh'cn  .seldom  sat  at  his  desk 
when  he  ^ave  assignments'.  He  was  in  constant  movement  about  the 
room—sitting  with  the  children,  discussing  the  assignments  and  the 
problems,  and  listemno  to  what  the  students  had  to  say.  He  listened 
to  mathematics  and  the  nonsense  that  plays  .such  a  big*])art  in  the  lives 
of  eight-year-olds.  He  laughed  at  jokes  that  had  whiskers  and  "hit" 
on  riddles  that  came  off  Ihe  Ark.  Wh.at  is  more  important,  he  provided 
the  adult  half  of  the  eonver.sations  with  adults  his  pupils  never  had 
at  home.  He  listened,  reacted  in  an  adult  maimer,  and,  by  reacting, 
gave  the  children  i^omo  much  needed  grown-up  experience. 

In  one  seventh  grade  the  teacher  makes  his  assignments  from  differ- 
ent places  about  the  room.  He  invariably  stands  ne{ir  a  boy  with  his 
band  on  the  child's  .^^honlder  or  neck,  giving  it  a  firm  stpieezc  as  he  is 
talking.  When  he's  finished  he  mutters  something  low  to  the  boy  in  an 
aside  and  walks  to  his  desk.  The  remarks  he  makes  to  the  children  are 
inconsetpiential  and  include  things  like  "How's  it  goin'?"  "Cool  it, 
man^"  and  "Hep  >v(>  t?n  nr,nm'''  hut  the  hny,->  wdcomw  th^ai  ikUil  hold 
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>i)u  was  mon*  ^uccT-^ful  than  it  ha<l  ever  ixcn.  and  that  fii^t  ^irsxdv  was 
(ho  h^adinji  ''Kiiock-kuock"  chi^-  of  the  ^rhooL 

Tho  atniosphoro  in  that  room  had  been  changed,  at  h'a^t  while  Mr. 
Smith  \va^  thoro;  and  it  is  ho])cd  that,  a^  the  tcachtM'  ^aw  tho  change, 
tho  tension  was  oa^od  for  ^ood.  da^sroom  atmosi)horo  can  stnnnhuo 
tiio  ^low  h'arnor  to  hottor  n>..'homati<'^.  or  it  can  ontiroly  provont  hi^ 
learning.  In  faot.  an  muk'sirablo  atm()sj)horo  can  load  to  truancy  and. 
at  tho  h'^al  a^o.  dro])Oiit. 

Koutijic  and  surpmc-s 

Because  of  tho  iinort^anizod.  n'.ndom  homo  lifo  found  in  tho  environ- 
ment of  many  slow  h^arners.  tiio  promotion  of  "school  attitudes"  i^ 
(jiiito  difTiciilt.  Routine  is  necessary  in  order  to  have  social  control.  hvA 
it  1.^  oven  more  important  to  the  ^\o\\'  iearnor.  Routine  provides  him 
with  a  oertain  security  refioctod  in  ''I  know  what  oomo^  next  "  Thi>  i.- 
the  security  (hat  i^  provick'd  hy  a  schechile  that     n;oro  or  loss  followed 

A  daily  warm-up  >e^sion  of  ea^y  {^ral-mathematic^  ])i*oblonis  may  ho 
used,  typified  by  tho  '^Xinnher  Trail''  (the  teacher  says.  "3  8  - 
2  6.''  for  exaniph'",  then  he  oalN  on  someone  for  an  answer).  To  as- 
sure a  quick  ai>praisal  of  indivi{hial>  in  tho  ola^s,  "Show  Me"  oanN 
may  ho  used  The  chiki  roi)rosents  his  answers  hy  in^ortin^  the<o  nu- 
meral canN  in  ])0oko(<  designed  to  hold  and  exhibit  them  for  the 
teacher  to  see.  Xatin*ally  any  series  of  problems  will  have  a  limited 
ranp;e  of  difTiculty — one  governed  by  tho  noc<|s  of  the  cla?><  a^d  chan^- 
in£5  whoneV(M*  the  needs  change — hut  tho  (oaohor  must  be  ^un  that  each 
series  is  varied  .so  that,  withm  any  nxngv  of  difficiihy,  mo<t  levels  are 
rej)ro.sonto(l  every  day. 

The  warm-uj)  <o.s.<ion  eould  be  followed  l)y  assignments  (to  grou])s 
or  indivuhials,  (k'i)onding  on  the  goal)  or  by  ''ojhmi  (k\<k" — a  period 
when  some  of  (he  studon(s  work  on  ])ir/zlos  or  .issipnnen(s  and  tho 
o(hor.s  come,  one  at  a  (iino,  (o  (he  teacher's  desk  for  counseling,  help, 
or  just  talk. 

Although  routine,  or  i)rodiotability,  is-  retjuired  for  a  slow-learner 
classroom,  novelty  is  a  necessity.  Novelty  oan  be  achieved  by  means 
of  sudden  lunnor,  an  imusual  activity,  a  break  in  (he  schodido,  or  stoj)- 
l)ing  to  i)in-suc  a  nonmathomatioal  |)oint  through  an  oncyoloi)odia 
When  should  this  be  done?  Probably  when  the-teachor  gets  the  fooling 
that  ^'enough  is  enough"  or  when  ho  receives  signals  (hat  (ho  group  is 
restless. 

Ilmnor  works  best  when  i(  is  well  (nnod.  A  (oaohor  of  sovon(h-grado 
^low  learners  uses  .^onie  very  mild  irony  when  a  s(udont  is  successful 
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several  time-  in  a  row  durinji;  a  verbal  activity.  Turning  to  another 
>tu(lent.  he  >ay>,  "Minu<  five  points  for  Joe— .-howinji;  ofl'I''  The  chi» 
roar-  with  huif^hter,  ami  Joo  feel>  great.  There  is  another  teacher  in 
an  elementary  .-ehool  wiio  oecaMonally  writes  a  numeral  backward  >o 
that.1i(>  can  l)e  corrected  l)y  a  gleeful  cla^^  Another  elementary  >chool 
teacher  sang  a  >illy  >ong  as  hv  handed  out  paper.-:  "Because  the  paper< 
W(Te  .-o  goo(L  I  feel  like  sinking.'' 

Occa-ionally,  when  .-ome  -ul)ject  seem-  to  iiave  arou,-ed  the  .-indents* 
cuno.-ity,  .-toi)ping  the  ela.-s  to  explore  the  .-ubject  also  adds  needed 
variety  A  ihinl-grade  teacher  of  slow  learner^  was  found  on  the  floor 
OP  all  four.<  with  hi.s  .-tudents  .-tanding  and  kneeling  around  hiin.  Be- 
fore hiin  wa.-  a  sack  of  dried  lima  l)eans,  and  he  was  explaining  how 
to  plant  them  in  small  jars  ,-o  that  the  root  .-tructure  could  be  seen. 
Later,  when  the  plant.-  caine  uj).  and  once  a  week  thereafter,  each  child 
eut  a  .^trip  of  i^olored  paper  the  h^igtli  of  his  ijean  plant.  These  stnp.s 
were  pa.^ted  .-ide  by  .-ide  on  white  newsprint  to  graph  the  growth  of 
the  plants 

Kver>'  once  in  a  while  a  teacher  might  .-ay  to  hi^  group.  ''Well,  no 
warm-up  today.  Tin  going  to  .-how  Dovald  in  Mathcmagic  Land.''  Or 
he  might  play  .<oine  math-relaied  game,  .such  as  XumlxT  Pas.sword 
(Is  it  great(T  than  a  hundred?  Kven*^  Odd?  Greater  than  fifty?  etc.- 
until  ih(^  mimi)er  is  guessed).  Surpri.-e.-  such  as  these  tend  to  maintain 
an  atmosphere  of  informality  and  enjoyment  of  mathematics. 

Variety  of  activities 

The  motor-centered  learning  .-tyle  of  the  .-low  learner  doe.sn't  lend 
itself  to  an  endle.-s  parade  of  the  u.-ua!  textbooks  and  worksheets.  To 
sugge6t  that  a  ehild  he  given  more  work  in  the  same  way  and  even  in 
the  same  mate  rial  that  |)roduced  no  re.-ults  the  fir^t  tiin(>  is  sheer  folly. 
Coining  from  an  environment  that  value.-  the  (piick  hand  and  strong, 
fa.^t  body,  tiie  .-low  h^arner  is  confused  wlu>n  placed  in  the  school  en- 
vironment, which  values  the  clear  head  and  glib  tongue  Although  the 
thoughtful,  verbal  style  is  important,  i(  is  much  better  to  capitalize  on 
the  motor  skills  and  watch  the  other  develop  in  time. 

By  employing  a  variety  of  activities  that  place  thing.-  of  a  mundane 
nature  in  the  hands  of  the  child  we  can  u.<e  the  skills  and  curiosity  the 
slow  learner  brings  to  school  with  him.  To  provide  practice  in  addition, 
where  proficiency  was  slowly  slipping  away  through  lack  of  use  while 
the  cla.ss  was  on  other  topics,  the  teacher  of  a  fourth  grade  provided 
certain  .stu(l(>nt.-  with  workbook.s.  At  fir.-t  .-oine  work  was  done.  Aft(T  a 
while  horedoin  set  in  and  no  one  was  completing  the  .'^heets.  The  teacher 
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l)rou^ht  soino  rooks  to  school  and.  providintr  a  spring  balance  in  t'rains, 
askod  each  cliild  in  the  praetiec  group  to  fiiK?  the  total  weight  the 
roek<.  The  scale  didn't  reach  far  enough  for  all  the  rocks  to  he  weighed 
at  once,  so  addition  wa>  needed.  Later  sonic  children  brought  their  own 
rocks  to  >ehooI  for  weighing.  In  fact,  one  student  left  a  rock  at  home 
only  hecause,  as  he  said,  "I  couldn't  lift  it"— much  to  the  relief  of  the 
teacher. 

(iames  such  as  Xumh^er  Password,  explained  earlier,  provide  the 
child  with  variety  in  drill.  A  game  that  hivolves  the  child  physically 
IS  even  njore  successful  with  the  slow  learner.  "Find  Your  Place"  is 
popular  with  many  students.  Two  or  more  teams  are  formed,  with  ten 
students  on  each  team.  Each  member  of  a  team  i.^  given  a  card  on 
which  i<  written  one  of  the  numerals  0  through  9.  The  teacher  calls  out 
"864."  On  eaeh  team  the  child  with  the  8,  the  child  with  the  6,  and 
the  child  with  the  4  must  arrange  themselves  correctly  so  that  tin 
teacher  can  read  864.  The  first  team  to  arrange  itself  correctly  wms  a 
point.  This  activity  may  be  varied  for  more  advanced  groups  by  ask- 
ing for  the  "shortest  name"  for  300  plus  180  plus  13.  There  are  games 
to  be  played  with  Cuisciiaire  rods  and  with  Dienes  blocks,  both  of 
which  may  be  purchased  conimercially.  These  offer  excellent  ways  to 
va*'V  approaches  to  mathematics  teaching.  In  fact,  the  teacher  of  the 
sic  A  learner  should  take  advantagt^  of  any  workshop  in  the  use  of 
manipulative  and  laboratory  materials.  (4.) 

The  activities  of  a  class  can  be  varied  by  moving  out  of  the  class- 
room into  the  out-of-doors  Laying  out  baseball  diamonds,  finding  the 
area  of  the  basketball  court  and  the  dimensions  of  the  intersection 
nearest  the  school,  timing  the  drinking  fountain's  use  in  a.  half-hour, 
counting  l^assing  cars  at  three  different  tunes  in  a  day,  and  similar 
projects  '^an  add  great  variety  at  no  loss  to  the  mathematics  program: 
Directions  for  many  of  these  projects  can  be  printed  simply  on  cards 
and  made  available  to  a  team  or  an  individual.  Many  more  may  be 
found  in  the  excellent  book  Freedom  to  Leanu  by  Biggs  and  Mae- 
Lean  (1). 

Class  activities  can  be  varied  also  by  the  introduction  of  fractions 
earlier  than  usual — a  nractice  that  caii  reinforce  the  addition  and  sub- 
traction of  whole  lumibers  if  fractions  with  comiiioii  denominators  are 
used : 


246  _        ^  V  ,       646  ,  295  _  . 

3         3        *  2  2 

The  learner  is  actually  operating  in  the  area  where  he  needs  strength- 
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cning  but  ii?  using  "harder  numbers" — to  quote  a  student  friend.  ()b- 
viou.^ly  it  heli)s  the  learner  for  him  to  be  able  to  say,  ''We're  working 
with  fractions." 

Finally,  from  the  fact  that  there  are  many  ways  to  add,  sul:  .ict, 
multiply,  ft"^l  divide  (not  to  mention  many  apj)roachcs  to  handling 
fractions)  comes  an  ob'  !ous  avenue  to  variety,  namely,  varying  the 
algorithms  presented  to  the  chddren.  A  typical  asbig^lmen^  might  be  not 
to  do  three  subtraction  problems  but  to  find  three  ways  to  do  one. 
Robert  Davis,  of  the  Madison  Project,  is  quite  proud  of  Kye's  subtrac- 
tion algorithm.  When  told  by  a  teacher,  **You  can't  take  8  from  4." 
Kyc  proceeded  to  show  her  thai  he  could  (3,  p.  X  —  13) : 

64 

-  28 
-4 
 40 

36 

Gclosian  multiplication  (fig.  4.2) — or  lattice  multiplication,  as  it  is 
sometimes  called — mtiy  be  introduce^!  as  an  alternate  method.  (It  was 
good  enough  for  Columbus!) 
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A  variety  of  materials  increases  the  chances  to  provide  the  student 
with  a  ''thinking  model"  for  his  mathematics.  A  child  who  atone  point 
could  perfonn  subtraction  only  with  paper  clips  can  now  use  a  stan- 
dard algorithm.  He  had  been  presented  with  a  variety  of  approaches 
and  chose  the  one  that  best  fitted  his  style  and  pace  of  learning.  He 
still  refers  to  the  clips,  but  only  occasionally.  . 
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Relaxed  and  informal 

The  slow  learner  adapts  more  readily  in  a  classroom  who>e  fluidity 
allows  student  movement  and  informal  >mall-grou|)  work  than  in  one 
when)  every  movement  i^  rigidly  controlled.  The  student  nni>t  be  al- 
io \\ed  a  certain  freedom  of  movement  about  the  room  and  contact  with 
other  >tU(lents,  although  not  to  the  point  of  di>ruptivencss.  (More  will 
l)e  said  about  this  undor  ^'Behavior.")  Generally,  if  tlie  children  are 
controlled  i)y  the' mathematical  activity  they  are  engaged  in,  no  fur- 
ther control  will  be  needed. 

More  often  than  not,  the  slow  learner  benefit.^  from  work  in  groups 
of  not  more  than  three  or  four.  There  is  a  balance  within  these  groups 
that  allow.<  interaction  to  be  its  own  check  Severed  years  ago  it  was 
unheard  of  to  allow  a  >tudent  to  a>k  anotherin  class,  ''What  did  you 
get  for  the  second  one?''  In  small -group  work,  however,  intcraGtion  is 
normal.  The  slow  learner  must  be  allowed  this  opportunity  where 
niatheniatical  activities  and  worksheets  ;ire  concerned  The  teacher 
nnist  arrange,  his  plans  to  allow  himself  time  to  aid  each  individual  as 
he  m()ve>  about  the  room.  If  ^chedule>  are  in  order,  the  teacher  slioiild 
.schedule  a  part  of  the  period  for  this  interaction  of  students  and  their-' 
freedom  of  movement. 

An  important  value  of  small  groups  has  still  to  be  mentioned.  The 
'.slow  learner  fears  exposure  before  a  large  group.  For  tins  reason  he 
will  gravitate  toward  a  group  where  he  doesn't  feel  threatened  if  he 
makes  a  **dunib  mistake.''  The  same  purpose  is  served  by  certain  pro- 
grammed material  and  audiotapes  used  with  earpho»:i's-  they  provide 
the  slow  learner  with  quiet  feedback  that  doesn't  throaten  his  prestige 
before  the  whole  class. 

Behavior 

If  the  rules  for  the  slow-learner  classroom  are  few  and  to  the  point, 
and  if  they  are  consistentl>  carried  out,  the  chances  are  good  that  stu- 
dents will  follow  and  uphold  them.  Children  have  a  finely  developed 
sense  of  fairness;  the  rule>  they  make  up  for  their  own  games  demon- 
strate tliis.  Indeed,  by  capitalizing  on  this,  the  teacher  can  allow  the 
students  themselves  to  dcveloj)  the  rules  foi  de>irable  classroom  be- 
havior. 

Much  of  the  misbehavior  in  a  mathematics  classroom  (or  any  class- 
room) stems  from  ilie  nature  of  the  material  that  is  foisted  on  the  stu- 
dent. For  example,  boys  have  a  tendency  to  frown  on  learning  in  gen- 
eral as  "girl's  stuff"  (especially  at  the  ages  of  eleven  through  fourteen) 
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and  to  reject  it  tlirough  antisocial  beliavior.  In  tliis  case  tlie  teaclier 
can  make^sure  that'Uie  problems  are  ot  interest  to  l)oy>  \Yell  as  girls 
by  adaptinjj;  the  ones  presented  in  the  los>on  to  a  more  ma>culine  view- 
point. Girls  need  problems  adapted  to  their  interests  also.  Moreover, 
twirls  respond  well  to  gemlenos  and  an  apparent  interest  m  their  ac- 
tivities. As  oiU'U  as  possible  the  teacher  .^houid  comment  favorably  on 
their  clothe:>  and  j^eneral  appearance.  As  aK\ay<.  the  remarks  .^liouhl 
r(»nect  genuine  interest  and  not  a|)pear  to  bo  farced  By  looking  care- 
fully, the  teacher  can  find  ^oinetlnng  coi  ^.plimentary  to  <uy  every  (biy. 

Cla>ses  differ  in  tlie,extent  of  their  need  for  control  and  in  the  kinds 
of  control  they  need.  It  is  suggested,  however,  that  the  following  gC^n- 
eral  -guidelines  are  api>lieable  in  somo  degree  to  every  slow-learner 
classroom. 

a)  A'o?>c.  There  is  a  learning  noise;  and  there  is  a  disruptive,  non- 
learning  noise.  Slow  learners  are  not  given  to  the  so-called  hum  of  ac- 
tivity. They  seldom  hum;  they  '*earry  on" — talk  loudly,  often  yell, 
wave  arms,  and  regularly  contact  one  another.  This  is  specially  true 
among  the  boys.  A  teacher  of  the  slow  I'^arner  .should  (*xp*eet  an  almost 
regular  amount  of  noise,  hut  this  shoiihf  be  noise  in  which  there  are 
heard,  at  lea^t  occasionally,  sounds  of  the  ta^k  at  hand. 

An  argument  over  how  to  proceed  in  an  activity  or  who  should 
handle  ;vhat  part  of  the  activity  is  not  nonlearning  noi>e.  It  suggests 
that  the  part  eaeli  should  play  in  the  mathematical  activity  at  hand  is 

that  moment  more  important  than  the  a<'tivity  The  fact  that  stu- 
dents aie  involved  in  the  activity  at  ai'  is  the  encouraging  fact  here. 
Th(4r  eontinuing  involvement  ean  be  stimulated  by  arbitrating. the  dis- 
pute so  that  each  has  recognition  for  the  part  he  is  to  play.  Compli- 
menting the  children  for  their  interest  and  expressing  tiie  opinion  that 
their  results  will  surely  be  great  with  all  this  enthusiasm  will  help  sig- 
suificantly.  ^ 

By  contrast,  merely  playnig  with  the  materials  or  interrupting  others 
intent  on  working  is  not  learnm'q  noise.  There  i<  a  t(  ndency  to  take 
advantage  of  an  informal  classroom  .Mting,  and  the  slow  learner  seems 
more  prone  U)  do  this  than  others.  When  the  students  in  a  group  seem 
to^  he  phjying  with  the  materials  or  worksheets,  a  teacher  may  ask  if 
they  are  ''getting  use<r'  to  the  eciuipnieiit.  At  that  point  he  may  begin 
the  activity  uith  (not  for)  the  students,  taking  great  pains  to  see  that 
there  is  initial  success  before  he  turns  it  over  to  the  group.  At  this 
time,  another  remark  about  how  well  they  seem  to  be  doing  is  ap- 
propriate. 
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A* >ug<^e>to(l  rule.  ex])laine(l  to  the  ela>s  heforchaiKl,  iniglit  Noi^y 
Noi>n.  no!  Lfarxin(;  noi^k,  yk^! 

h)  }fonng  about  the  room.  Here  a^aiii  is  an  action  that  >lu)ul(l  be 
cncoura^^od  but  must  bo  com  rolled  In  a  fluid  classroom  arrangement 
it  is  to  be  exi)ecte(l  that  movement  about  the  room  will  create  some 
problems,  but  these  are  increased  with  a  olav<room  of  slow  learners.  In 
fact,  in  a  heterogeneous  classroom,  it  is  often  the  slower  student  who 
ha^  the  most  difTiculty  adjustmg  to  this  relatively  free  movement  aboul' 
the  room.  If  he  is  to  feel  free  to  work  v/ith  others,  ask  questions  of  his 
l)eers.  and  move  to  resource  eenUM-<  when  he  needs  this  kinds  of  hel]), 
he  mu^t  l)e  given  guidelines  for  such  activity.  If  the  child  recognizes 
the  importance  of  i)eer  helj)  and  the  rule  governing  this  helj)  is  ex- 
plain-d  carefully,  the  child  will  not  >lii)  very  often. 

If  a  classroom  is  to  l)e  motor-centered,  mo.<  activities  will  eini)loy 
taiJgiMe  materials.  Therefore  any  jostling.  i)Ushing,  or  shoving  may  be 
unusually  disrujjtive.  At  the  same  time,  the  action  of  going  from  area 
to  area  within  the  room  is  an  important  outlet  for  the  slow  learner. 
This,  coupled  with  working  on  concrete  materials  and  being  allowed 
to  share  i(lea<  and  ask  ([Uestions  of  others  in  a  relatively  free  manner, 
provides  a  i)athway  to  learning  of  inestimable  worth  to  the  slow  learner. 
Since  free  movement  will  bring  .^ueee.^s  in  an  enjoyable  way,  it  is  ex- 
trenieiy  in1i)ortant  and  the  students  .^oon  realize  this.  The  teacher 
siiould  touch  on  all  the.^e  points  with  the  children,  allowing  them  to 
come  uj)  with  reasons  for  the  following  rule:  Is  this  tiup  nkckssauy? 

c)  Fighting.  Probably  the  mo>t  unsettling  and  i)otentially  dangerous 
misbehavior  in  a  classroom  is  fighting.  Inner-city  children  especially 
bring  to  the  school  setting  an  aggressiveness  learned  on  the  streets. 
Boys  have  more  of  a  tendency  to  fight  than  girls,  but  tliey  do  not  have 
a  monoi>oly  in  this  area  of  misbehavior. 

In  a  large  city  classroom  in  the  heart  of  the  ghetto,  a  sixth-grade 
teacher  broke  uj)  a  -atiier  vicious  fight  between  two  young  girls.  As 
the  rest  of  the  class  watched,  he  toofe  each  girl  by  the  arm  and  led 
them  to  the  hall.  In  minutes  they  were  back.  The  girls  were  once  again 
friends,  and  the  teacher  continued  his  class  as  though  nothing  had  ha])- 
l)ene(l.  In  the  hall  he  had  .^aid,  as  if  talking  to  another  ])erson:  ''I  can't 
get  over  this.  Two  pretty  chicks,  and  they're  scrap])in'!''  Although  his 
tone  was  not  gentle,  his  remarks  were.  Here  was  a  teacher  who  looked 
at  th.em  as  young  ladie*'^,  |>retty  young  ladies,  and  was  coin])letely 
taken  aback  that  they  would  fight  like  boys.  The  expression  on  his 
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face,  an  important  part  of  any  interaction  with  inner-city  children, 
was  one  of  eoneern  that  was  elose  to  tears.  He  had  eonipliinentod  them 
and  seolded  them  in  the  same  statement.  They  must  have  come  baek 
into  the  room  feeling  that  this  fellow  couldn't  possibly  be  wrong  to 
expect  better  behavior  from  two  ''pretty  ehieks." 

Fighting  among  boys,  has  always  been  a  problem,  and  approaches 
to  handling  this  var>'  almost  as  much  as  the  fighting  itself. 

A  teaeher  of  a  seventh-grade  elass  discussed  the  possibility  that 
might  makes  right.  He  asked  the  students  if  they  would  aeeept  pay 
for  ten  hours'  work  because  the  boss,  who  was  bigger  and  stronger,  was 
able  to  enforce  this  multiplication:  Five  eight-hour  days  equal  a  ten- 
hour  week. 

A  boy  remarked  that  "5  X  8  ain't  10"  and  that  he'd  "eall  a  eop." 

This  was  exactly  where  the  teaeher  wanted  to  put  things,  in  the 
hands  of  an  arbitrator.  Thereafter,  whenever  a  fight  seemed  imniinont, 
he  would  reiTiind  the  participants  of  the  big  boss  and  it  seemed  to  help. 
When  the  combatants  tried  to  show  how  their  situation  was  different 
from  that  of  the  big  boss,  the  teaeher  continually  found  parallels,  thus 
frustrating  their  'Mogie."  Many  times  he  averted  possible  fights  by 
saying  aloud  before  the  group,  "5  X  8  ain't  10."  The  class  laughed, 
and  the  teacher  ''got  on  with  it." 

Still  another  method  often  used  by  men  teachers  is  to  have  the  boys 
"put  on  the  gloves."  They  go  to  the  gym  and  box  under  stringent  ama- 
teur boxing  rules.  This  has  dubious  value  in  that  it  seems  to  reinforee 
the  idea  that  fighting  may  not  be  so  bad  after  all.  From  the  stand- 
point.of  working  off  their  anger  in  a  physical  way,  however,  it  may  be 
justified. 

A  fourth-grade  teaeher,  a  woman,  arranged  for  the  boys  to  arm 
wrestle,  with  the  elass  watching.  The  winner  seldom  won  mueh  be- 
cause she  invariably  asked  him  to  tell  the  elass  what  he  had  shown  by 
forcing  down  the  other  boy's  arm.  She  asked  questions  like  these:  "Did 
it  show  thlit  he  didn't  push  you  first,  as  you  said?*'  "Did  it  show  that 
he  wasn't  right  when  he  said  that  you  started  it?"  "Did  it  show  that 
he  started  it?"  Of  course  it  became  clear  that  victory  only  showed 
that  the  winner  had  the  stiongest  arm  and  lasted  the  longest  during 
the  wrestle.  This  almost  all  the  boys  admitted.  At  last  report  the 
teaeher  still  held  arm-wrestling  tournaments  at  the  request  of  the  elass, 
but  the  fights  had' stopped,  with  only  a  few  fiery  arguments  as  remind- 
ers of  what  might  have  been. 

A  suggested  rule  for  fighting: 

Fights  settlk  nothing!  Don't! 
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j/f  f  V'/;v'»''/  ffilurs^  irork.  The  only  tinio  when  copying  is  a  serious  , 
i!n-'ak»^  i-*  whvn  t]u'<'lnl(i  i>  being  tested. 

(  opyuiiii  anotherV  M'at work  and  take-home  assignments  often  results 
v.htn  ?he  -^low  learner  i^  given  work  that  is  too  advanced  for  him.  If 
<')j»ymu  amounts  lo  getting  another  student  to  talk  over 'the  mate- 
fi-t^  atiti,  lu  elYet;.  explam  it  to  Inni.  then  this  is  precisely  what  is  to  be 
d»^irwi  for  \\u  >]o\\  learner.  Often  this  is  not  the  case  and  the  student 

-j!nply  takuj^  ilie  resulf>  of  another's  work  and  quietly  putting  them 
im  hi-  pafM  r  W'iien  th"  v^tudent  ^imi)ly  copies  answers,  two  things  in- 
vart.ibiy  happen  V\r>{.  the  student  doing  the  work  begins  to ^f eel  he's 
h«3nu  UM"d  Thr  mnr  ii  takes  for  this  student  to  figure  that  out  is  in 
•hr»'t'  n  to  the  popularity,  charm,  and  persuasiveness  of  the 

't^pjtr.  but  It  d<H^  happen.  It  should  be  noted,  however,  that  a  class 
V,  wi  rarr\ "  a  learner  if  they  feel  the  fellow  is  being  treated  un- 
Kijrlv  b\  the  T<::ieh.*r  or  that  demamis  made  upon  him  arc  unrealistic. 
.  n.^'  M'l  JTi.d  ilmm  that  happens  is  that  the  teacher  discovers  from  the 
-*»xfi.  a*  u^-'t  u^idtv  that  he. couldn't  have  undei-stood  thc  niatcrial  he 
r;.t-  utk-n  vhuunwii  for  Kis'own.  v^mre  he  performed  so  miserably  on  the ' 
"u  vi  tin  -ame  material  After  the  >tudent  realizes  that  he  must  simply 
iii*  throM^b"'  --Hndar  njaterial  again,  he  begins  to  see  some  value  in 
•r\)!itx  to  fii^un*  n  out  Inm^elf. 

t'opvmu  of  eour^e  quite  ;  erious  during  a  test.  If  the  teacher  han- 
dle ^  ti  for  the  >lo\\  learner  clTvTtively.  he  does  not  test  for  a  gxade.^ 
Ht»  J.^^^H  t()  deternnne  weaknesses  and  strengths.  He  is  tryiyg  to  find 
inv  v.hat  K>  \vron<r  When  the  students  are  convinced  th{it  they , arc  bc- 
ini£  Tt  >ird  to  find  out  what  is  \\rong  and  that  the  score  they  make  is  of 
iV'lv  itnportatice  to  the  te  cher's  opinion  of  them,  any  copyii.g  dis- 
ippear>  In  >bort.  when  the  testing  does  not  pose  a  threat — and  it 
-htaildn'^-  -tin*  Student  performs  appropriately.  The  slow  ioamer  rc- 
-poinK  U'  the  analogy  of  the  doctor  ta^  a  temperature  to  find  out 
\\\tA-  \-  the  matter  if  tlie  j)atient  seen^tl^  plac^^s  tJie  thermometer  in 
.uieMierV  mout^i.  the  ds.^-tor  may  well  treat  the  poor  fellow  for  an  ill- 
hr  diH t  ba\*>  Or  worse,  he  may  not  treat  him  at  all  fi.r  the 
jilni  ^-  tluu  1^  killing  bun.  Takk  cufioit  only  for  what  you  havbikdne. 

Htu  tly.  theM'  guidehnes  say  to  the  teacher:  Make  rules  that  arc  rea- 
-oii,\ble  eon^i>t<>nt.  and  agreed  on  by  the  group.  Explain  each  rule  and 
hi  tinn  m  it>  lmpo^Ition  it  a  rule  can't  be  justified,  discontinue  it. 
W  bt-n*  ver  po>.>ible,  encourage  the  students  to  develop  their  own  set  of 
r  we-  Fmallv.  I'air.  considerate,  and  sensitive  in  the  implementation 
*»:  the^^e  rnle> 
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Mathematical  perspective 

Presenting  concrete  models  of  a  coneept,  operation/ or  algorithm 
gives  the  learner  greater  opportunity  (levelop\his  own  ''thinking 
model."  Although  he  may  internalize  only  a  part  of  the  concrete  model 
into  his  personal  ''thinking  model,"  it  offers  further  chances  to  expand 
the  way  he  will  look  at  the  process  involved.  A'n  eighth-grade  student 
subtracted  integers  by  thinking  of  the  vertical  number  line  he  saw  in 

"  class,  but  he  thoilght  of  it  as  ''spring  loaded"  and  moving  past  a  fixed 
point  located  at  the  minuend.  Removing  (subtracting)  positive  integers 
eaused  the  line  to  ''spring'up"  past  the  fixed  pojnt,  thus  decreasing  the 
minuend.  Subtracting  negative  integers  caused  the  line  to  "spring  down" 
past  the  fixed  point,  thus  increasing  the  minuend.  Although  the  number 
line,  (an  abstraction"^?  helped  him  develop  his  "thinking  model,"  the 
model  itself  was  a  semiconcrete  adaptation  of  it.-  The  model  was  how 

'  he  looked  at  the  operation — a  partieular  perspective. 

Planning  mathematies  lessons  tl)at  will  physically  involve  him  (as 

.  in  the  'Tind  Your  Place"  game  mentioned  earlier)  provides  another 
perspective  relevant  to  the.  slow  learner.  He  finds  it  intolerable  to  sit 
behind  his  desk  and  "listen  and  think"  tliroughout  a  mathematics  pe- 

.  riod  when  his  home  environment  places  value  on  the  physieally  in- 
volved aspects  of  life.'  He  is  soklom  "talked  to"  outside  school,  but 
must  adjust  to  a  lecture  as  soon  as  he  sits  iown  in  class.  As  a  passive 
learner,  this  child  will  continue  to  fall  behind.  As  one  who  is  involved 
physieally  in  what  he  is  learning,  he  has  a  chance. 

Placing  the  ehild  with  material  he  can  manipulate  will  be  capitaliz- 
ing on  that  aspect  of  his  background.  The  slow  learner  must  have  ob- 
jects and  situations  he  can  relate  to  and  is  familiar  with.  Thcmaterials 
mentioned  earlier  refleet  an  environment  he  feels  seeure  in  and  has 
learned  to  operate  within.  A  teacher  of  migrant  children  put  place- 
value  concepts  into  proper  persi)cetive  for  his  second  graders.  Since 
tomato  pieking  is  an  important  part  of  their  lives,  ho  related  the  ones, 
tens,  and  hundreds  plaees  to  loose  tojnatoes,  a  quart  basket  (which 
held  ten),  and  a  crate  (which  held  ten  quart  ba^:kets).  The  ehildren 
argued  from  experience  that  ten  tomatoes  would  hardly  fit  into  a^uart 

,  basket  unless  they  were  cherry  tomatoes,  but  they  acee])ted  this  as  well 
as  the  absurdity  that  ten  quarts  would  fill  a  normal  crate.  (In  fact, 
the  children  did  manage  to  build,  from  cardboard  and  tape,  a  crate 
that  held  exactly  ten  quarts.) 

The  slow  learner  places  a  great  deal  of  emphasis  on  what  is  impor- 
tant to  him  now.  If  the  mathematical  situations  have  here-and-now 


THK  SLOW         IIXKU  IX  MATHKM.\TICS 


A  FAVOHAHLIO  I.KAIINING  KXVMIOXMKXT 


123 


aspects,  they  will  interest  him.  For  example,  situations  involving  the 
sports  page  will  appeal  to  hoys.  Box  scores  with  the  totals  eliminated 
may  be  used  for  j^ractice  in  column  addition  and  to  answer  such  ques- 
tions as:  Which  team  had  the  most  hits?  Which  team  won?  Or,  if  it's 
a  doubleheader.  How  many  hits  did  Mays  have  in  both  games?  For 
girls,  the  food  ads  may  be  used  to  answer  such  questions  as:  How 
much  would  three  pounds  of  hamburger  cost?  Given  this  recipe  for  a 
dish,  how  much  would  it  cost  to  make  it?  Such  activities  bring  a  rele- 

'vanco  to  mathematics  that  is  sorely  needed  by  slow  learners. 

If  all  mathematics  has  eome  easily  to  the  teacher  of  the  slow^leamer, 
he  may  find  it  difficult,  both  psychologically  and  'Academically,  to  han- 
dle the  situations  that  will  arise  in  his  classrooui.  Although  it  is  not 
impossible,  it  would  seem  to  be  diffieult  for  a  teacher  ii.  empathize 
with  the  slow  learner  without  recalling  some  of  his  own  frustrating  ex- 
periences with  mathematics.  Daniel  Boone  was  said  to  be  an  excellent 
guide  because  he  too  had  experienced  difficulty  finding  his  way  around. 
However,  when  asked  if  he  had  ever  been  lost,  Dan  replied,  ''No,  I 
was  never  lost,  but  once  I  was  a  mite  bewildered  for  five  days.'^  The 
teacher  of  the  slow  learner  should  do  his, best  to  remember  those  times 
when  he  too  was  a  ''mite  bewildered.'^ 

Arithmetic  algorithms  in  the  four  fundamental  operations  really 
have  their  basis  in  counting.  Counting  and  other  approaches  are  tedi- 
ous and  time-consuming,  so  these  quicker  methods  were  developed.  It 
is  a  fact,  however,  that  these  shortcuts  are  not  always  meaningful  to 

,the  slow  learner.  (Many  ''meaningful"  activities  are  not.)  He  is  a 
special  person  who  should  not  Vo  made  to  conform  to  a  set  plan  for 
working  out  a  problem  or  to  a  so-called  standard  algorithm.  For  ex- 
ample, slow  learners  reject  piactice  v;ith  the  following: 

432  =  300  +  120  +  12 

-  186  =  ^(100  +  80  +  6) 

But  after  gaining  some  understanding  of  place  value,  they  cm  acquire 
a  mastery  of 

-  J  L 

Lattice  multiplication  (or  Gelosian),  already  mentioned,  is  a  workable 
algorithm  for  multiplication  and  is  acceptable  to  the  slow  leainer.  The 
partial  sums  approach  to  addition  and  partial  products  for  multiplica- 
tion may  also  be  used. 


u 
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li^RTlAL  SUMS 


Partial  puoj)ucts 


576 
+  846 


X 


647 
9 


12 
110 

1,300 
1^4?2 


63 
360 
5,400 
5,823 


Since  long  division  presents  a  special  problem  to  all  studentis,  especially 
slow  learners,  these  children  should  be  given  instruction  that  will  lead 
toward  an  algorithm  they  can  master  and  put  to  use.  Perhaps  the 
short-division  algorithm  with  a  one-digit  clivisor  will  provide  the  work- 
able process  they  need. 

Finally,  long-range  goals  fail  to  hold  the  attcn^on  of  this  child.  In 
most  cases,  it  is  better  for  the  child  to  complete  short  assignments  than 
to  leave  long  ones  incomplete.  In  Freedoin  to  Learn  the  authors  tell 
about  a  boy  who  completed  only  seven  prot;leins  out  of  twenty-seven 
on  an  addition  test.  When  the  principal  asked  why  he  iiad  completed 
so  few,  the  boy  replied,  "Sir,  I  did  the  first  sevei:  co^-rectly;  how  nany 
do  I  have  to  do  to  show  her  I  can  add?"  (1,  p.  7.) 


"We  are  all  ignorant,  but  in  different  subjects,"  said  wise  old  Ben- 
jamin Franklin.  As  if  to  prove  the  truth  of  the  statement,  a  university 
professor  was  sent  to  school  while  in  France  with  the  armed  forces— 
but  he  didn't  know  the  sul  ject  was  taught  in  French!  He  now  chiims 
an  abiding  empathy  with  the  slow  learner.  And  empathy  is  the  basis 
for  mutual  respect. 

Most  children  cannot  re>pect  a  teachei  who  ridicules  and  scolds 
them,  ov  their  friends,  before  a  group.  The  slow  learner  suffers  even 
more  because  this  teacher  lias  now  become  a  threat  and  an  object  of 
hatred  by  overtly  reinforcing  this  student's  own  low  opinion  of  himself 
as  a  contributing  member  of  society.  It  is  obvious  that  the  teacher  who 
broke  up  the  fight  between  the  two  girls  had  the  right  idea  when  he 
led  them  from  the  room  before  talking.  There  are  very  few  times  when 
a  scathing  verbal  attack  upon  a  student  can  be  justified,  but  to  deliver 
it  before  his  fiiends  und  classmates  is  unthinkable.  Perhaps  if  the 
teacher  alienated  only  the  studf^nt  reeeiving  the  tirade  it  would  not  be 
80  disastrous,  but  he  begins  to  lose  the  whole  class  with  each  stinging 
harangue  he  delivers. 
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(lent  who  i^ccms  gifted  (yes,  gifted)  in  art  may  find  geometric  eon- 
striictions  rewarding  and,  with  the  teachcrV  hel]),  transfer  this  en- 
thusiasm to  other  areas  of  mathematics.  Another  child,  with  a  fine 
sense  of  humor,  may  well  prosper  with  puzzles  and  cleverly  worded 
problems.  (One  slow  learner  with  a  sense  of  humor  made  the  followMig 
remarks:  '*If  fractions  was  important,  they'd  legalize  'em"  and  *'Aip't 
not  doing  homework  a  civil  right?")  Where  chances  for  success  arc 
greater,  that  is  the  path  to  talce. 

The  slow  learner  is  in  constant  need  of  reassurance  and  some  signs 
that  his  efforts  will  he  rewarded  and  successful.  This  means  reassur- 
ance from  the  teacher  and  signs  of  progress  toward  a  goal  that  has 
been  set  and  guided  by  both  the  teacher  and  the  student.  A  fifth-grade 
teacher  takes  this  so  seriously  that  he  uses  cheek.^  on  his  class  roll  to 
be  sure  ever\'one  has  a  reassuring  remark  each  day.  Whether  this  ex- 
treme is  the  answer  is  doubtful,  hut  the  successful  teacher  accomplishes 
•the  same  thing  in  one  way  or  another.  Remember,  the  child's  histor}' 
of  failure  can  change  only,  by  his  .stringing  together  little  successes 
into  big  ones,  which  in  turn  assure  him  of  progress;  and  many  times 
a  little  success,  to  a  slow  learner,  is  that  indefinable  something  the 
teacher  show>  that  tells  him  he's  doing  fine. 

Summary 

Tnuhng  stamps,  air  conditioning,  concrete  materials,  new  texts, 
learning-activity  packages,  and  ever\'  otjicr  individualized  or  nonin- 
dividualized  approach  imaginable  mean  nothing  to  the  slow  learner 
without  a  competent  classroom  manager— a  .sensitive  teacher.  This 
person,  armed  with  a  knowledge  of  his  students  and  their  backgrounds, 
can  create  in"  the  classroom  a  compensating  environment  that  is  favor- 
able to  learning.  He  does  this  in  various  ways.  He  plans  short  steps 
that  start  with  concepts  the  child  already  knows  so  that  the  child  can 
experience  initial  success.  He  varies  approaches  and  activities  as  well 
as  the  schedule  to  afford  the  learner  the  oj)portunity  to  find  what  fits 
his  learning  style.  His  hand  is  always  out  with  offers  of  hope  through 
ol)tainable  goals.  He  encourages,  listens,  and  sets  an  examplo.  He  pre 
vides  a  staff,  both  emotional  and  academic,  for  the  slow  learner  to  lean 
upon.  Finally,  he  puts  mathematics  into  a  reali.stic  setting  that  pro- 
vides the  relevance  s'b  lacking  in  the  child's  school  environment. 

Slow  learners  learn  .^^lowly,  and  to  say  they  learn  not  at  all  is  a 
contradiction.  Provide  a  setting  that  gives  them  the  chance  they  de- 
sire— the  chance  to  learn! 


\ 

\ 
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Adjustment  of  Instruction 
(Elementary  School) 


Que  of  the  most  imi)ortant  fact.<  revealed  by  educational  assti^sim-nt 
in  inathcnmtic.<  iii>tnietion  \^  the  wide  range  of  aehicvenient  levels 
ni  anv  ela>s  in  our  schools  A  recent  study  (see  table  c.l)  shows  the 


TABLI-::).! 

V\HI\»n.lTY  IN  SCOUES  ON  SECTIONS  OF  THE 
C\HF<>HNI\  AlUTHMEriC  AcHIKVEMEN  T  TeST 
OF  100  Cim.DHEN  IN  GiMDE  G   I  WITH 

IQs  RvNOiNc;  FiioM  90  TO  100 


Lowest  llj^licst 


A.  Mcanin^^N 

C.  I'lohlcMiis    "  1 

ToUiN  on  A,  B,  C  H) 
II.  KnndamontaN 

1)  A<i<hti<)M  4 

i;,  Sul)Uaction  1 

F.  Multiplication  'j 

DiviMon  -5 

Totals  1),  i:,  F,  (;  21 


1)5 
}'} 
12 

X) 

IT) 

lo 
1.') 
lo 

r)2 


Mean 

Ohauk  Scokkh 

Mtan 

8  C> 

2  7 

8  0-f 

o  7 

11  K 

a  4 

'    7  \ 

()  2 

7  0 

2  0 

8.0-f 

:>.4 

27.  4 

:5  0 

7.7 

.->  1) 

U»  0 

:5  0 

H.4 

0  0 

0  0 

:5  4 

'  S.O-f 

:>  0 

7  :> 

4..*) 

8.0-1- 

:>  8 

8.7 

4.4 

7  9 

0  1 

X)  7 

4  8 

7  4 

0.0 

'ueprintca  'l.N  perm»...oi)  of  the  ])uhlnhcr  from  pMW^r.^i;  ^^^V'P*  j''  f'';^;'^'^^;^; '^^^^^^^ 
.     *  »  t.-   t.ino.  ...i.i^iQo      mo   F\  10  17  1  /i  i.  19.^9.  1163.  And  li 
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diverse  scores  made  on  a  test  given  to  sixth-grade  ."-tudents  selected  at 
random  from  the  whole  countiy  (11,  p  402}. 

Note  that  on  test  C  the  grade  scores  range  from  2.G  to  8.0-f.  On 
test  E  they  range  from  2.4  to  8  0+.  The  ranges  arc  wider  .on  tests  of 
single  skills  than  for  tne  general  abilities  included  in  the  totals. 

Although  this  table  represents  but  one  set  of  data,  its  scores  are 
typical  of  achievement  scores  in  mathematics,  and  it  portrays  the 
difficulty  of  trying  to  teach  the  samcMnathematics  lesson  to  all  pupik 
The  able  learner  is  not  challenged  to  the  full  extent  of  his  ability, 
and  the  slow  learner  meets  steady  frustration  from  tasks  not  paced 
to  his  level  of  achievement.  It  is  not  possible  to  maintain  adequate 
levels  of  achievement  for  each  child  by  giving  standard  prescriptions. 

However,  the  most  common  practice  among  t-^achers  of  mathe- 
matics is  to  have  all  children  work  >vith  the  same  instructional  ma- 
terials and  to  assign  the  same  exercises  to  all.  A  survey  of  the  intra- 
class  grouping  practices  of  1,392  teachers  in  grades  K-6  showed  that 
only  33  percent  of  these  teachers  grouped  pupils  for  arithmetic  in- 
struction. The  majority  did  not  brieve  grouping  for  mathematics  in- 
struction was  as  important  as  grouping  for  reading  (2,  p.  310  ) 

The  fact  that  instruction  in  mathematics  is  still  largely  tota'-class 
instruction  may  be  the  result  of  failure  to  understand  the  proper  use 
of  new  teaching  materials,  the  concern  for  cxcellcnrc  and  the  main- 
tenance of  high  standards,  a  lack  of  suitable  instructional  materials 
commensurate  with  the  range  of  abilities  within  the  class,  or  the  fact 
that  current  curricula  arc  described  in  terms  of  class  or  grade-level 
achievement. 

The  Nuffield  Project  (1),  which  is  being  developed  in  England,  is 
a  notable  exception  to  this  trend.  The  project  directors  seek  to 
identify  clearly  defined  developmental  stages  in  a  child's  growth  and 
to  develop  a  curriculum  around  these  stages.  This  project  .suggests 
a  new  approach  to  the  organization  of  learniq^  experiences  in  mathe- 
matics, one -in  which  instruction  is  individualized  and  children  do  not 
necessarily  move  together  as  a  group.  Booklets  from  the  Nuffield 
Project  describe  learning  activuies  and  tell  exactly  how  children 
can  work  individually  and  in  small  groups  in  making  mathcnu\tieal 
discoveries  and  in  recording  their  findings. 

Diagnosing  Pupil  Perfonnance 

The  slow  learner,  while  resembling  the  average  and  the  above 
average  student  in  general  physical  development,  chrohologieal  age. 
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and  interests  conunon  to  hi>  aj;e  j^roup.  may  not  hiwu  intclloctual 
things  at  tlio  same  rate  a^  other  children,  owing  either  to  hiek  of 
potentiahty  or  to  personal  and  emotional  factors  that  interfere  with 
the  ability  to  achieve.  Gf'os^niekle  writes  that  "the  methods  by  whieh 
slow  learners  master  the  concepts  and  skills  of  mathematics  are  not 
unique  or  strikingly  difYerent  from  those  u.^ed  by  children  of  greater 
learning  ability.  Slow  learners,  however,  cannot  learn  skilN  as  rapidly 
us  children  of  liiglier  ability"  (11,  p.  421.1  Smith  refers  to  research 
by  W.  M.  Cruick.^hank^  indicating  that  retarded  learners  (1)  are. 
reasonably  \\\^  other  children  in  areas  of  computation,  although 
they  are  more  eareless  than  average  children  and  use  more  ''primitive" 
habits,  such  a.s  making  marks  and  counting  on  their  fingers.  (2)  have 
greater  difTicuKy  in  identifying  and  understanding  whieh  process 
should  be  used  in  i»rohleni  solving,  (3)  lack  skill  in  .separating  ir- 
relevant facts  from  the  significant  dniieni^ions  of  a  prol)leni/and  (4) 
have  greater  difficulty  with  the  reading  and  language  peculiar  to 
arithmetic  (26,  p.  163). 

One  of  the  first  responsibilities  teachers  have  ip  adju.stiiig  instruc- 
tion for  the  slow  learner  is  to  develoj)  and  use  procedures  for  diag- 
nosing learning  difficulties  and  determining  readine>s  for  new  learn- 
ing. These  procedures  should  foeus  not  only  on  the  types  of  errors 
made  by  each  child  but  also  on  the  processes  used  by  the  student^  in 
solving  mathematical  problems. 

There  are  basically  four  ways  to  proceed  in  diagnosing 'pupil  per- 
formance: 

1.  Observe  the  child  at  rcork.  Note  his  patterns  of  .^tudy,  his 
attitude  toward  his  work,  his  interest  or  lack  of  mtc^rest  in  it. 
Observe  his  habits  of  work.  Does  he  ai)proacli  his  assigned  tasks 
with  some  plan,  or  does  he  seem  to  simply  ''try  anything  onee''?  Is 
he  overly  dependent  on  classmates  for  help?  Conversely,  are  clas's- 
mates  ''helping"  by  doing  his  work  for  liiin  rather  than  helping  him 
think  through  his  problem?  Observations  can  be  facilitated  by  the 
use  of  checklists  and  attitude  scales;  but  there  is  no  substitute  for 
the  good  teacher's  careful,  clinical  observation  in  determining  dif- 
ficulties met  by  children  in  learning  mathematics. 

2,  Interview  the  pupil.  Have  the  pupil  "think  aloud''  and  tell  the 
steps  he  has  used  in  solving  a  ])robleln.  This  is  particularly  helpful 
in  locating  errors  in  thinking,  as  well  as  in  computation. 

Develop  short  diagnostic  exercises 'in  which  the  child  works  with- 
out paper  or  pencil  and  responds  orally  to  the  teacher's  questions. 
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Tln>  trclini(nie  i>  i)articularly  valuable  in  {iotenninmg  roa(lin(s>  for 
now  Icarnnig  For  cxanipU*.  tfic  tcachor  can  u>v  the  ])roviou^  knowl- 
edge of  the  child  in  (liagno>ing  Ins  r{\adine.<s  to  di>('Over  such  rela- 
tion->hips  a< 

S  +  ()  =  10  +  4 
A>k  the  '^hild  to  giv(»  "other  iianie-"  for  G.  >uoh  a< 

0  =  2  -I-  4 

Ask  what  must  be  added  to  8  to  make  10' 

N  +  2  =  10 
Ask  the  child  to  study  tln>  exerci-e: 

8  +  (i      S  +  (2  f  4) 

(S  +  2)  +  4  =  □ 

Encourage  the  child  to  take  the>e  >iv\)s  mentally.  u>jng  ni.-,rii|nUative 
material^  when  they  facilitate  his  thinking 

Provide  opi^rtumtie^  for  the  elnldren  to  e-tiinate  an>Wer^  and  to 
explain  their  thinking  in  arriving  at  the  e>timates.  For  (>xaiiiple/ 

42 

Sloif  cJulfl   More  than  10,  I  cowiu  2<>,       then  (cOMiinng  on  finiK^r-l  .17,  .S^. 

-SO,  10.  41,42  ItVOmoro  tiian  10 
Slow  child  •  About  20:  jf  12  was  40.  it  would  he  20  So  it'^  a  h\\\v       dun  20, 
Slow  child:  About  20.  I  think  20  from  40 
Bright  chdd  Think  20  from  42  i- 22  takcawavO 
Brujht  child  Think  (4<)  -  2r>)  -  4 

Taf)e  recordings  can  be  made  of  tbe-e  mterview.s  and  the  clulds 
re^pon-e^  can  be  can^fully  >tu(he<l  to  determine  errors  in  thinking, 
faulty  logic,  and  inaccuracies  m  comimtation  Portal)le  video  tape 
recorders  an;  valuable  tooK  in  diagno-i>.  \'i(leotai)ed  interview^  ])er- 
mit  the  teaclier  to  ol)>erve  -tudent  reaction  while  -tudying  the  mental 
proce>s'S  u>ed  by  the  child  l^ecording^  (^f  cla>>  activities  peilnit  the 
teacher  to  a>>e-s  the  Micce>>  of  her  work  with  children,  and  are  helo- 
ful  in  i)lanning  follow-np  le>>ons. 

o   Anal:{:c  written  worJ:.  Studv  the  student"^'  written  a->iminient? 
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(dingrr.nis.  examples.  ;uk1  iirolilcin  solution--)  to  (lel(M'niin(^  \\\vM  kiiul> 
of  (MTors  are  made  and  how  often  they  are  made,  as  well  as  t,o  diseov(T 
any  or:»>rs  hv\u<s,  made  by  the  entire  ela-^  (1lar^^  of  tln^  results  of  tln> 
analysis  will  he  of  a>-i<tanee  in  arranjf;ing  individual  practice  and  small- 
group  work 

Low  achievement  in  niatheniatics  is  fre(|Uently  acconii)ani(Hl  1)\  low 
aehievenicnt  in  readinjz;  ronipreliension  and  in  language  skill  (8,2.")). 
In  fact,  low  achievement  in  niatheniatics  may  he  duo  to  difliculty  in 
reading  and  comprehending  the  precise  vocahulary  and  ah.straet  symbol- 
isni  01  modern  programs.  (Sec  the  discussion  that  follows  under  *'In- 
struction  in  Reading  MiiitjuMnatics.")  ,\hithcniatics  shorthand  (If 
A  ABC  ^  A  ATZ,  then  AB  ^  XY)  can  create  serious  problems  for 
slow  learner-  not  yet  ready  for  ahstract  symbolism.  Diagnosis  should 
inclu(l(*  an  analxM^  of  the  cliikl's  ability  to  n^ad  and  comprehend  direc- 
tion-;, verbal  prohleni>,  and  mathematical  symbolism 

4.  I'se  tesLs  as  clinical  tools.  .\  wcil-coordinatcd  testing  program 
con^K-ting  of  .standardized  achievement  and  diagno>tic  tc>t-.  teachcr- 
niade  tc^ts.  and  diagnotic  a»ignnHMit.-  i>  a  ncce->ary  part  of  a  suc- 
ce.v-ful  teaching  program  for  >\o\\'  learners.  Avaiiahle  ovidencc  (25) 
indicates  that  .^low  IcanuM's  e,\i)criencc  relatively  less  difhculty  with 
conii)Utation  than  with  Uio-e  aspects  of  mathematics  involving  rea- 
>oniiig:  li6wever,  a->esMnent  >lioul(l  be  niad'e  of  computation  as  well 
as  reaM)niiig  and  problem  >olving. 

Standardized  diagnostic  and  achievement  tot  results  provide  a  i)er- 
spective  of  the  cla^>  as  a  whole.  An  item  analysis  of  error.-  and  a  de- 
termination of  the  nature  of  tlie  errois  on  thc^e  te.-ts  arc  ba>ic  to 
planning  appropriate  learning  cxpiM-icnee^  Scliaeht  12.11  found, 'for 
example,  that  inability  to  read  and  eomprelicnd  diagram.-  is  a  com- 
mon >ource  of  error-  that  low  achievers  make  m  problem  >olving, 
coiiiiiion  fractions,  and  iiica-;urcnieiit  Failure  to  under.-tand  th(* 
decimal  numeration  system  wa>  also  found  to  be  a  common  difliculty 
in  the  four  operation^  \\ith  whole  number^,  common  fractioii.s,  and 
decimal  fractions 

Diagnostic  assignment.-  prei)ared  by  teaclicr>  and  designed  for 
easy  scoring  have  .-pecial  value  in  helping  children  a]>prai.-e  their 
progre.-s  and  in  remforcmg  learning.  The  following  are  ilhi^tratioiw 
of  kinds  of  items  that  might  beii-*cd: 
«)  lloic  aic  .-oinc  wjiy-;  to  name  tiie  number  12: 

S<f4       3-f-9       15-3  3X4 
Oan  you  think  of  .still  other  ways? 
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6)  Write  two  facts  .sho'"n  by  this  number  line.  \ 


— I  1  1_ 


2    ,3    4    5    6    7    8    9  10 


/ 


c)  Write  the  mi.ssnig  numerals. 
1    4  9 


□□□  (6X4Q) 
'     □□□□  (6X'Q0) 

nDnn  (6X100)  +  (6X40)+(6X9) 

d)  Here  are  sets  of  multiples  for  2,  3,  and  4: 

.1  =  j2,4,6,8,  10,  12,  14,  16,.  .  .| 
B  =  !3,  6,  9,  12,  15,  18,.  .  .| 
*    .        C=  j4,8,  12,  16,20,  ...} 

List  four  more  multiples  in  each  set.  Name  the  multiples  in  set  A  that 
are  in  set  B. 

Which  of  these  multiples  are  also  in  set  C?  What  i.s  the  least  common 
multiple  of  2,  3,  4? 

e)  Finish  this  division  example: 

1 


.         35  I  6475 
35 
29 

/)  Write  an  equation  or  inequality  for  these  Englisli  sentences: 

(1)  I  am  thinking  of  a  number  Multiply  it  by  2,  and  the  product  is  56. 

(2)  I  am  thinking  of  a  number.  Multiply  it  by  4,' and  the  product  is  less 
than  32. 

(3)  I  am  dunking  of  a  number.  Divide  it  by  3,  and  the  quotient  is  29. 

Diagnostic  assigniMcnts  may  be  used  as  periodic  tests,  as  inven- 
tories prior  to  introduction  of  more  complex  ideas,  or  as  single  items 
embedded  in  caeh  lesson  to  assess  understanding  and  guide  revic\y 
and  reteaching. 

Diagnosis  of  learning  difficulties  is  not  an  easy  affair;  but  it  makes 
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r^t  Moh  ra-KT  in  thv  cih!   ('on^taiit,  rarcfn!  (!iapio^i>  ca^c^  the 
v.o'k  *'f  O.u  Uiiclu'Y  iiUi]  iin}>r()V('>  ]('arnni<i  for  children 

Educational  Programs  for  Slow  Learners 

4!!v   fl'.'r        thier  \\ a >'>  of  provi{hi)g  a  sotting  in  which 
« i^jMn h.nr  AU  opjxjMuiniy  to  realize 'thnr  full  potentiai.  TIk^  first 

*  hr«j«iiiri»  >p«'<Mal  fonn^  of  ela^,^r()oin  organization,  the  second  is  ^ 
M  rtPich  (urnMihim  adjustments',  and  the  third  requires  special  instruc- 
f:onal  adiu-?niMi?s  hy  the  ela>>roo!n  teach(»r.  The  first  two  of  these 
w.iv-  AV>  d>5'Uss''<l  h<  low  a^  snl)topics  of  this  section  The  third  way, 
-fM  n  d  nt-niit-notial  adfu^tnieiit.  the  writer  considers  ini|)ortant  enough 
-«»  Mi*  nr  .1  irate  ^reuoii  -"'Strategies*  for  Teaching  S^Iow  l^eaniers" — 
which  e(»ns!i?utr-  the  lauer  part  of  tlin  cha|)ter. 

• // /< '  <  f'wv  if  n^ip'Ui}    (Iroupmg  on  the  basis  of  achievement 
Mi'd  or  nit(liiutnee      one  api)roaeh  used  fre(juently  to  |)rovide  for 
sd'j  il  di{l»  n  iH      Thi^  may  result  in  one  of  these  arrangements: 

1  >pjM  5al  rlus^,.^  jjrc  organized  for  slow  learners  in  niathematies. 
Fl'jr  both  roHtMit  and  method^  of  teaching  arc  adjusted  and  class 
-M*  I-  -awaW,  with  woiK  highly  individualized 

2  HuiMdf.il  cias^c^  (i)ai)le  learnon  to  i)e  removed  from  their 
r»  j'llar  *  la-v^  uroup  for  a  ^pc^cified  nmnber  of  p(*riods-  a  week.  These 
f  •jh  'lKil  ri.i^M's  function  "hest  at  late  third-grade  level,  for  a  faulty 
51  'jjidifinu  in  !iin(iamental  understandmg.-i  and  skills  blocks  growth 

*!h  .i|*[»heatu)n  of  theM'  under-'""  !mgs  and  skills  to  the  more  com- 
pii  \  t>p<  iMMon-  i^l  the  nmldle  school  years  The  goal  of  remedial 
]'j-'r5i»  lion  a?  \\\\^  point  is  to  return  the  child  to  his  regulai*  class- 
room a'^  soon  as  ae}  *  vemt  nt  v  arrnnts     '      '  '  ^ 

3  maihrmatK"^  elass(-.  are  scheduled  at  the  same  hour  and 
fiu[»il-  a!:*'  as^ian<  d  to  sections  a[)jU'opriatc  to  their  learning  level, 
rill-  :iTran>:i  ni^nt  provide^  each  teacher  with  a  small  group  of  ehil- 
d^Mi  liav\nu  hk<'  abilities  in  mathematics  and  permits  her  to  devote 
full  elas>.  tune  to  tlwir  needs  At  the  end  of  the  class  period  the  ehil- 
dp  h  P  Mirn  to  iheir  respective  homerooms.  Reading  groups  are 
fri'jMf  nily  ^ch»'duled  iii  a  similar  niamu^r 

\f'ith4  *h'itu  s  hih(fra(nh(.s  Tfie^e  ar(»  special  classrooms  equipped 
'\t^\i  HsdivKhial  study  *  ^  nler^.  or  earrel.s,  and  a  wide  variety  of  manipu- 


THK  SLOW  LICARNKK  IX  MATHICM ATICS 


lativo  and  visual  inatorials  as  well  as  printed  materials  at  various 
levels  ofxlifFiculty/Puiiils  are  referred  to  the  laboratory  by  the  home- 
room teacher  for  a  few  periods  each  week.  Close  cooperation  between 
the  laboratory  teacher  and  the  homeroom  teaeher  is  es^-ential  m  main- 
tainmg  a  eonsistent  pattern  of  instruction  for  each  pupil. 

Nongraded  team  teachhuj.  This  organization  provides  for  small- 
group  and  individual iz.'d  study  as  well  as  large-group  instruction. 
One  member  of  the  tcaehing  team  should  be  a  special  teaeher  with 
j)reparation  'in  mathematics  as  well  as  elementary  education.  This 
teaeher  guidci?  instruction  in  mathematics  and  assists  other  mem- 
bers of  the  team  in  planning  learmpg  activitie.-  for  small  groups  and 
individuals. 

Computer'assisted  instructioyi.  A  new  develoj^nent  in  classroom 
organization  is  use  of  computers  in  diagnosing  difficulties  -  and 
preseribing  appropriate  instructional  activities  for  individual  pupils. 
Computer-assisted,  individualized  instruction  is  being  tested  in  a 
variety  of  school  situations  and  at  various  grade  levels  as  a  means  of 
helping  teachers  with  the  arduous  task.^  of  diagnosis,  remediation, 
and  drill.  Notable  among  these  experiments  are  those  under  the  di- 
rection of  Patrick  Suppes  at  Stanford  University. 

Curriculum  adjustments  for  sloir  learners 

Lcrch  and  Kelly  state  that  the  program  l^f  study  for  slow  learners 
^*should  be  a  mathematies  program  in  the  true  sense,  and  not  primarily 
A  remedial  arithmetic  program"  (16,  ]/.  232). 

Remedial  instruction  has  only  immediate  usefulness  and  temporary 
value.  It  is  useful  for  minor  problems  but  does  not  strike  deep  at 
the  roots  of  any  problem.  The  slow  learner  is  in  need  of  a  program 
of  study  that  will  give  insight  into  the  operations  and  relationships 
of  matheinuties.  The  goals  of  instruction  should  be  immediate,  tan- 
gible, and  prac.ieal.  The  enrriculum  shpuld  allow  for  flexibility  and  the 
application  of  mathematical  processes  in  social  and  vocational  situa- 
tions. Specifically  t1ic  curriculum  should  meet  these  conditions: 

'  1.  It  should  be  well  structured  and  systematic  as  well  as  paced  to 
the  individual's  level  of  maturity.  Pupilo  whose  doveiopmcnt  is  below 
average  need  a  longer  period  of  time  than  the  average  student  to 
ma^iter  luw  content.  The  timetable  within  a  sequence  of  learning 
iicllvities  should  enable  pupils  to  proceed  at  a  pace  that  will  motivate 
ai'd  challenge  but  not  frustrate. 


ADJl'STMKNT  OK  IXSWVCTION  (kLKMKNTAUY  SCHO^)  137 

2.  It  should  cstal)li?h  a  minimal  program  which  inelu^ss  new  ap- 
proaches to  computation,  new  treatment  of  traditional  topics  (meas- 
urement,, common  fractions,  graphs,  and  problem  solving),  and  se- 
lected new  topics  (Paschal  indicates  that  disadvantaged  children 
appear  to  think  in  spatial  terms  and  that  instruction  for  these  chil- 
dren might  begin  with  a  unit  on  geometry  [20,  p.  6].) 

3.  It  should  make  wide  use  of  visual  and  manipulative  materials, 
progressing  toward  abstract  representation  but  at  a  more  deliberate 
l)ace  than  for  average  and  above-average  pupils. 

4.  It  should  give  special  help  on  the  vocabulary  of  mathtmatics 
Precise  terminology  should  not  be  recjuired  until  the  teacher  i>  >ure 
understanding  is  developed. 

5.  It  should  include  instruction  on  how  tp  locate  information,  how 
to  use  the  textbook,  liow  to  study,  how  to  remember,  and  how  to  cheek 
computation. 

6.  It  sh  old  relate  mathematics  io  othei^  curricuhir  areas,  par- 
ticularly to  science,  social  studies,  and  art. 

Strategies  for  Teaching  Slow  Learners 

Attitudes  toward  mathematics  are  of  great  importance  among  all 
students  but  arc  parucularly  important  among  those  .who  experience 
difficulty  in  learning.  Negative  attitudes  of  fear,  dislike,  fru.'^tration, 
and  outright  rejection  are  often  firmly  fixed  among  these  students. 
They  do  not  respond  to  long-range  educational  goals.  Their  goals 
are  - immediate,  practical,  and  self-centered.  I^or  this  reason  it  is 
neeessar\'  to  provide  such  a  student  with  problems  related  to  his 
experiences  and  to  the  real  world  in  which  he  lives. 

Familiar  experiences 

1.  The  school  hmchroom  can  provide  many  opportunities  for  a|)- 
plyiiig  basic  addition  and  subtraction  understandings.  A  menu  and 
price  li4,  such  as  shown  in  table  5.2,  can  be  placed  on  the  chalk- 
board and  toy  money  used  for  the  transactions. 

Every  day  give  each  child  25^^  to  spend.  In  the  beginning,  have  the 
children  tell  orally  the  selections  they  would  make  from  the  menu 
in  addition  to  the  regular  lunch.  The  computation  should  be  done 
by  the  individual  child  and  checked  oy  the  class.  After  a  few  days 
ask  the  children  to  buy  certain  extras  for  a  given  amount  and  com- 
pute the  change  from  a  quarter.  (Buy  some  fruit,  milk,  and  cookies; 
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TAHLK  r>.2 


N!onu  IVice 

lie^dlai  lunch  ,  , 

Milk  (one  glass) 
liiead  yi)\H'  shcf) 

Hoi  Is  (oaoh)  .  2e 
C*(M)kics  (t»a(  h)  '2<^ 
I(T  cioain  (one  cup)  T)^ 

Applo 


buy  cookies  and  ice  cream;  l)uy  a  roll  and  milk,  etc  )  Finally  ''story 
problems''  may  be  written  by  the  children,  placed  in  a  card  file,  and 
u^ed  for  additional  practice  in  problem  solving. 

2.  Readiness  for  multiplication  and  division  can  be  built  by  viarch- 
iruj  activities  similar  to  those  u^ed  in  the  g>'mnasium.  For  example, 
select  eight  children  and  have  them  march  single  file,  in  jiairs.  and 
four  abreast.  Count  the  marchers  by  ones,  twos,  and  fours  U?ing 
felt-board  cutouts  or  magnetic  disks,  picture  the  groups  as  in  figure  5  1 
Children  can  observe  that  an  increase  in  the  size  of  the  marching 
groups  shortens  the  length  of  the  inarching  line. 


Fig.  5  1 
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Rqu^at  ih\>  activity,  using  groui).^  of  >i\.  ten.  or  twelve  ehiMreii. 
Eael)  time  illu^t^ate  tlie  iiiarelinij:;  gJ'oui)>  with  objects  or  diagrams 
(arrays).  Finally  a^k  the  cliikh'eii  to  u>e  object^  or  (liagraiii>  to  >liow 
all  the  ways  a  grouj)  of-eightcen  children  ^an  march  so  that  the  Miialler 
groupings  arc  the  same  in  ^izc  {one>,  twos,  threes,  >i,\e>,  iiine^). 

Later  tlie.-e  diagranl^  can  be  a>>ociated  with  appropriate  multiplica- 
tion and  division  facts.  a>  in  figure  5  2. 


3.  Current  eveiit-^  can  often  provide  the  motivation  for  introducing 
new  concept.s  or  applying  concept^  already  learned.  One  .Hich  activity 
in  a  sixth-grade  cla>^rooni  grew  out  of  the  launch  of  Apollo  13  At 
the  time  of  launch  the  teacher  carefully  noted  (from  the  TV  screen) 
the  initial  launch,  <lata  with  re^pect  to  altitude,  rate  (f'*et  i)er  >cc- 
oiui).  and  distance  down  range  from  the  launch  i^ite  Tlie>e  data  were 
placed  in  two  tables,  one  showing  altitude  and  sjieed,  the  other  show- 
ing altitude  and  (^i^ta:u•e  down  range  in  the  first  t(Mi  minutes  of  flight. 

A  large  grid  v;a^  plactul  on  the  chalkboard;  and  the  children,  with 
teacher  as?>i^tance.  made  two  graphs,  using  the  information^  in  the 
lai>le^.  The  point  at  which  Apollo  13  began  it<  '^nU-h  prograi^i"  be- 
came readily  apparent  on  tlu*  one  graph.  On  the  other,  the  childreir 
noted  the  vertical  ri^o  of  Apollo  13  in/»arly  flight  and  the  flattened 
trajectory  a?>  it  moved  at  increa>ing  velocity  into  (*artli  orbit.  Tln'ough 
thi>  activity  words  and  figure^  took  on  new  meaning  for  these  Mxtb- 
grade  children.  Incidentally,  much  computation  wa^  involved  in  eliang- 
l:»g  feet  persero!id  to  nautical  miles  per  hour! 

4.  Ill  another  sixth-grade  classroom,  jiroblcnis  reflated  to  the  ^prillg 
*'panU  up.  clean  up"  activities  in  the  community  were  used  to  cn^ate 
interest  in  matheniatics  and  to  provide  practice  in  problem  solving. 
Many  examples,  of  the  ^l^e  of  ratio  were  found-  in  mixing  liquid 
fertilizers,  determining  the  amount  of  gras<  seer!  needed  for  a  par- 
ticular plot  of  ground,  and  mixing  paint  for  pro^pec^ive  home  repairs. 
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The  gills  in  the  ela>N  fouiul  and  solved  prol)lenKs  UMiig  jam  aijd  jHly 
recijx  s  that  called  for  a  certain  ratio  of  juice  or  pulp  to  su<!;ar. 

5.  At  holiday  time  a  project  related  to  mailing  parcel-post  packages 
i)rovide^  opportunities  far  developing  skill  and  undei>tandinc;  in 
mcaMiring.  Have  packages  of  different  .shapes  for  children  to  meas- 
ure Apply  the  poJ>tal  regulation  that  limits  the  weight  to  70  poand> 
and  rc(|Uire>  that  the  package  not  exceed  100  inches  in  length  and 
girth  combined.  (CJiith  ii-  the  distance  around  the  widest  part  of  the 
package.)  Figure  5.3  gives  one  example. 


6.  Oeometry  i^  implicit  in  many  of  the  out-of-school  activitie.*;  of 
children.  In  one  cla>sroom  a  study  of  right  triangles  wa^  introduced 
in  the  following  way : 

Teacher:  "On  your  way  to  scliool  this  morning,  how  many  cut 
across  a  vacant  lot?'' 

.\hnost  every  pupil  had  cro.^sed  a  lot  somewhere  en  route.  The  others 
recalled  crossing  a  vacant  lot  when  going  to  a  nearby  store,  or  to 
church,  or  to  a  friend's  house. 

Teacher:  ''Why  did  you  cut  across  the  lot?" 

Alino    in  a  chorus  they  answered,  ^'Because  it's  shorter  that  way!" 

Teacher:  "How  do  you  know  it's  shorter?  Could  you  prove  it?" 

The  pui)ils  couldn't  prove  it  exnctly,  but  they  knew  it  must  be 
shorter  because  everybody  went  that  way  whenever  he  could. 

They  were  all  anxious  to  know  how  to  prove  it  nrithin**tically,  so 
the  teacher  asked  several  children  to  go  to  the  chalkboard  and  draw 
a  <liagram  of  themselves  crossing  a  lot.  They  were  directed  to  ''be 
sure  to  name  the  intersecting  streets." 

When  the  drawings  were  finished,  the  i)upils  observed  that  all  the 
figures  had  the  same  shape  even  though  they  were  different  in  size^ — 
they  all  were  triangles.  Other  pupils  went  to  the  board  and  measured 
the  corner  angles  m  these  triangles.  They  discovered  that  all  were 
ninety-degree  angles,  or  right  angles. 


Length 
Girth  4*2'^ 

6(r 


Fi^.  5  3 
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On  the  playground  tlie  cliildren  proved  l)y  actual  niea^urenient 
that  l)y  cutting  aeros.s  tlie  lot  they  did  .^ave  distance,  and  how  much 
they  ^aveu.  iThe  same  type  of  demonstration  can  ho  done  in  a 
gymnasium.)  Then  hack  in  the  classroom,  where  the  original  triangles 
were  still  on  the  board,  the  children  identified  the  base  and  altitude 
of  each.  (In  an  earlier- study  of  triangles  in  general  the  children  had 
become  familiar  with  base  and  altitude)  > 

Teacher:  ''Now  in  the  right  triangle  we  give  a  name  to  the  third 
line  also.  \Vc  call  it  the  hypotenuse.  See  if  you  can  tell  me  three 
facts  that  you  know  about  the  hyjiotenusc  from  what  we  have  said 
and  talked  about  so  far.  These  facts  refer  to  length  and  position." 

All  agreed  that  (1)  it  is  the  longest  of  all  three  lines;  (2)  it  is 
a  shorter  line  than  the  base  and  altitude  added  together;  and  (3)  it 
is  the  side  opposite  the  right  angle. 

7.  Slow  learners  will  develoj)  basic  understandings  in  geometry 
much  more  readily  if  frequent  reference  is  made  to  the  u^e  of  geom- 
etry in  daily  life. 

a)  \  fourth-grade  teaeluT  .skilled  in  the  use  of  the  camera  took  many 
colored  i)lK)tographs  of  buildings,  brid^^es.  streets,  cars.  airj)lan('s. 
plants,  and  animals  (fi.sh,  turtles,  etc.)  and  had  the  children  study 
th(^m  to  find  difTen^nt  shapes.  The  ba.sic  i^iiapes — eircl(^  square, 
rectangle,  triangle,  and  pentagon — wore  identified  again  and  agiOn. 
Illustrations  of  point,  ray,  line  segment,  and  liin*  \\er(*also  easily 
identified  in  the  photographs 

h)  Requiring  youiig  children  to  bring  a  toy  or  object  from  home  to 
illu.strate  a  geometric  shape  b(^ing  studic^l  adds  meaning  to  their 
understanding  of  space  and  shape.  I*(*rniit  th(*  child  to  d(*s(;nb(» 
the  object  he  brings,  naming  th(^  shape  it  n^pvesonts. 

c)  In  learning  to  undcrstond  the  conce])t  of  volume,  slow  learners  will 
profit  from  filling  various  familiar  containers  with  water  or  sand 
and  comj)aring  the  sizes  of  the  coujaincrs  by  finding  which  hold  the 
same  amount  or  which  of  two  containers  will  hold  more.  To  hclj) 
them  find  volume  more  ])rociscly,  it  may  be  best  to  use  cubes  or 
rectangular  prisms  that  hold  an  exact  number  of  cubes  of  equal 
size  (13,  p.  427). 

(/)  Often  a  child  who  has  no  difficulty  in  finding  the  perimeter  or 
the  area  of  a  rectangle  or  a  square*  will  fail  to  se(»  a  rclation.^hip 
betwo(^n  what  he  has  donc^  and  finding  the  amount  of  fencing 
needed  for  a  yard  or  the  amount  of  tile  needed  for  a  hathr(u)in 
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wall.  *\Matdiinj5  artivitics"  similar  to  tli(»  following  may  hv  used 
to  build  under.standinj^  of  suoli  rolatioiwhip^: 

Match  each  item  in  cohimn  I  with  otiicr  item  a  or  item  6  in  colnnni  II. 

.1  11 
What  must  I  find  when  I—  .        I  must  find: 

1.  frame  a  pictuie?  a.  perimeter 

2.  hudd  a  fence?.  ^.  jirea 

3.  tile  a  hathiooni  uall' 

4.  cover  a  floor  with  linoleunr' 
0,  measure  glass  for  a  wmdow? 

0.  put  tape  around-a  table  cloth?  • 

Patterns  ana^  re  kit  ion  ships 

The  slow-learning  pupil  has  acquired  some  understanding  and 
.some  skdl.  Ho  needs  the  kind  of  instruction  that  enables  him  to 
collect  in  a  unified  way  the  things  he  has  learned  and  helps  him 
extend  these  learnings  into  new  situations  by  careful  emphasis  on 
patterns  and  relationships.  Here  are  several  'illustrations: 

1.  When  pupils  are  involved  in  using  two-place  numerals  in 
adduig  and  s'ubtracting,  help  them  se(>  relationships  to  previously 
learned  concepts.  For  example, 

'\  +  :]  =  7 
so  4  tens  and  3  ten<  are  7  tens,  and 

40'  +  30  =  70 

Illustrate  with  manipulative  materials  (bundles  of  tens  and  ones, 
dimes  and  pennies,  tens  blocks,  Dienes  multibase  blocks,  tlic  abacus, 
etc.)  and  record  the  results  with  numerals.  One  teacher  (10,  p.  231) 
found  that  u.^ing  a  ^olor  code  for  place  value  helped  the  ^low  learner 
at  this  point.  If  money  is  used  as  a  visual  aid,  the  cents  column  in 
a(l(!ition  or  subtraction  fs  recorded  with  blue  chalk  or  crayon,  the 
dimes  are  recorded  with  red,  and  so  on.  This  same  color  reference 
is  used  with  the  abacus;  blue  .beads  mark  iniito,  red  beads  mark 
tens,  and  so  on.  Once  plac(>  value  i>  understood,  the  color  code  is 
replaced  and  an  addition  grid  or  table  i>  d(>velope(l  ii>ing  multiples 
of  ten,  a?  in  figure  5.4. 

2.  In  (h'velopiiig  number  patterns  with  young  children  it  is  helpful 
to  proceed  a.s  follows: 

a)        larg(^  wooden  beads  (as  in  fig.  ri/y)  or  kindergarten  blocks 
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Fig  94 

jirranj^cd  in  a  pattern  dcpcnch^nt  on  color.  Sliow  tho  pattern 
onco,  repeat  it  in  part,  and  have  the  childn^i  tell  what  should 
be  added  next 


Fi^  5  5 


/))  Repeat  the  activity,  this  time  varvinj^  the  pattern  in  tenns  of 
.shape  (iijf.  o.O) 


Fi^  5  6 

c)  Follow  this  with  a  pattern  involving  both  shape  and  color 
dip.  0  7) 

W^O-^  —  -'  

Fjp  5  7 

(/)  Usinf^  rhythm  sticks,  tap  out  a  patt(^rn;  ask  the  children  to 
list<'n  carefully  and  rejx^at  the  ^)attern  by  tappinji;  on  their 
desks.  Permit  the  children  to  make  up  their  own  patterns  to 
us(»  with  their  classmates. 
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e)  .Uk  the  children  to  listen  to  a  pattiTn  tapped  on  a  small  drum 
and  to  recuid  the  paltem  by  using,  first.  niark<>rs,  then  tallies, 
and  finally  numeraN.  Kor  example. 

tap,    tap        [paiM        tap,    tap,  tap 

□□  □  □□□ 

/  /  and  '      /  /  / 

2  .       '  -3 
/)  Build  patterns  using  numerals.  Begin  with  a  number  chart, 
erasing  orTemoving  numerals  in  a  pattern.  Inquire  what  numeral 
should  be  remov(Hl  next. 

1,  ^,  3,      0,      7,  ^,  9,  10,  11,  etc. 

2,  4,       G,      8,  _,  10,  11,  12,  etc. 
10,      8,       6,  0,  4,  3,  2,  1 

(J)  .Start  a  number  patteni  on  the  chalkboard;  ab*k  the  children 
to  write  the  next  three  1or  five)  numeral  ni  the  pattern.  These 
may  be  built  to  develop  increasingly  complex  relationships. 

-^5,8,  11  ,__ 

2,  4,  8,  16  , 

3,  4,  6,  9,  13,  _ 

3.  When  children  are  developing  skill  in  basic  multiplication  facts,  the 
followiug  types  of  charts  and  diagrams  can  be  used  to  build  understand- 
ing of  the  commutative  property,  of  the  relationships  between  multi- 
plication and  division,  and  of  patterns  that  exist  in  different  multi- 
plication tables. 

a)  Use  arrays  to  visualize  the  commutative  property.  These  may 
be  pictured  easily  on  graph  paper.  (See  fig.  o  8  ) 


J  3  rows 

9  4  columns 

}  3  by  4  array 

4rows 

3  columns 

4  by  3  array 

Fig  5  8 
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b)  Use  numbor  linos  to  visualizo  rolationships  ai\d  pattorn^ 


0123456789  10 


12  13 


3  steps  4  units  long  =  12  units 

4  steps  3  units  long  =  12  units 


0 


9  12 

»  .  ■  t  . 


15 


18 

■  1  ■ 


21     24    27  30 


7  '8 


10 


Tiiis  product  line  can  be  read  "2  throes  are  6;  3.  threes  are  9/'  and  so 
forth,  or  "In  12  there  are  4  threes;  in  15  there  are.  5  threes." 
c)  Multiplication  tables  may  bo  built  first  on^an  array  pattern. 


*    0   0   0  0< 
0   0   0  0 
0   0   0  0 
0   0   0  0 
This  arrav  is  road: 


12 


16 


1  four  =  4 

2  fours  =  8 

3  fours  =  12 

4  fours  =  16 


1  X  4 
2X4' 
3X4 
4X4 


(/)  The  familiar  multiplication  tablo  can  bo  studied  for  patterns, 
too.  In  the  table  hero  shown,  for  example,  notice  that  all  products 


4X1=  4 
4X2=  8 
4  X  3  =  12 
4  X  4  =  16 
4X5=  20 


4X 
4  X 
4  X 
4  X 
4  X 


6  =  24 

7  =  28 

8  =  32 

9  =  36 
10  -  40 


are  oven  numb(»rs.  Notice*  also  that  the  ones  digits  form  a 
repeating  pattern  of  4,  8,  2,  6,  0;  4,  8,  2.  6,  0.  Comparing  this 
tablo  with  that  where  8  is  a  factor  reveals  similanties. 


8  X  1 

=  8 

8  X 

6 

=  48 

8  X  2 

=  16 

8  X 

7 

=  56 

8X3 

=  24 

8  X 

8 

=  64 

8X4 

=  32 

8  X 

9 

=  72 

8X5 

=  40 

8  X 

10 

=  80 
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4.  Practice  sliould  bo  more  tlian  a  drill  Activities  given  for  prac- 
tice, which  may  be  developed  firtt  as  Muall-group  or  cia^>  activities 
and  iater  u<e(l  for  nubN'idual  study,  should  stress  the  seeing  of  pat- 
tern^, the  verbalizing  of  relation>hij)s.  the  search  for  cUi(is  that' will 
help  children  u^e  known  learnings  to  solve  new  problem^: 


()  X  30  = 

ISO,  ' 

so 

12  X  30 

7  X  00  = 

680, 

so 

14  X  90 

20  X  = 

100, 

so 

20  X  10 

32  ^   4  = 

s. 

>o 

'  04  ^  4 

and 

G4  ^  8 

80  ^   8  = 

10, 

so 

IGO  ^  8 

and 

1(30  ~  10 

5.  At  upper-grade  levels,  vi>ual  materials  and  diagrr  is  prove 
useful  in  e>^ten(bng  measurement  to  (bvision  of  rational  numbers. 
Here  aie  two  teaching  strategies: 

a)  Start  with  a  verbal  probhMn*  ''Tnm  ha<  12  inches  of  paper  tap(» 
He  wants  to  make  as  many  ^2-incli  labels  as  he  can  for  lii<  roek 
collection.  How  many  labels  can  he  make?" 

J  •  I^"  -       -  □ 

Provide  each  child  with  12  inches  of  adding-macliiiie  tap(»  and  a 
rul(»r  Mark  th(»  tape  in  inches  and  half  inches.  Summarize- 
In.  1  inch  ther(»ar(»2  half  inches 
In  2  inches  then*  are  4  half  inches 
In  3  inches  there  are  (>  half  incli(»s 

So  in  12  inches  th<»r(»  are  2  X  12,  or  21,  half  incli(»s.  Tom  can 
make  21  lalx^ls 

b)  llav(»  tile  student^  us(»  graph  papcT  mark(»d  in  l-ineh  ar(»as  to 
solve  this  ecpiation- 

A^k  them  to  m(»a,sun»  lo)^  units  on  a  grid  like  the  one  shown 
in  re(lur(»d  she  in  figure  5.9.  Select  1  }i  inches  as  the  unit  of 
measure.  Say,  ''C'ount  to  find  the  nuinb(T  of  1  ^  inches  in  the 
grid.'' 
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Next  have  them  count  the  half  inches  in  15)^  inches.  Say, 
"How  many  pieces  1  )■>  inches  in  size  can  be  measured  on  31 
half  inches?"  By  folding  the  1  ^o-iiit^h  measnre,  help,  the  children 
see  that  the  \i  inch  over  is     of  1  )i  So 


31 


Repeat  this  procedure  many  times,  using  other  examples 
solved  with  graph  paper  and/or  number  lines  to  build  under- 
standing of  measnrhig  with  like  units  as  background  for  divi.sion 
with  a  fraction  divi.sor. 

Instructional  activi.tics  that  build  step  by  step  arc  important  in 
teaching  slow  learners.  A  central  idea  or  concept  needs  to  be  analyzed 
carefully  and  developed  in  ?ucli  a  way  that  the  pupil  is  led  from 
one  level  of  learning  to  the  next.  Drill  will  be  a  necessary  part  of 
these  activities,  but  it  should  be  delayed  until  the  pupil  ha.s  some  in- 
sight into  the  processes  on  which  he  must  drill.  A  slow  learner  is 
'elped  by  mere  repel  it  ioiK  An  enlarged  vieu\  care  f  idly  developed  ^ 
is  better  for  him  than  endless  review  and  repetition.  The  opening 
of  a  larger  view  is  illustrated  in  the  preceding  paragraphs  that  de- 
scribe a  variety  of  visual  and  symbolic  approaches  to  building  under- 
standing 0^  the  multiplication  of  whole  numbers'.  It  does  a  slow 
learner  little  good  to  be  bupplied  with  one  explanation  or  one  way  of 
solving  a  problem.  He  needs  to  experience  the  understanding  by 
development  through  as  many  scn.'^ory  modalities  as  arc  useful 
(seeing,  hearing,  touchuig,  writing)  and  with  a  variety  of  applica- 
tions to  his  own  experiences  The  steps  in  learning  need  to  i)c  so 
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carefully  .scaled  that  his  progress  toward  ina.^-tery  i>  like  walkin<^ 
a  ramp  rather  than  elinihiiig  a  stair! 

Instruction  in  rcadincj  mathematics 

Direct  instriietion  in  voealnilary,  reading,  and  the  use  of  verbal 
and  symbolic  eues  in  problem  solving  is  basic  to  teaehing  slow  learners 
in  mathematics. 

.  Learnnig  the  language  of  mathematics,  like  learning  any  language, 
develops  as  a  result  of  interaction  of  the  learner  with  his  environ- 
ment Many  slow  learner?  are  retarded  in  educational  development 
because  contact  with  their  social  and  physical  piiviromiieiit  wa< 
limited  in  their  preschool  years.  A  deficiency  in  verbal  develoi)ment 
in  these  early  years  has.  an  advei*sc  effect  on  the  inipil's  later  ability 
to  abstract  ideas,  to  use  syiiibolic  cues,  and  to  solve  Verbal  problems. 

Reading  in  iiiathcmaticji  requires  (I)  careful  attention  to  detail. 
(2)  a  questioning,  critical,  reflective  frame  of  mind,  and  (3) 'a  fa- 
miliarity with  mathematical  language*  and  syiiibolism  as  well  as 
faniiliapity  with  the  *'usual,"  more  general,  vocabulary  aii<l  symbol- 
ism. In  the  study  of  mathema'tics.  children  must  read  and  interpret 
words  that  carry  not  only  a  usually  understood  iiieaiiiiig  but  also 
a  special  meaning.  Words  such 'as  set,  j)Oim\  point,  product,  root, 
rational,  irrational,  require  special  interpretation,  since  many  pupils 
already  have  iionniatheniatical  referents  fc?r  them. 

Similarly,  the  precise  symbolism  and  teniiinolof^y  in  todayjs 
curricula  must  be  carefully  taught  to  inakc  certain  that  children 
can  not  only  "read,"  or  recognize,  them  but  also  understand  them. 
Examples  are  congruent,  rectangle^  plane,  region,  array,  set  of  points^ 
rotation.  Even  a  cursory  examination  of  a  child's  textbook  impresses 
the  reader  with  extensive  use  of  niathcmatical  shorthand.  For  ex- 
ample, such  symbols  as       =,       <,  >,  ±,  U,  O,  ^.  a7^, 

CD,  and  K'DE  are  in  common  use  in  elementary  textbooks,  as 
is  such  punctuation  as 

".1-  11,3,5,7,  ...|, 
B  -  !1,3,5,7!, 
(4  +  0)  +  3  =  4  +  (6+3), 

and 

346..,ht  ==  (3  X  (8  X  S)  +  (4  X  <S)  +  6] 
These  words,  .^igns,  and  symbols  seldom  appear  in  isolation:  tlicy 
arc  usually  integral  parts  of  grammatically  correct  inathcmatical 
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h'»  r  •  i  ^  i'oiii  ihj>t>i\:ry  j>n>*;rani^  coinpound ,  rcajiin^  problonis  for 
Lj'^lr*  I  ulio  lij'xt  rhIiM'iilty  with  han<llin<i  al)>traot  Woa^  and  with 
t  :.iiMi  pt  I  ('()ii^c(jiK  nt|\ .  -y>l(  niatic  instruction-  in  reading 
.s  tti,.  ijhir  K  -  inu^t  l)c  a  part  of'an^   proj^rani  of  study  for  slow 

lA'i.t  iiul  Dun^'an  (17)  rcc()!nn)cn(l  that  all  (oaohers  consider  tl\e 
:*>  :^'i>hm'  of  nj« orporat nj<:  dircel  ^nuly  of  quantitative  vocabulary  as 
it.  };5jp'»i»  iii?  :s-{)ttt  oi  ihi'  clas^  j)erio<l  m  aritlunotic.  Their  study 
"Ar!i  .»iid.-iindt  ^'hiMn-n  ^howecl  that  {Inect  >tudy  of  quantitative 
'fM  'Jmhiy  («>iitnlnn<*d  -iiriuficantb   to  ^^rowth  in  problem  solving. 

Ifj  di -I  nbiim  a  Mianu.  ri()ri{la.  [)r6jeet  on  teaching  culturally 
di-,'.d\  jiif  iiTtti  (hiidn  n.  Pa-cbal  advocates  an  audiolinguai  method. 
l        -av-  F;i-t"hal.  "i-  .la^ically  a  method  of  >ustained  practice  in 
of  thi  laiijiuair^-  in  the  relationship  of  teacher-speaker,  stu-^ 
:r(.t^h.  jtm    <fMd' iii-^pt  ak-  r  situation-"  (21.  j)   370if.  The  teachec 
Hi  'ill-  prnjn  r  aluay-  u^d  the  correct  term  m  presenting  the  idea 
i  n'  did  lint  in-i-T  that  tin'  child  u-e  the  correct  term  at  the  initial 
-  i! :       ':'\t\  <uuH  a<M\uit*-  U'-vil  by  thi^  t(*acher  follow: 

1  T\^*  M.uhti  di-playerj  modeN  of  circles,  mangles,  rectangles, 
itA  -M'iaii-  and  a-k<"d  the  children  to  identify  them.  If  necessary, 
*L\  N  t<  lit  I  -.ipfiihd  Mic  name  of  each  >hape  and  the  children  touched 

j'a"it'i-  ran  ir  fiui:*'!-  around  them,  and  found  other  objects 
/.  '  b*   roMnj  -hap<  d  hkr  them 

2  riit  ^  Mildnn  placed  Omv  hand-  l)ehiiul  them,  and  the  teacher 
c  I.'  •  d  ih  ol>|.  ct  Hr  tlu'  hanci-  of  each,  who  lold  w\v\\  shape  he  had  by 
i» »  iud  Ua   obji  ( t  eareiully 

\   |)}!Tr!t!i'  iZMJinrtrie  diapcs  were  [)laced  around  the  room  before 
i  isil.irrh  arrnrd   When  Uhey  had  gali.cied,  the  teacher  held  up 
11.  oh.  It  -hap<d  like  a  triangle  and  had  the  children  identify  it. 
1 ' » h  f!.t  v  w.  \  i'  a-ked  U)  look  around  the  room  and  find  other  objects 
i)k'  Ma  MianLd'^  Thi-  g-wne  continued  with  other  geometric 

\.  -fimv  -uj-i   uuHlalitn--       po--il)le  should  be  used  in  helping 
a.\«.  j.  i!iaiv  form  (juantitative  concepts,  Cuisenaire  rods,  magiietic 
di-k-  iM?  a.nd  atnil)u^  blocks  are  excellent  at  this  level.  As 

td>a*^-  at*  mampula'.d  the  pupil  tclN  what  he  sees,  wdiat  relation- 
^hp-  la  obM-nc-  and  (br-  teacher  sU[)f)lies  more  precise  terminology 
w*»r»  It  iH-t«ii'd  T!ic  pace  of  instruction  in  building  vocabulary 
u'\  iJsaJla-ma.tical  rraduu'-^  will  of  necessity  be  slow.  Stable  under- 
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standings  will  not  (lcvclo|)  if  instruction  ii^  niJ^hod  and  symbolic 
representation  introduced  too  soon. 

At  upper  grade  levels  when  children  have  gained  ^omo  facility 
in  reading,  such  activities  as  the  following  can  be  used  in  building 
vocabulary: 

1.  Words  can  be  matched  with  definitions,  objects,  or  pictures. 

2.  Geometric  figures,  pait-s  of  drawings,  and  steps  in  computation 
can  be  labeled. 

3.  The  meaning  of  a  phrase,  a  concept,  or  a  word  can  be  demon- 
strated by  using  concrete  materials  or  diagrams.  For  example, 
the  meaning  of  average  caii  be  demonstrated  by  the  use  of 
books,  coins,  or  blocks.  A  mirror  may  be  u.^ed  to  demonstrate 
symmetry,  and  congruence  ean  be  .shown  by  placing  one  goo- 
metric  shape  upon  another. 

4.  A  picture  dictionary  of  mathematical  terms  and  meanings  can 
be  constructed,  as  a  project  for  an  individual  pupil  or  for  a 
small  group, 

5.  Bulletin-board  displays  can  be  designed  in  which  terms  or 
definitions  are  connected  by  yarn  to  an  appropriate  diagram, 
picture,  object),  or  example.  This  same  approach  can  be  de- 
veloped on  anj  electric  board  and  used  for  individual  practice. 

When  reading  froui  a  K:rHiematics  textbook  slow  learners  should 
be  given  the  same  kind  of  direct  vocabulary  instruction  as  is  coni- 
n^only  u-'^d  m  reading  classes.  New  or  difficult  words  or  phrases 
should  be  i^l'^ntified  and  placed  on  the  chalkboard  or  on  charts  for 
discussion  and  recognition.  Guided  silent  and  oral  reading  should 
j)recede  individual  solution  of  verbal  problems.  Problems  should 
1.0  T-eail  silently,  discussed  orally  by  the  group,  and  solved  individ- 
ually by  each  child. 

Children  who  have  difficulty  in  reading  and  solving  verbal  prob- 
lems need  to  develop  a  way  of  reading  mathematics: 

1.  A.  first  reading  to  get  an  overall  picture 

2.  A  more  careful,  slower  reading  for  uetails 

3.  Scanning  to  locate  specific  data 

4.  Occasional  reading  between  the  lines  to  note  implied  data 
necessary  for  solution 

5.  Thinking  about  relationships  in  the  problem  before  attcnij)ting 
solution 
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4  X  6  =  24 
24      4  =  6 
:^  X  8  =  24 
6  X  4  =  24 
24      6  =  4 


4  4-  7  =  n 
11-4  =  7 
11-7=4 
11  =  5+6 
11=7  +  4 


MvKi.Nc  Chan(;k 

How  many  (iifTeront  way.-  can  \o\\  make  chan^jo  for  lie  winch  BjI!  nnd 
Joe  ean  share'' 


Bin 

Joe 

r.SINC  THK  IIl-NDHi;!)  Cii  \ni' 

Make  a  ehart  like  the  onesliown  in  fijioreo  12. 
Draw  a  ring  around  muitipies  of  2. 
Put  a  i?Iar:h  mark  on  the  multiples  of  .1 
Draw  a  trKin<];Ie  around  multiples  of  5 

1  0  X  ®A(i)  7   (8)  0 

"  '3  (3)  ^([6)  17  19 

^  @  23  @)  A  @)  @)  29 

31  <^^%/^(^^7^^^^ 

41  42   43  44   45   46  47  48  49  50 

51  52    53  54   55   56  57   58   59  60 

61  62   63  64   65  66  67  68   69  70 

71  72   73  74   75   76  77  78   79  80 

8!  82  83  84   85  86  87  88  89  90 

91    92  93  94   95  96   97  98   99  100 
I'm.  5  12  ' 

\Vaijj»ai»kii  Aiuth  mktic 

[Provide  eaeh  child  with  a  >vt  of  direr! ion^  and  severa!^^<ileet^  of  j?raph 
paper  J 


> 
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Hero  i<  a  pattern  (fi^.  0.13).  Wliat  \voul<l  a  "2"  pattern  look  like? 
What  would  a  "9"  pattern  look  likc'^  Would  a  "o"  pattern  be  attractive? 


1  

'  ! 

^  r 

2  1 

3 

4 

T 

i 

1 

i  6 

i 

7 

8 

 ] 

10  ' 

1  1 

!  12  i 

;   i 

13 

14 

; 

1 

17 

IB 

19 

20 

!  21 

! 

1  22 

23 

24 

125 

26 

27 

28 

29 

30  i 

31 

!  32  ' 

-t 

i  41 

E 

61 

'  71 

I  

I 

81 

91 
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MuciuNc  \*EHHAL  Phoplems  with  Equations 

I  Prepare  set^  of  V(Tl)al  problems  and  equation*^  Children  read  the  proi)lonis 
and  >elect  the  appropriatcM'quation  for  each  problem  J 
Bill  and  Tom  have  12  marbles. 
Jane  needs  2  more  pennies  lo  buy  a  10<J  candy  bar 
At  6(i  each,  bow  many  candy  bars  can  Tom  get  for  3(V? 
If  one  can  of  .^oup  tcrv^'s  3  children,  how  man  '  can>  are  needed  lor  12  ch'il- 
dren? 


2  +  N 

6  X  iV 

A  +  □ 

X  3 


lOp 
30^^ 
12 
12 


150 
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Be  careful.  Thr.^r  problems  Ijave  injini)er-  tliat  arc  not  nredrd  Intimate 
each  aii-wer  Tiirn  find       exact  au-uer.  C'iieck  i)\  coniparnijr 

L  iiad  Sl.oO  lie  wanted  to        mx  s-ounce  packimcs  of  cookie-  ar 

•JIV  a  package  Did  he  liave  enough  money'* 

2  Jim  say-^  tliat  five  IS-incii  touei  r,iek-  at  $1.39  each  -hould  co-t  aliout 
S.')  -f  .^^2,  or  ?7  Is  he  njrht    What  i>  tiie  exact  co-t 

3  Jack  boufrht  fn  c  pack-  of  notebook  paper  for  47(^.  There  wen*  oO  >iH'et> 
of  paper  in  eacii  i)aek  lie  e-tnnated  the  co-t  of  one  pack  to  he  ^>  of 
oO(*.  or  _    .    Wa-  lii-  e.-timate  a  sooti  one'' 

4.  Find  the  co>t  of  a  frame  at  40^f,  a  lOO-piece  jigsaw  puzzle  at  'Is^,  and 
a  pencil  at  Oc*. 

5  Jane  can  act  27-ineii-\M(le  £:ni<:ham  toi  40o  a  \ard  and  3r)-inc'>-\\ide 
<:in<:hain  for  5i>c*  a  yard.  She  need-  '^o  vard  of  iiinffiiam  Slic  a 
quarter.  Whieli  kind  of  snmham  -hould  >h(*  bu\"'' 

Piuf'ncKFOK  I"!^TiM\nNf;  (JroiiKxr^ 
Which  .statement  -  are  true''  Wlncli  are  fal-e'' 

3  X  0  <  19         3  X  00  <  190       0  X  90  <  o20 
30  X  0  <  190       0  X  0  <  52  0  X  900  <  5.200 

Make  the>e  -entence>  true. 

22  =  (□  X  4)  +  2  220  =  (□  X  40)  +  20 
43  =  (□  X  0)  +  I         430  =  (□  X  00)  +  10 

19  =  (□  X  3)  +  A       190  =  (□  X  0)   +  A 
52  =  (□  X  0)  +  A       520  =  (□  X  00)  +  A 
Find  the  quotients  Wliat  i-  I  lie  remainder  in  eadi  example'* 

3  fH)  30  jToO  00  IHK)  , 

0  152  00  [520  900  [5.200 

7  !20  7  1577)  70  R^IO 

9  jsT  90  f035  SO  (254 

Written  matcrmk 

A  variety  of  written  materials  iiercs.'-ary  in  any  classroom  wheiv 
in>tnirtion  is  adju>te(l  to  the  needs  and  abilities  of  Ibc  learner.  Not 
only  is  a  ^uitabh'  textbook  or  te.xtbook  .series  necessary,  hut  many 
(lifTorent  textbooks  should  l)0  available  in  sets  of  six  or  ei^ht.  These 
tx'xtbool'^  may  ho  individualized  hy  removing  the  binding  ;ir.d  mount- 
ing the  separate  practice  units  in  file  folders.  Practice  activi(i(»s  on 
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problem  i?olving,  basic  division  fact.<,  addition  of  fractions,-. and  so 
forth,  may  be  grouped  according  to  learning  difliculty  and  stapled" 
nito  folders.  Tlie'^children  work  through  the  material  in  each  fohler, 
writing  ans\ver>  o^  separate  answer  sheeti^.-  Self-scoring  devices  may 
be  inchn'ed  in  the  folder  for  ready  use  by  the  student.  Old  textbooks, 
or  new  textbooks  other  than  the  basic  t^'xt,  can  be  cannibalized  and 
used  in  this  way  to  provide  needed  extra  practice. 

Programmed  textbooks  and  workbooks  are  available  from  many 
publishing  houses.  A  variety  of  these  should  be  available  for  in- 
dividual use  in  each  classroom.  They  should  be  purchased  in  small 
sets  and  handled  in  such  a  way  that'  they,  too,  are  reusable.  Most 
publishers  have  such  materials  coordinated  with  their  textbook  series. 

A  wealth  of  good  material  is  available  from  government  agencies. 
For  example,  the  U.S.  Office  of  Education  has  "Space  Oriented  Mathe- 
matics for  Early  Grades, which  is  a  set  of  workbook  materials  by 
Edwina  Deans;  a  circular  by  Patricia  Spross  entitled  Elementary 
Arithmetic  and  Learning  Aids^  and  a  bulletin,  edited  by  Lauren 
Woodby,  entitled  The  Low  Achiever  in  Mathem-atlps.  Materials  of  the 
workbook  type  can  be  obtained  al^o  from  the  Treasury  Department 
and  the  Forest  Service  of  tb  t  epartment  of  Agriculture.  These  are 
well  done  and  are  interesting  to  older  students. 

There  are  a  growing  number  of  supplementary  books  in  mathe- 
matics written  for  elementary  school  children.  Some  of  these  are 
factual  in  character;  others  would  be  ela5;sed  as  fiction  but  are  sound 
mathematically  and  carry  high  interest  for  elementary  school  chil- 
dren. Certainly 'a  portion  of  the  schoors  allotment  for  the  library 
should  be  .'^pent  for  such  publications.  Recent  i.^.sues  of  the  Arithmetic 
Teacher  carry  review.^  as  well  as  listings  of  these  l)Ooks  as  they 
become  available. 

} fan ipu lative  mater ia Is 

Slow  learners  in  mathematics  should  make  frequent  use  of  manipu- 
lative and  visual  materials.  Many  of  these  may  be  made  by  the 
teacher  and  the  children;  others  can  be  collected  and  adapted  to 
cla>^room  u.^e:  >i\\\  others  may  be  purchased  from  school  supply 
hou.<es  and  textbook  publishing  houses. 

ChildrenV  toy>  can  Im^  goo<l  jnatheniatics  materials  in  many  in- 
.stances!  The.M*  should  be  u.sed  as  teaching  materials  at  ail  htop.s  in 
learning — to  aid  di>eovery.  to  provide  practice,  to  te4  understanding. 
They  should  be  u.sed  by  the  children  and  by  the  teacher  for  dem- 
onstration. Variou.s  construction  toy.>  >uch  as  Tinkertoys,  building 
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block-s,  link  blocks,  D-sticks,  ami  parquetry  tiles  arc  useful  in  teach- 
ing geometry.  Dominoes  and  various  card  ganie^  not  only  capture 
interest  but  provide  practice  in  counting  and  computation.  A  trip 
through  the  toy  department  of  any  large  department  store  will 
reveal,  to  the  perceptive  teacher,  many  toys  and  games  that  can 
serve  the  cause  of  mathematics!  The  writer  discovered  that  the  card- 
board coin  holders  used  by  coin  collectors  can  be  used  as  arrays  in 
n/,;itiplication  and  to  develop  concept.*-  of  percent.  For  the  teacher 
who  needs  templates,  they  are  excellent  for  tracing  circles  of  variou.s 
sizes! 

It  is  impossible  to  list  or  describe  the  hundreds  of  visuals  available 
for  teachers.  The  Arithmetic  Teacher  often  includes  descriptions  of 
teacher-made  instructional  devices.  Books  dealing  with  the  teaching 
of  elementary  school  mathematics  are  veritable  gold  mines  of  ideas 
for  teachers  seeking  suggestions  for  making  and  using  manipulative 
materials. 

Slow-leaniing  children  need  to  resort  constantly  to  objective  ma- 
terials, pictures,  diagrams,  and  dramatization  to  help  them  '"sec" 
relationships.  The  written  record  and  verbalization  should  accompany 
the  visualization  to  make  sure  that  the  bridge  is  built  between  the 
operation  and  the  algorithm. 

Wi'thiU'CUiss  groupimj 

Intraclass,  or  within-class,  grouping  of  students  is  one  of  the  more 
successful  ways  of  adjusting  instruction  to  the  needs  of  the  slow 
learner.  This  type  of  grouping  should  be  flexible  and  temporary, 
with  the  size  and  the  number  of  groups  varying  with  the  intent  of 
the.lcijson. 

For  example,  in  a  class  working  on  division  with  a  oiic-digic 
divisor,  one  group  of  children  might  be  solving  ''248  8"  by  using 
bundles  of  tens  and  ones.  Their  approach  might  be  to  expand  248 
into  24  tens  and  8  ones  and  to  divide  the  24  ten.s  into  8  groups  of 
equal  size  (or  to  separate  the  24  t^ns  into  8  groups  of  3  tens  each) 
and  then  to  divide  (or  separate)  the  8  ones.  The  written  record  could 
read : 

24  teiis  8  =  3  tens  or  30 
8  ones  8  =  1  one  or  1 
248  -r  8  =  30  +  1       =  In 

A  second  group  couUl  be;  solving  ''248  ~  8"  by  subtracting,  using 
the  "ladder"  algorism: 
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|248 
80 
168 
160 
8 
8 


10  X  S  =  80 
20  X  8  =  160 
1X8  =  8 


31 

A  more  advanced  group  of  children  could  be  using  a  .standard 
algorism,  first  estimating  the  answer. 

.1 

30       Estimate:  About  30,  since  8  X  30  =  240 


8  1248  ' 
240 
8 
8' 

Workmg  witlnn  this  general  framework  of  grouping  according  to 
levels  of  thinking,  the  teacher  provides  opportunities  for  the  slow 
learner  to  make  his  discoveries  under  guidance,  to  share  and  discuss 
his  fmdmgs  with  other  children,  to  move  slowly  by  well-graduated 
steps  from  objective  materials  to  pictorial  representation,  and  finally 
to  move  to  the  written  record  using  numerals. 

Groui)ing  by  maturity  levels  develops  very  naturally  from  a  type 
of  teaching  that  eneourages  discovery.- In  fr.ct,  the  class  j^haring  and 
discussion  involved  in  group  discovery  may  be  one  of  the  best  ways 
to  meet  individual  differences. 

Grouping  nee<l  not  always  be  used  for  discovery  lessons;  it  can 
'  be  used  effectively  to  arrange  practice  activities  for  small  groups 
of  children  with  similar  needs. 

1.  Pupil  teams  can  be  formed  for  practice  on  basic  facts  and  for 
remedial  help  on  any  of  the  operations  with  wiiole  numbers  and 
fractions.  Usually  one  member  of  the  team  should  be  competent  and 
able  in  the  content  being  practiced.  Assignment  cards  can  be  prepared 
in  advance  for  each  team  and  appropriate  coneret^^  aids  set  aside 
for  use  by  those  ehildren  who  need  to  check  their  solution.s  with 
objective  materials. 

Occasionally  a  pupil  team  may  be  constituted  of  two  children  who 
both  need  help.  Recently  a  sixth-grade  teacher  who  was  unable  to 
motivate  an  undorachiever  to  master  basic  multiplication  facts  as- 
signed nim  the  responsibihty  of  helping  a  fourth-grade  child  who 


!()() 


needed  Mindar  help.  A>  tl)e  older  hoy  a--i-ted  tlie  youiij^cr  one,  lie 
found  it  nece<>aiy  to  a»unie  a  teaelier'-  role,  to  prepare  his  ina- 
torial^  in  advanee  (Nich  day.  and  when  chalien^ed  hy  hi<  youn<i 
^^tudent,  to  learn  (he  l)a-ic  facts  *hini>elf!  At  (he  end  of  one  week 
(lie  sixth-grade  hoy  had  nia.-tered  the  fac(>  he  had  not  known, 
heconic  niterestcd  in  his  j)articipa(ion.  and  developed  more,  self- 
esteem. 

2.  A  li>teniiig  post  cquijiped  with  a  tape  recorder  and  >everal  set^- 
of  earphone;?  iiiake.s  it  ca>y  to  a(hnini>ter  >pecial  practice  activitio. 
Before  class  time  the  teacher  reads  practice  activities  or  direction> 
for  individual  work  onto  the -audio  tajic.  Durini;  cla^s  time,  while 
the  teacher  works  with  part  of  the  cla-<.  the  chiUlren  who  need  extra 
practice  gather  around  the  tape  recorder,  put  on  the  head^et^.  and 
carry  out  the  previously  recorded  ac^lvitie^. 

Tapes  may  he  developed  with  a  pau>e,  or  ".-ilent  >pot;'  to  allow 
time  for  the  pupil  to  produce  the  correct  re^pon^e.  Sound  e^fect^ 
>uch  as  tlio>e  from  rhythm-hand  in-tiumcMits  might  he  mrorporat^nl 
to  help  children  perceive  the  meaning-.  (Bec^p.  hrep,  beep,  pau-e. 
beep,  beep:  3  -f  2  =  5.)  The  children  may  reproduce  t-lic  pattern 
with  counters,  with  jiiotures,  or  with  the  appropriate  algorithm. 

Tapes  may  he  jnciexed,  stored,  and  used  for  group  testing  and 
practice'  in  the  same  manner  However,  many  teachers  prefer  to  create 
practice  materials  appropriate  to  the  immediate  needs  of  their  >tu- 
dent-. 

Help  for  tcachcr.'i 

Teachers  need  help  thems'dves  if  they  are  to  succeed  in  teaching 
slow  learners.  The  strategic^  described  above  call  for  careful,  time- 
consuming  preparation.  As  a  final  >tratcgy,  therefore,  a(lininiMrator> 
should  provide  clerical  a^si^tance  for  preparmg  niatenals  and  record- 
ing te>t  data.  They  Nhould  al>o,  perhaps,  provide  tcaclicr  aides  and 
remedial  ' tutorial  help  for  disadvantaged  children. 

Summary 

If  math(>matics  instruction  at  the  elementary  school  level  is  to 
succe>>ful,  then  t(\acheiv  mu>t  take  cognizaiice  of  the  vanalions 
in  the  grouj)-  taught  and  as-ign  expectation.-  to  individual  pu])ils 
in-tead  of  groups  of  pupils,  ]{ea(lin(*^^  fo-  learning  mu-t  i)e  de- 
termined, learning  (l\ITicul(ies  (hagno>e(l,  and  the  cla»rooni  organiza- 
tion and  environment  made  conducive  to  learning.  Instructional 
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mat(M'ial>  coinmciburato  with  tl)(^  ncnls  of  tlii'  cliildren  >lioul(l  bo 
jirovuled  and  toachin*^  >trato?ir-  (Mn])loycd  lliat  will  lu'lp  oacli  pupil 
porfonn  learning;  ta>k.s  in  which  he  can  bo  ^ucce^sIul. 

There  is  no  snij^le.  ca>y  >olution  ni  the  education  of  the  .slow 
learner.  IIi>  i)robleni  is  complex  Teaching  must  take  this  into  ac- 
count. 
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Teacltin^  Styles 
(Secondary  School ^ 

KI.IZAlil.tll  A  COLLI 

t 

\  .     •  ■ 

^tou  !ta\t-  ^j>(•{*Ull  railing  for  appropriate  style?  of 

a  athiiij:  Althon^ii  mu*Ii  -tudent^  \n\y  be  (l(ifinc<l  in  terms  of  a 
«ii  hijiM  rarm«'  of  pa-t  ^e()!e>  te>l<  of  aeadei/ic  aclr.evement  and 
j  tifiuMal  \\\v  teaflnnu  -tylc-  to  wlueh  they  re>i)ond  defy  hounding. 
>:ou  |.  arin  r-  or,  nion  /de-eriptively.  -tM<ient>  who  have  learned 
r.'P^M'ii!  t|i«.  raimv  of  p-yehological  eon.-tructs.  It  is 

,}k*i\  houi  v<  r  tliat  anv  ^roup  -f  the^e  young  people  will  include 
n,.ij.v      I,*-,  d  of  uuc^tioual  support  or  r^vcn  ejnoijonal  rf^.-tructi'.ririg. 

'n.nhi  r^  havr  -pinai  need-  aKo  wlie.i  faeed  with  slow  learners  in 
Mr;»5,i!'>.rv      ..^,|^^  too  often  they  have  iiad  k\->  training  in  the 

lua^Mf  'han  a*  her-  a^-mned  to  advanced  classes,  vet  they 
'ii'jw:  M'jfK  ctnt.ji*  to  -t5id<'n(-  who  have  experienced  failure  with  'his 
•  Mu^  lont.Jif  lor  ar  h  i-^J  a-  man..  year>  a-  they  have  been  enrolled 
i!  ^Ui  ^m^iAAVS  h'V^'l  \u  til!-  MUKUion  It  1-  important  that  the  teacher* 
I'lMp?  ^,  -  hniti-tyh^  (onipanhh  uith  hl^  per-onalKy.  imj^lenu  nt  e!a^^- 
r'K»»ii  fi,  UMtt*  Ui»  h»  -v-t<m-  that  ire  op<  rahle  with  a  niini.nuin  amoiint 
ol  iHMMc,!!  AXiA  nth  T  lofiite  vr  prodnre  a  \anety  of  msiructional 
Mij?*ri.iJ-  Hm*  if  fra^h  availafiie  aii<i  covrr  a  wu!e  range  o^*  .-tudent 
^t^u  x*     and  !•  \  I-  of  «5)l]><  iii*y 

T!i}-  <lapf*r  pri"-«  tit-  thiouu*.  "action  ^ho!-^.**  a^  it  weie— M'veral 
'ii:T'rMr  5*.'<<hiM.'  -;vhv  thit  ha  r  j>roVHl  ->icee>>ful  rh(.-e  >nap-hot 
,if«  '»'!aN'i  'i\n\  ,i\\:\V  KvA  Ksajupie-  are  provnitd  of -iinple 


! 
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u^c^  of  vari()u>  ri  ^-ourcc.-.  and  manaj^cincnt  --y.-tcni.-  for  in(livi<lualizin^ 
instruction  arc  di.-cu.-vcd 


Snapshots  of  Successful  Teaching  Styles 

Teaching  i^iijle  A 

A  tlnrd-poriod,  inntli-<:rad(\  plia-c  1  cla-.s  I)ad  horn  under  way  for 
about  fifteen  nnntitc-        leacIuM'  \va^  .-cated.  \)\\>\\y  with  two 

>tu(h^nt'«.  Ahout  ten  .-trident.-  were  at  tlic  clialkhcard  analyzing diflVrcnt 
.-('ts  of  tlircr  |)robIoni>  ni  --uhtiactii  ^i  wliolc  nunilu'r-'  Sonir  .-tu^lont^ 
wore  workin^i  alono  and  -onio  in  urouj»  of  two  or  more.  A  pair  of 
.students  turned  from  tlie  ehalkhoard  an<'  exolainiod  to  tlie  teaolior, 
'*We  (lid  it'  \\*e  (hd  it  I  1/id  you  hring  tlie  >urprise?" 

By  tliis  time  .-ovoral  >tudonts  Iiad  oh'-orved  tlie  pre.-enoo  of  outsider" 
in  tlio  ola.-^-^nu^m,  hut  tlio  toaelier  had  not.  Ro.->|)on(nii<!;  to  tlie  "Uooe.-^ful 
.^tudeiit-^'  joy  and  pride  ni  a('eonipIi>Innent,  he  wliirled  and  .-poke  in 
tone-  tliat  matolied  their  entlui^ia-in,  "You  did  I  I  knew  you  eould! 
Tell  ine^Junv^cl  you  -olve  tlie  prohieni.-?" 

^  Explanation.-  .-pilled  forth,  a  ^entenee  from  one  .-tudent  rollm*^  into  a 
HMitenee  Trom  tlu»  other. 

The  teacher  continued,  "Why  were  you  having  difficulties  with  the 
textbook  problems?'^ 

The  .-tu(k'nt>'  aii.swer^  ineluded  accurate  but  m-oplii.-ticated  analy>is 
of  the/faulty  logic  they  had  used,  which  they  had  now  corrected.  Their 
work  jbn  the  chalkboard  revealed  different  approaches  being  ma>tered, 
a^  ilh^^trated  by  the  following: 

12  I  0  ]  lo 

•1   f)  '  <S  =  (3,000  -  100) 

+  (30  3) 
=  2,900  +  27 
=  2,927 


An  uncertain  (piiet  filled  the  room  both  >tt}dents  and  t(*aclier 
l)ecaine  :iware  of  the  out-:der<.  He.-itating  only  momenta'ily.  the 
teacher  faced  them  and  -tated,  "I  pn)ini^(»d  ye-t(Tday  to  giv(»  a  Howard 
to  tho-c  -indent-  wlio  -elected  an  appropiiate  method  for  .-(  Iving  the 
problem-  an<!  achieved  -ucc<*—  with  it  m  today'-  aetivities/Ph  '-e  have, 
and  tlu*  rew.ard     their-  " 
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ACTIVITY  SiiKKT 
C  H 


Just  cokes 


Just  hot  dogs 


In  ^('l  not:jli<fit  \vc  \\(»ul<i  wnte* 

Set  ('  has  7  inetnlxMs  for  clonuMits).  Thv  oaMimal  number  of  ^ct  ('  7. 

S(M  //  has  10  nifMnbcis  (oj  ekMncnts).  The  cardinal  number  of  mm  //  is   

Thv  number  of  clomonts  m  the  mtoisection  (A)  of  >oN  C  and  //  is  

'!*h{'  carihnal  niunbor  of  If  r\  C  - 

The  numbei  of  ekMnent>  in  the  union     y)  of  >etN  //  and  T  is  

Tlie  carchnal  number  of  H  \J  C  =  

The  Mum!>er  of  peis)ns  coming  lo  Jhe-p:u-ty  efpiaU  ihe  cardmal  numbei  of, 

//  n  C/H  \J  C  phis  Knn,  of  .  ,  persons. 

S(de(*t  <»]ie 

F<ut  2  {ExUn.  ,on)'  Another  Parly 
SiHritioii:  \    people  :iic  takinj^  liot  dogs^ 
14  people  are  lakin^  co^es,  (>  people  a:e 
taking  both  hot  doj^saiid  <'oke>,  AH  pei>ons 
Kom^  to  the  party  will  biiiij;  .soinethuij^. 

Make  y<Mn  diaKiam  here  — ♦ 

Set  rha^  ineinbeiN  Set  //  has  

Tlie  eaidinal  number  of  //  r\  C  =   

H\J  ('   

How  many  people  aie  j^oiii^  to  the  pait\'^ 


nu'mbci.s. 

 The  ejudiiial  number  of 


Fig.  6.2 

mechanical  problems  that  were  interfering  with  individual  pacing  and 
comfort  were  identified.  Objectives  were  e.-tahli>lK(l  for  the  next  day, 
(Ie>ignate(l  student-choice  day.  On  this  day  students  had  free  access 
to  the  many  involvement  games  and  experiments  found  in  the  room, 
and  they  were  free  to  .-elect  any  other  activity  in  whicii  they  ha'' 
intere>t.  The  primary  objective  of  >tU(Iont-choice  day  wa>  to  focus  on 
enabling  and  fostering  >oelalization  an^I  its  (levcloi)ment. 

Composite  Picture  of  Successful  Teaching  Styles 

Ivich  teacher  de>enbed  in  the  preeeding  <Ii>cu.«sNi()n  of  teaching  >tyle> 
eniployc/1  i(lenti/ial)le -strategies  (or  in:dving  learning  n'le\-ant  and  pur- 
poM-fnh  In  teaching  >tyle<  A  and  1).  relevance  and  purpo-e  were 
achieved  l)y  n>uig  the  Jechnuine.-  of  >tu/lent  >ucce>>.  imn.ediate  reward, 
and  a,)pr()val  of  >tU(le;.i  behavior  by  (he  adult  model  In  teachii  <r>tvlc> 
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B  C\  rclrvaiicc  ar.d  purpo-c  wen*  achieved  liir()U<^h  (lircct-iDVolvc- 
uHMit  ('\[)en(*iinw.  Slow  IcanitT'^  iv-poud  favorably  to  iininodiato  ap- 
plication.- of  ivward  >y-tcin>  and  to  in>truflioii  lli:U  follow.-  experience 
in  wliicli  they  are  directly  involved,  either  in  or  out  of  .-chool.  , 

Si|;nificaiil  feature.-  in  te'ifchinj;  .-tyle  A  are  (1)  the  open  (-Innate  in 
which  students  are  i)erniittcd  to  .-elect  ditTereiit  aljiorithinic  inothod.- 
aiid  (2)  the  inainteiiaiice,  of  .-lu(l(  .it-'.tru-t  hy  the  teacher's  following 
tlirouj;h  on  a  proini-e.  Slow  learners  tend  to  l)e  very  a.-tuto  at  inter- 
preting liuniaii  i)chavior;  tlu\v  re-pon(i  |^en(»rou.-ly  to  an  adult  who  does 
not  let  tlieni  down,  e.-pecially  when  that  adult  takes  ri>k.-  to  keep  their 
tru.-t.  . 

Teaching  .-tyle.-  C  and  D  jiive  examples  of  a  variety  of  .-hort,  specific 
learninj^  experience.  Tin*  attention  -pan  of  -low  learner.-  i-  likely  '>  he 
.-hort  if  thoy  are  not  completely  excited  and  involved.  Since  tho-o 
young  per.-on-  havedifTiculty  delaying  or  po.-tponing  gratification,  tlioir 
learning <'xpcnenccs  .-hould  he  .-eciuenced  to  allow  for  .-hort-tenn  con- 
centration. Under  favorahle  condition.-,  however,  .-low  learner.-  can  and 
do  exhihit  tlio  capacity'for  protracted  attention.  For  example,  in  teach- 
ing .-tyle  C  the  onu-week  activity  evolved  into  a  four-week  uni;  when 
their  interoM  wa.-  .-parked  hy  tlreir  direct  ex|)erieiice  in  applying  -iiiiple 
trigononietne  calio-  to  rocketry.  Thi.-  intere.-t  wa-  .-u.-taiiicd  long 
enough  to  give  them  a  full  review  of  decimal.-,  ratios,  and  fraction-, 
Con.-e(iuently.  they  attained  level-  of  computational  .-kill  that  would 
have  been  thought  inipo.-.-il)l(^  for  them. 

Identifiahle  .-trategic-  for  individuali/.iiig  in.-tniction  can  he  Tih- 
.-tracted  from  each  of  tlu*  teaching  .-tyle,-  that  have  heen  tlc-crihed. 
^^^yl(^<  .\.  B.  and  ^*  exhibit  techni(|Ue.-  for  providing  for  the  need- 
of  individual-  within  ':e  context  of  a  group  .-etting  that  i-  primarily 
teacher-paced.  Difference.-  in  approach.  howi'Ver.  arc  .-harply  de- 
lineated. 

1.  Style  ,\  accommodate-  individual  diflerencc-  i>y  introducing  and 
perinilting  diftorent  algorithmic  method-  Pre-umahly  two  a.— 
.-umptioiw  are  heing  uiade:  (I)  that  individuality  i.- incompatiMc 
with  .-ameno—  and  <2>  that  if  a  -tudent  ha-  failed  again  and 
again  with  one  approach,  in-  conditioning  aiid  con-e(iuent  po-i- 
tioning  for  failure  mu-:  i»e  rcver.-ed  hy  getting  him  to  try  a  new 
met  ho<l. 

2  Style  1»  pcrmU-  diMcnMU  -tudent  pi^rfoimance  level-  in  that  not 
:dl  -ludnii-  comphtMl  an  «\tra  project,  which  iinpin-  that  no? 
all  were  expected  lo  engage  m  tin-  activity. 
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3.  I^tyle  C  |)rovi(l(»>  an  n|)j)roach  to  individualization  within  an 
open  and  fnv  cnvironniont  that  \mi>  to  the  U\<i  the  planning  a 
teacher  ha<;  done  before  aetunlly  beginning  to  teach.  The  quality 
of  this  advance  j)laniiing  i.s  revealed  by  the  degree  to  which  the 
teach(>r  i.^  able  to  become  a  ^learner,"  maintain  control  of  the 
grouj),  and  u.^e  the  >tinnilated  interest  for  reteaehing  and  exten- 
i-ion. 

4.  Style  D  dlu.^trates  an  ai)proaeh.  to  individualizing  nistruction 
that  depends  on  student  paein<r  ^nd  a  nart:x^''ship  between  stu- 
dents and  teacher  in  decision-maki»ig  and  assessi  lent.  This  style — 
combining  rich  media  environniciU,  avadability  of  alternative 
modes,  and  deliberate  efforts  to  shape  student  behavior  ("Do 
you  accei)t  this*^")  through  actions  of  the  teacher— demonstrates 
an  effective  approach  applicable  to  the  general  j)(»pulation  of  slow 
learners.  Furthermore,  the;  classroom  environment,  by  making  it 
legitimate  to  move  around,  is  suited  to  the  motor  inclinations  of 
slow  learners. 

This  style  illustrates  also  an  operational  definition  of  in- 
dividualized instruction,  namefy,  that  it  consists  of  designing  and 
comhu'ting,  in  comi)any  with  each  student,  programs  of  study  tha^ 
are  tailor-made  to  fit  his  learning  needs. 

In  the  short  glnnpse  we  had  of  .<yle  D  the  teacher  functioned 
as  manager  of  the  -learnii^g  environment,  consuilanl,  diagnos- 
I    tician,-and  prescriber  of  learning  alternatives. 

Finally,  elements  in  style  D  are  helpful  in  counteracting  the 
influences  to  which  ianer-ciiy  youth  arc  exposed  in  their  invidious, 
and  often  segregated,  slum  neighborhoods. 

The  ideal  learning  climate  for  i\ow  learners  is'  rich  with  varied 
media;  it  is  structured,  warm,  facilitating,  accepting  of  movement  and 
purposeful  noise;  it  is  also  nonthreatenmg,  even  though  limits  are 
clearly  delineated  aiul  strictly  adhered  to. 

The  ideal  teacher  e.-tablishes  trust,  is  supportive  and  sensitive  to  the 
emotional  and  learning  needs  of  the  students,  employs  teaching 
strategies  that  are  eomi)atihle  with  ms  own  style,  provide.*  students 
with  options  on  which  successful  learning  experiences  can  !)e  built,  and 
api)lies  approjH'iate  reward  sy.^tenis.  Such  a  teacher  .<equeiices  learnings 
along  a  similanty-di.N^innlanty  contnnuim;  that  is,  amenable  aspects 
of  new  learnii  g  are  related  to  and  identified  with  earlier  learnings, 
either  forma!  or  informal,  thii^  facilitating  tranter  of  learnmg  from 
one  setting  to  another 
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Requisites  for  Viable  Learning  Environments 

By  ihv  time  slow  IcanuT.-  enter  sfcondary  .-cliooi,  tiu\v  have  per- 
ceiml  lliein>Hvcs  a.^  por.-ons  who  behave  in  ways  thai  are  out  of  aceord 
with  accepted  norms  for  their  age  grouj).  School  grades  have  hiheled 
them  marginal.  The  nonverbal  connnunication>  of  teachers  often 
scream  rejection.  Henc(  if  the  teacher  and  tlie>e  learners  are  to  achieve 
^     suece^^,  .-tep>  must  be  taken  to  at  lea>t  neutralize  >uch  negative  forces. 

I'nderstood  object 've-s 

Tcachmg  and  learning  by  objective-  fo>ters  teacher-learner  partner- 
ships that  en>ure  mutually  under>tood  outcomes,  direction  of  move- 
ment, and  criteria  for  measuring  >uceess.  Implied  here  is  tbe  need  for 
clearly  >tated  outcome.-,  or  expected  performances,  expressed  in  lan- 
guage that  enables  the  learner  to  know  exactly  where  hv  is  going. 
Successful  implementation  of  this  teaching-learning  process  dei)ends 
on  the  (juality  of  teacher  performance'  during  the  preactivc.  or  plan- 
nmg,  pha.-e  of  teaching.  A  model  for  guiding  and  sequencing  activities 
during  this  plia.-e  i.-  provided  in  figure  6.3. 

For  the  teacher  of  slow  learner.^,  this  model  enables  planning  that — 

1.  recognizes  that  not  all  .-tudents  need  to  achieve  each  objective 
for  any  given  unit  of  .-tudy; 

2.  results  in  the  creation  of  learning  environments  rich  with  .-timuli 
that  are  useful  for  motivating  .-tudent  movement  toward  attain- 
ment of  objertive.-  especially  selcted  for  that  student; 

3.  anticipates  differing  learning  styles; 

4.  makes  available  a|)propriate  in.-tructional  material  u^ing  variou.- 
-  media  and  modes; 

f).  judiciously  u.-es  media  to  di.-.<cniinate  information  and  thus  free.< 
the  teacher  to  function  increasingly  as  proseriber,  diagno.-tician, 
and  con.-ultant  during  tbe  interactive  phase  of  teaching; 

().  provide,^  for  sy.-tematic  adjn.-tment  in  plan,-  based  on  feedback. 

Teaching  and  learning  by  objectives  ;/ves  tbe  <l<nv-learning  stu<lent 
increased  opportunifie.-  to  achieve  .-uccess  because  ha  is  now  re.<pond- 
ing  to  learning  environment.-  that  con.-ider  his  need.-,  .-tylcs,  and  char- 
acteri.-ti^'s.  Stating  objectives  in  language  the  .-indent  caii,  uiiderstand 
.-ugge<t.-  that  the.-e  opportunities  v.ill  be  given  (o  bini.  It- i>  i  mportant 
that  all  adolescent-  uiider-tand  wl:ere  they  an-  going.  When  a  teacher 
.share.-  thi-  information  with  .-l(»w  learner-  enrolled  m  .-ccondary 
.-chool.-.  lie  rlramatically  coiiiinuiiicate.-  re.-pect  for  their  social  and 
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Tip.  G.3,  A  moriol  for  tlio  prr^iirtivo  phu>o  of  teaching 


phvMcal  mainrity,  tlicrclA-  opcMiiiig  up  many  ])ossibilities  for  joint 
(l(»cbion  making.  Slow  learners  who  >hare  in  decision  making  will  al>o 
as^uPie  re>pon>il)ility  for  their  leantinj^,  Teehniques  for  motivathij^ 
student.*-  to  exerci>e  re>ponMl)ility  for  their  learning  were  provided  in 
each  teaching  >lyle  i)re>ented  in  the  preceding  section. 


TICACHIN'd^STYLKS  (SKC()\I)  VKY  SCIIOOI.)  \7'i 

Supports  for  independent  learninQ 

Low  achievers  often  have  difiieulty  following;  and  understanding 
written  directions.  They  encounter  frustration^  when  required  to  sift 
out  from  written  directions  (a)  what  i^  exi)ected  of  them,  [h)  t^K^ 
sequence  of  their  activities,  and  {O  the  sources  of  asMstance.  Direc- 
tions should  l)e  given  in  a  form  that  considers  the  low  reading  levels 
of  those  young  people. 

If  a  .<low  learner  \^  expected  to  execute  a  learning  activity  inde- 
pendently, not  only  inu>t  the  direction>  he  clearly  stated  with  a  mini- 
mum of  words  but  the  ordering  of  his  experiences  must  he  indicated. 
Support  should  al.so  he  provided  if  he  i>  to  niak(*  generalizations.  When 
independent  leavnir.t;  activities  are  pre.^ented  in  charts,  such  as  those 
illustrated  in  figure  6.4.  most  of  the>e  eondition>  can  bcjnet  (3,  pj). 
123-27;  4,  pp.  44-51). 
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Tlio  j)rocc'(luraI  flow  chart  is  albO  usoful  when  >Ui(lonts  arc  requiml 
tr  execute  ordered  sequence^  and  make  derisions  at  certain  j)oints 
along  ti.e  way.  Units  on  flowcharting  are  often  motivational  and  are 
.  eli)ful  for  guiding  slow  learners  in  thinking  through  both  mathematical 
and  nonmathematical  j)rol)Ieins.  Flow  charts  and  calcuhitors  have  boon 
used  together  to  add  new  dimeiii-'ons  to  drill  and  i)racticc  with 
algorithmic  methods. 


;  START 


Ljsten  to 
tope  "The 
Moth  Maybes" 


Reod 

Objectives 
of  Unit 


NO 

■lOa  frames  I 

-20 

NO 

View  ond  discuss  f  ilnastrip 
with  ciossmole  or 
teocher,  activity  3 


Ji!£/Sattsf  »ed  wim\ 


Do  octivity  5~j< — [  Complete  prograry^med  unit  j 


Reod  by  yoursetf,  or 
olong  wrtn  tope, 
poges  32-34  from 
textbook  Y. 


Complete 
programmed 
review  frames 
521-40 

r*o  supple- 
fT>entary 
octivities 

NO 

^   NEXT  UNIT  } 


Viji  6.5.  I'AnmpK?  of  How  chart  u<^d  hy  .studcijti;:  An  intro(hi'1ion  to  probabjiity 


The  procechiral  fiow  chart  shewn  in  figure  G.o  was  develo|)e(l  for  use 
in  the  indivuhialized  instructional  progran^  poitray^l  in  teaching 


'rKACHINc;  sTVKKS  (SKCOM)  MfV  SCHOOL) 


17.') 


>ty]o  I)  By  flowcharting  tho  M^jucncc  of  k^anung  cxpcrionco  and  tho 
options  that  arc  |)rovi(lo(l.  a  ^y>t('niati('  i)rt)('('(iurc  is  {lcvi>cfl  for — 

1  nivolving  students  in  cvahiation  and  decision  making; 

2.  promoting  x'lf-dctcrmination  through  xOf-pacing; 

3  organiznig  and  sccpicncing  a  variety  of  >hort,  multimedia  experi- 


It  sliouhl  he  oh>erved  ihat  the  flow  chart  dire  ts  >tudents  to  secure 
and  use  equipment  and  media  This  provi>ion  eu;Mtaliz(^^  on  the  sen- 
sorimotor orientation  of  most  sk)W  h'arner>.  It  also  recognizes  tho  need 
of  adolescents  to  act  without  continuous  adult  >uperviMon.  If  this  need 
is  to  be  met  in  the  context  here  described,  then  sturdy,  reliable  ecpiii)- 
ineiit  must  he  available  and  >tudents  must  be  taught  to  operate  the 
equipment  indepKMidently . 

Organized  instructional  matenals 

The  teacher  of  the  slo.v  learner  >hould  have  ready  access  to  a 
variety  of  attention-getters  as  well  as  varied  media  modes  for  student 
interaction.  Th(^  Learning  Activity  Package  is  a  device  for  organizing 
a  variety  of  related  activitie."=^. 

A  U.S.  Office  of  E(hication  grant  to  the  Dade  County  (Mianxi) 
Flori(hi  School  System  ina(k^  possible  the  organization  and  field  testing 
of  Learning  Activity  Packages  with  slow  learners.  Basically,  each 
Learning  Activity  Package  contain>  the  following  components: 


enccs. 


Lkaunino  Activity  Packacjk 


StudcnVi;  Unit 


Teacher^s  Commentary 


I  I'loeechire  flow  chart  (see  fig.  05) 
2.  Behavioral   objectives  stated  in 


paper-pencil) 
A  Activities 


language  .-tudents  can  understand 
8  Pretest    (situational  a?  well  as 


1  Intro(hiction 

'2.  Prerequisites 

''I.  Sequence  placements 

4  A'ocabulnry 

5.  Suggested  required  actu^ities 
f).  Objectives  correhited  with  pretest 


paper  and  pencil 
audio  tapes 
fihn.-  or  fihnstrip-^ 
lal)oratory  experiments 
rf*fereuce>j  to  textbooks, 
iiiagazine*^,  etc 
games,  puzzles,  etc. 
(Inil  and  j)ractice  sheets 


and  activities 
7.  Comments  on  eva'^iation 
S.  Postte>t  (situational  as  well  as 


])aper-pencil) 
9.  Keys  to  tests  and  activities 
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For  tlic  mo-t  p  it.  the  >lu(irnt  >  Lcaniiii*^  A('ti\  ity  Package  refers 
to  coinincTcially  producc^d  activities  available  in  the  cla><rooni;  hut 
>oiMc  materials  have  Ik'cii  dcvclopod  locally.  >ucli  as: 

1.  Audio  {i\\H^  u^uv^  the  teacher'-  voice  or  a  .-tudentV  voice 

2.  Sliort  hnear-prograninied  -equeneo' 

3.  Visuals  and  >en>oriniot()r  >ituation>  usinj^  subject  matter  in  which 
>tu(ient<  liave  >ho\vn  interest 

4.  Activities  (l^'veloi)cd  around  data  received  from  local  businessmen 
The  follo\vin<^  is  an  example  of  a  locally  produced  audio  tiipe: 


In  order  to  do  the  activitic-  thai  .icconipanv  thi<  tape,  you  will  need  the 
niinicoKraphcd  sliect  entitled  '  ActiMtvJ— Kxperinient-  and  Spmncr  Labeled 
*C  ' 

Some  example.-  of  jjanic-  of  chance  will  })e  n.-cd  to  help  you  undcrstam!  what 
probability  means  and  how  it  may  be  u-cd.  The  examples  arc  not  used  with  the 
idea  that  '];amhhnff  is  to  l)c  encouraged  Rather,  the  information  m  this  unit 
should  help  you  to  understand  why  "mo.-t  gamblers  die  broke." 

The  probability  of  an  event  is,  roughly  speaking,  the  fraction  of  the  time 
we  expect  it  to  hapi)cn.  For  example,  the  circle  on  spinner  C  h  %  blue  and  14 
red.  Therefore,  on  each  >pin  you  have  a  %  prol)aI)ility  of  the  point's  landing 
on  blue  and  a  V4  probabihty  of  it^  landin^];  on  red.  h  would  then  >ccm  that  if 
vou  spin  the  dial  4  timc<.  you  >hould  land  on  bhic  3  time*  and  red  only  1 
tune  Don*!  bet  on  it,  though'  True,  you  might  get  lucky  and  have  it  happen 
iu>t  that  way.  However,  it  1-  far  more  hkely  that  yon  would  have  to  .«-piii  i, 
many,  many  more  timc'^  before  the  actual  outcome  would  approximate  the 
mathematical  piobahility  of  landing  on  blue  o  out  of  4  -pms. 

Ideally  speaking,  if  you  were  to  .-pin  spinner  (*  S  times,  how  many  times  do 
you  think  you  might  land  on  blue?  I'll  wait  while  you  think  for  a  minute. 

I  P.^l'SK.l 

^^1(1  you  say  (»?  You  are  right,  because  3  out  of  4  would  be  the  >ame  ratio 
as  0  out  of  y 

Now,  how  about  12  <:pins  of  >pinner  C— how  many  timc>  W(;.dd  you  expect 
to  land  on  blue?  fpAVsK/J 

Did  you  say  0?  Hcnicinber,  the  probability  i>  (he  number  of  favorable  out- 
comes over  the  total  pcK-iblc  outcomes;  'U  =  ?  Think  almi.t  the  proportion 
%  =  «/r2.  To  soK  c,  you  get  An  =  'M\,  or  n  =  0. 

Lets  aeUially  try  an  exoer  nent  with  spmncr  C— experiment  1  on  th( 


TaIMv  C*()MMKNT.\liY  rt)li  ACTIVITY  2: 
Ax  IXTIIODI'CTION  TO  FliOUAUlMT V 
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1  1-  to  h.wv  \()u  tli-(()\<!  ihii  MI  .iin  one  oi  -pni-  \<)U  m,i\  or  uu\  not 
jrct  <>  and  'J  red — nwlrcd.  \<)M  in.i\  <'\<  n  ir<*!  all  I>Im<'  or  all  icd  althouirli 
all  red  hmlilv  imlikcK  '  11o\\(\(m.  the  a\(Mm'  ot  iln^  minilH-r  ol  time-  \ou 
land  on  blue  .ificr  a  imnilu'r  ol  of  -\nu<  will  he  \('rv  clo-r  lo  The 
ideal  p»o})al)ili}y  o  out  ot  4  oi  <)  owl  of  ^  P>ni  in  .u  tMal  practico  \\  no» 
al\vay>  po--il)I('  lo  ^ct  t!ic  ideal  piol)ai»ili! v 

Now  follow  the  iii-tiuciion-  on  \oiii  imnicoiiiaplu'd  -hcoi  after  iMiinnir  oft' 
the  lerordei  When  yosi  Iia\e  rompleied  r\pennieni  I  nnn  tin  reeoidci 
haek  on. 

How  dnl  >our  a\eiaire  minil>ei  of  i)lue-  work  on!''  1  liope  it  wa-  fairlv 
near  i\ 

liarli'T  on  \h\<  tape  1  -aid  tliai  ilie  i)ro})aiMh^y  of  an  event  \va>  tlie  fraction 
of  the  tune  tliat  \oii  wonhl  oxi^et  it  to  happen  Look  ai  .-pinner  A— what 
fraction  of  the  tune  would  von  e\peet  to  land  on  led"'  On  blue'  On  \ellow'' 
Did  you  think  ^^,  '^i.  and  '  Ihirht.  thi-  i-  tlie  niathematieal  pn^bahiliP  : 
bu«.  asain  thi-  onlv  mean-  thai  o\er  the  loiii;  nin  you  would  probablv  Lrul  on 
eaeii  clo^e  to  ^ of  the  time 

Ono  fal-e  idea  that  many  people  ha\e  when  ihinkin*:  about  ehance  i<  ihat 
if  a  partieular  Mde  ot  .i  coin,  oi  in  tin-  e,i-e  a  pal  IK  dar  color,  nirn-  up 
>everal  time;  in  a  row,  ehaiiee>  are  le>-  that  it  will  turn  up  asrain  on  ihe  no\t 
flij)  or  -pm  Tin-  i-  not  true— the  coin  and  the  -pmnei  eannot  think:  thoy 
don't  icniember  what  ha-  turned  \\\)  pieviou-iy  Tiunk  about  ji  If  you  ihpped 
a  coin  G  time-  and  it  turned  up  head.-  each  time,  you  would  i)rob.d)lv  be 
templed  to  call  tail-  f')i  the  >eventh  to->,  thinknm  that  ihe  "law  of  a\eiaj:es 
>h()uld  catch  up."  Tbi-  i-  wroim— liead-  and  tail-  each  lave  an  equally  likely 
chance— that  i-,  Ij— on  the  >e\enth  llip  The  >aine  i-  Jiue  of  our  -pinner-  If. 
on  >pinner  A,  you  >pin  an  even  number  (2,  A.  or  <)»  ten  time^  hi  a  row.  tiie 
ehance  for  endiim  up  with  an  odd  number  on  the  ehventh  >pin  i-  .^ill  the 
that  1-.  'v.  Xotiee  ijiat  ^2  ^be  -pace,^  on  .\  are  e\  -n  and  ^2  J^re  odd  Tse 
tin-  -pinner  for  the  >ecoml  e\peiiineni  on  \our  numeoiir.iphed  >heet. 

Rewind  thH  tape  and  put  1:  awav  i)ef()ie  domp  tiio  exprnment 

Since  few  Loaniinji  Activity  i^iekaue^  contain  more  (ban  ten  page.<. 
.students  find  (iieni  le.s.s  (hreatc^nin^  iban  .standard  texii)Ook.s.  Learning; 
Activity  Packaj;c>  provide  f(H-  (lie  organization  of  a  .serie.<  of  learning; 
experienee.s  tijat  are  5e(pienced  aeeordin^  to  diffienlty  and  varied  a^  (0 
in.stnictionai  niode.s  They  ai^)  facilitate  independent  .--tudent  action.s. 
It  i>  imjierative  that  .sueh  i)ackaKe^  relleet  tiie  re.souree.s  that  are  easily 
aeee<.'-il)le  to  .studenl.s,  l)eean>e  slow  h'anuMs  tend  not  to  i)e  i>er.si.stent 
in  academic  endeavor^.  Fiutu'e  (>(>  >ho\v.s  relationships  belween  the 
units  of  work  for  which  Learning;  Activity  Paeka^e^  were  designed 
for  the  project  in  Dade  County.  Provision  is  made  (or  l)otb  vertical 
and  horizontal  i)«oj;re,ssion 
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[  Jntroductwn  to  flow  chorts^H 

[  Wh<^e  numbers  ~1 

\  -'   

 1  ^^TZr  1  1 

Estimation  ^      Sets  Boses    ><^Proper!ies>-<  Colaiotofs'  .-^^lide  rute^ 
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^   I    — —  "1   

[  MfOduction  to  meosorement  J  Introduction  to  geometry 


Factors  a  pnrnesl 
[  Frcctiorir]  , 


L   c;;^tatisticr;) 

|_Ad<ftjona  subtract  .on  of  jT>eosure$~] 


Decimals  1 


i  PerimeteTl—if^board^^^^ 

I    RotJO.a  proportJOnj 

T  7 

[_Percent_  | 
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F'lii  GG,  Schema  for  low-abiliiy  btU(iont>  in  jionorul  matlioinatica 

The  Bahimoro  County.  Maryland,  project  for  toacliing  >\o\v  Icarnor.s 
(l('Volop'«(l  a  "banded  approach*'  for  orgajii^^ing  and  varying  instruc- 
tional activitie>  (1,  pp.  58-60).  The  hanrlcd  approach  is  a  flexible  way 
of  organizing  in>tructional  actiYitie>  in  the  class  period.  The  chas.s 
period  i>  usually  (hvic^rd  into  three  bands,  with  the  fir.  t  and  third 
bands  hiMing  from  five  to  ten  minutes  each  and  the  second  band 
la>ting  about  twenty-five  minute^.  The  major  portion  of  the  lesson  is 
presente(i  during  (he  second  band.  Kach  le>son  jirovides  for  m;jn- 
tcnance  of  computational  >kills.  An  oiithne  of  topics  for  a  unit  of 
banded  le.-Non<  i>  pre>ente(l  in  figure  G.7.  Banded  le>sons  permit  se- 
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(luontial  orj^anizatioii  of  in>tnHtional  contont  :un\  variety  within  the 
oia>^rooin  period. 

OU'l'LINK  ()K  TOPICS  KOI?  A  SAMIMJC  TNIT  OK  I?AXI)K1)  LK.SSONS 
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Dull  paMciiiN 
Math  BuihhM 
Pn/>/.lc  rh\M>l«Mi 
Math  Buddor 


Math  Build(M- 


(Jioss-numbci  pu/>zle 
place  value 

Coristrnclion  of  ruler 


Puz/>!c— nndt  iphcation 
and  addition 


10  Tape  — V(*ih:d 
))iobleinN 

1 1  Diiij^nosiie  te^l  - 
addition  of 
whole  mnnbei-- 

\'2       Pu/./le  -calendars 


eopyniK  sCfrni,>i|t^ 

Midpoint  — paptM 
folding 

Symbols  foi  aii^le, 
vei  tCN 

,\^^(.^^iii(>nt  C'loss-Minnhor  pii//>l('  * 

midpoints  nitiltiplication 

Synd)ols  foi  angle,  Pii//le~renaniing  nmnbers 
vei  t  cN 

''Tooyinj:  anjjies  —       Tic-tac-toe  ^ames 
coMip:uss  and 
st  raijjhted^e 


Copym*^  anjjies 


As-  essinent  - 
copying:  anjrlcs 


Coiitinuation  of  *le-tac-toe 
j,Mnies 

I'n//le — hidden  womIs 


»  Thr  Matl»  liuiMrr  <onM'*i'<  of  :i  t  of  'timstrtp-'  an«l  a  projrctor  Kach  frr.me  of  tt»p  filmstnp  <!icjt5 
a  recall  ri-^pou^o  from  thr  nttnleut  The  projector  can  Im-  srl  lo  fia'^li  tlip  frame-*  oti  a  -screen  accor<iin^ 
to  a  prc*lrt*«rinMir'l  tjmc  ariterva'  l>rtu<>rn  the  frame*,  thu-*  porimtttn^  thr  rrnjiotisc^  ncu'lcl  for  prarttrr 
and  <irjH. 
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Coiitiiicts  aii<!  1\a>k-  Card.-  have  a^o  l)ocn  ii>c(i  for  organizing 
learning  cxixTionn^-  and  motivating  >\ow  learners  to  complete  their 
ta>ks.  When  these  ta.-k-  aiv  relatnl  to  out-of-sehool  living,  tenth, 
eleventh,  and  twelfth  gra<ler-  are  e-peeially  ainenahle  to  them.  The>e 
>tiident>  oft(Mi  enjoy  .•ontr  iet>  and  ta-ks  that  are  not  exelusivoly  tied 
to  the  work  world. 


ISO 
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Tho  Palm  Beach  County.  Florida.  IVofrram  for  rndcrdcveloped 
Mathcmatio  Pui)il>.  a  U.S.  Oflirc  of  Kdiicatio.i  project,  rcMdtcd  in  the 
dovclopnicnt  of  more  than  thirty-Mx  units  of  work.  Kaeh  uiiit  i.<  in- 
dividually hound.  thu>  providinj^  many  ahcrnati>-c.^  for  anyone  .--eleet- 
inj:  in.^tnictional  materials. 

Removal  of  time  constraints 

Tho  student  who  is  the  concern  of  thi>  yearhook  ha<  a  hi.<tory  of 
learning  slo.vly.  Even  thoujjh  mea.Mire<  of  the  learninf;  potential  of 
.'-uch  ."^tudent.^  may  he  gros.^ly  inaccurate,  their  i)a.<t  rates  of  learning 
suggest  that  they  will  prohahly  continue  to  learn  at  a  le.s<-than-average 
l)ace.  If  thi^  is  .^o.  then  secondary  .schools  mu.^t  provide  the  time  the.^e 
.^tudent.^  ne(*d  to  acquire  tho.<c  mathematical  concepts  and  skills  that 
are  projected  for  adult  life.  Therefore,  matluMuatic.^  program.-  that  are 
l)a.-e(l  on  continuou>  progress  and  are  al.-o  availahle  throughout  the 
.-tudent.-' secondary  .-chool  experience  are  needed.  With  these  availahle, 
neither  teacher  nor  .-tudent  would  he  pre-Mired  to  ''cover"  material. 
They  would  he  motivated  to  create  learning  environment.-  that  |iennit 
vertical  movement,  without  con.-traint.-  of  time. 

Summary 

There  doe.-  not  .-eem  to  e\i-t  a  he.-t  teaching  .-tyle  to  which  slow 
learners  re.-pond.  In.-tructional  climate.-  that  .^low  learner.-  and  their 
teacher.-  find  helpful  are  filled  with  .strnctnre:>  that  develop  identity 
and  estahlish  connnitment. 

Although  .-low  learnei.-  njay  he  dependent  learners  because  their 
matlumatical  eoncept-and--kill  development  has  been  retarded,  they 
can  become  .-elf-propelling.  ind(>pendent  learners.  Condition.s  for  en- 
eouraging  independence  and  responsii)dity.  however,  are  difiScult  to 
e.-tabli.-h  at  the  .-eeondary  .-chool  level.  The  primary  ta.<k,  then,  of 
-econdary  .school  teacher.s  of  .slow  harner.-  i.-  to  adopt  the  teaching 
.^tyle  that  has  the  greatest  potential  for  counteracting  the  learned  be- 
h;»^-ior  that  little  i.-  expected  from  the.-e  .students.  It  is  essential  that  the 
teaching  <tyle  adopted  be  consi.-tent  with  the  per.-onality  of  the  teacher. 
Slow  learner.-  appear  to  have  highly  developed  capabilities  for  detect- 
ing authenticity  or  lack  of  authenticity  in  behavior. 

'l  .ie  atten.ion  ^pan.-  of  .^low  learners  are  functions  of  the  type  of 
activity  they  are  engaged  in.  on  the  one  band,  and  the  behavior  of  the 
adult  model  figure,  on  the  otbcu  Programs  ba.-ed  on  the  premi.^e  that 
the  attention  span  of  .'.low  learners  is  .short  provide  learning  episodes 


TKACHINC  STYLKS  (.sKCONI) \UV  SCHOOL) 


ISl 


of  ten-lo-fiftc'cn  minute-'  duration.  Sonic  .-low  loarnors.  however,  iuive 
.Mi.-tainnI  attention  over  -evera!  (Ia\>  wlu'U  tlu'V  are  en}:a<:e(l  in  .-o!vin|; 
open-ended  problem-  and  wlien  t!ie  skill-  i.eeded  for  arriving  at  rea-on- 
able  .-oliition-  are  tau^lit  witliin  t!ie  -ame  eontext. 

At  the  pre.-ent  time,  few  .-eeondary  .-ehool.-  provide  .-low  learners 
with  efjuality  of  edueational  oi)i)ortunity.  By  definition,  per.-ons  who 
are  UihvM  ".-h>w  learner.-"  learn  .-lowly.  If  they  are  to  he  afforded 
ecpiality  of  edueational  ()|)portunity.  it  i<  the  .-ehool'.-  re.-ponsihility  to 
provide  the  time  they  need  to  :»(nieve  the  level  of  mathematieal 
literacy  demanded  of  fully  fimctioninjr  pc^r-on-.  It  i.-  unrca.-onahle  to 
assume  that  t!ic.-e  learners  can  achieve  this  level  of  mathematical 
literacy  when  their  experience-  with  formal  instruction  are  often 
limited  hy  the  time  rc(iuirement  for  carninj:  one  or  two  Carne^^io  units. 
It  is  cxpcctHl  that  .-eeondary  .-chooU  will  provide  oppornmities  for 
continuous  proi:re>.-  for  the  "coliejie  hound"  and  the  accehn-ated 
learner.  How  can  delil>eratc  denial  of  opportnnitie.-  to  that  se<mient  of 
the  .-ehool  populatiori  who  learn  slowly  he  j\i-tified? 
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Aids  and  Activitiesi 
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^  cauiAT  many  inultiscnsory  aids  can  ho  n>C(i  in  the  teaching  of 
mathematics.  Some  can  be  hought  through  connncrcial  manu- 
facturers; others  can  be  made  by  teacher  or  student.  Some  are  elalio- 
ratc  and  sophisticated,  expensive,  (hfTicuIt  to  u>e.  and  hard  to  repair. 
Others  are  sinipl  obvious,  und  inexpeuMve.  Some  can  be  used  to 
intro(hice  and  ilhistrate  new  topics,  wherea.-  others  can  help  to  clarify 
and  reinforce  old  ones.  Some  are  used  seldom  and  only  by  the  teacher. 
Others  can  be  used  rcguhirly  ;ind  by  the  >tu(icnt  as  well. 

Whatever  ihcir  hzc,  eo.-t,  or  purpo.se,  nuilti>enM)ry  aids  in  the 
clas-Toom  should  help  to  make  niatheniatical  ideas,  concepts,  and 
examples  more  visual  and  meaningful.  RenuMnber  that  a  slow  learner 
is  likely  to  be  a  phy.-ical,  rather  than  an  abstract,  learner.  If  he  i.- 
unable  to  use  n!)straet  symbols,  he  needs  model.-  and  aids  that  can 
he  made,  toucheci,  manipulated,  and  examined.  It  has  already  been 
mentioned  that  the  slow  learner,  more  than  many  others  in  hi<  age 
groui),  prefers  and  needs  tactile  exi)eriences.  Hence  he  need.-  to  i»e 
involved  in  the  classroom  activities.  He  freciuently  beconu'.-  nmti- 
vated  by  doing  things  rather  than  hy  thinking  concept.-. 

Often  *he  poor  >elf-image  of  the  slow  learner  comc<  from  his 
repeated  failure  and  fni.-tration  in  the  cla->roon).  For  thi^  rea.sni 
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the  aids  mi^*;c>1c(1  in  ihi^  diaplcr  arc  -iin|)l('  to  make  aiui  u-c  The 
aciivilic-  art*  (lc^i<:iu'<l  lo  he  raij^ht fonvani  and  l>ricf  lo  inalch  Ir- 
Innitcd  vocalnilary  aiwl  .-hoil  allciuioii  spaiK  Tlh-  ic<ull.-  arc  readily 
verified,  aid  (he  .-lU(hMit  i-  frociuomly  rewarded  \\'\{\\  a  prefheiahh* 
degree  of  -ueee->. 

Five  ha-ie  area-  are  di-cu»ed  \i\  ihe  ehapierV  major  (hvi.-iou- 
lunnber  pattern^,  arilhmelie  <k\^-.  jreoinetrie  eoneept.-.  algeKraie  eoii- 
eepl>.  and  ihe  n^e  of  inochd.-.  Tl.n>  the  reach*!  can  .-ee  ihe  roh  of  eaeh 
innlli-en.-or>'  aid  a<  it  applie.-  lo  .^o?ne  >ul»jecl  area.  Xo  attempt  ha^ 
l>een  niath'  lo  exhaust  all  po-.-iide  u^e-  of  the  ai(N:  the  intent  raMier 
to  j^ive  -o?ne  >peeirir.  eoneiete  example^  of  their  effeetive  n>e  m  the 
ela^^»'0()m. 

Developing  Number  Patterns 

Many  .-lo\v  leainer^  laek  simple  iiuinher  awarene--  and  familiarity. 
Many  have  ti()ul)le  rec^otrinzinj;  immher  reiation.-hip^  because  they 
have  had  all  too. few  experieneo  with  them.  Maiiy  eaimol  -ee  nmnhor 
I  <itt(M-?i>  for  the  very  rea-on  that  they  are  not  presented  u\  a  physical. 
vi>iial  format,  I'nle^^  the-e  pattern^  and  reiati()n^hip>  can  he  a^.-oei- 
ated  with  eonerete  repre^Mitat ioiw.  they  mean  little,  if  anythintr^  at 
all.  to  the-e  ehlldren. 

Slow  learner^  need  \  i>ual  aid>  to  <:ive  meanin<:  to  njental  aetivitie.-. 
It  i^  very  ea>y  for  the  teacher  to  conch  .-uch  e\*pcrienee>  in  real,  phy.-i- 
cal.  eonciete  Mtiiations.  .All  it  takes  i^  a  l)it  of  concern  and  inwi<rination 
and  a  few  <imple  aid>. 

Some  e\ainple>  are  jriven  here  to  ilhi^trate  the  point.  Mach  in\'()lve> 
doing  son](»thin<r  to  produce  a  phy>ical.  coimtal>le  re-ult  that  i^  then 
reflated  to  a  numlx-r  pattern.  When  .^tiident^  are  doing  tlu^^c  thing>  in 
ela>^.  he  >ure  to  have  them  gnes.-  eaoh  re>id(  fir^t   lOdiieated  gm-^-ing 

the  fii'^t  >tep  toward  di^eoveiy;  >o  eaeh  activity  hegin^  with  a  very 
simple  problem.  In  giie»ing  the  correct  re>idt.  the  >tiident  ganw  the 
lUv'dcd  >elf-r(>pcet  that  encourages  him  to  giie»  again  m  a  more 
(lifTieiilt  situation.  Don't  reqiiir**  generalization  prcmaliircly.  The  >low 
student  i^  less  efl'ectivc  in  generalizing  than  ino>t ;  he  freciiientiy 
nee(N  niore  expenenee>  to  help  him  discover  a  nnmber  pattern  or 
relationship. 

Fold  and  cut  a  >hcct  of  paper  as  >hown  in  figure  7.1.  Find  the 
niimher  pattern. 
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Now  cut  iho  paper  tlio  other  way  (fi^  7.2)  and  find  the  nuinhor 
patt4'rn. 


Number  of  folds  0  12  3 

Number  of  pieces  2349 

Cuffing  .string 

l<ci)eatc(lly  fold  a  pirn-  of  >(rin|;  around  one  hladc  of  a  pair  01 
>oi>>or>  and  then  cut  a>  >liowii  in  fi^^nrc  7.3.  How  many  picco  arc 
foinicd  at  each  .-('-p? 


Number  of  folds  12  3  4 

Number  of  pieces  2349 

Fold  a  .Mrinjr  once  Then  fold  it  around  tlje  >ci-or>  and  cut  a- 
>iio\vn  m  figure  7  4.  llow  many  invco  arc  farmed  at  each  >te|)? 
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Number  of  folds 


1 


Number  of  pieces 


3    ^  5 
Km  7  4 


I-'ifl(li)nj  a  paper  s(fU(trc 

Make  rcpcatc^l  folcN  i\vvo>^  a  Miuarc  piece  of  paper  a>  ^liowii  in 
fij^me  If)  riiul  tlie  t^reate.^t  miinl)er  of  j)art^  po^^il)le  after  caeli  fold. 


Numbf  of  folds 


1 


Greatest  number 
of  parts 


1  2 

Kijr  7  5 


Fold  in  (J  a  paper  s(r/p 

a  ^trip  of  pap'M'  a<  ^liown  in  fv^wYt*  7.0.  How  tlnek     it  at  earn 

-•top? 

'\  .   ..  . 


Number  of  folds  12  3  4 

Number  of  thicknesses  2  4  8  ? 

ViV.  7  0 

Here  i>  an  nitereMinj;  follow-up  to  tln>  ^eciuenee*  Have  (he  ela-> 
e^tinlate  t!ie  nunii)er  of  folds  needed  to  i^et  a  >(;iek  a-  thick  a-  (he 
>(ark  of  pa<^e^  in  tluir  textbook,  '^lu^  **thiekne^^  number**  pattern 
givc^  power.s  of  2: 

oj  01      2*      2"*^      2''     2'  2*^' 


4       S      H)      :]2     04      12S    256    512  1,024 
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Mom  likely  mnc  fol(l>  will  do  tlu'  trick  Briii«;.in  a  htijic  -hvv{  Uom 
a  iK'\v-j>ai)cr  and  a>k  >tud('iit>  to  >tart  foMinj:  it  to  -cc  ii  they  can 
make  nine  folds  Tlx^y  j)n)hal)ly  won't  he  ahic  to.  but  they  will  have 
fun  tiyin<^ 

Foldifui  (I  paper  tnaiiqle 

Cut  oMt  a  piece  of  pajxT  in  the  shape  of  a  njilu  i-oM'(^Iev  inanj^le 
and  fold  it  a-  >hown  in  fi^iure  7.7  (  ount  the  nninl>er  of  Mnall  tnanjrle- 
formed  after  each  fold 


\ 

\ 

0  folds 


ifoid 


Number  of  folds 


Number  of  small 
triangles 


riii-  activity  can  he  done  hy  each  student  at  hi-  seat  It  can  al-o 
l)c  demon-traled  by  the  teacher  with  a  larj^e  i)aper  model  or  shown 
on  the  oveihead  projietor  by  UMii^i  a  triangle  cut  from  wax  paper. 
('rease>  in  the  wax  paper'will  >how  up  clearly  when  projected. 

Maintaining  Arithmetic  Skills 

Invariably  the  slow  l(»arner  m  secondaiy  -cbocd  i^  weak  m  his 
arithmetic  skilK  More  than  likely  thi^  weakness  >tem-.  at  least  in 
part,  from  his  fadure  to  maMer  the  fundamental  addition  and  niul- 
til)lication  fact^  while  m  elcmcitary  -cliool.  Hence  it  become-  in- 
crea-inajy  important  that  attention  be  given  to  developing  and 
inamtaining  arithmetic  >kills  at  the  junior  anil  senior  high  leveK, 
The  teaclur  iiced^  to  search  for  many  imaginative  and  motivating 
aids  and  activitio  that  either  directly  or  indirectly  lead  to  increased 
I)ractice  in  arithmetic  Of  all  the  problem^  confronting  the  mathe- 
matie-  teacher,  this  is  probably  the  mo-f  difTicult.  Theie  i<  no  easy 
-olution,  no  obviou-  method,  and  certainly  no  sure  rc-nlt. 

Theie  arc  some  j)oints  to  k(^e|)  in  mind,  however  Trv  to  teach  the 
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aritlmictic  -kill>  ni  a  format  dinVrcnt  from  any  um'<1  in  (lie  earlier 
jirado.  Be  siti-fied  with  jrradual  i^iowtli  ratlier  than  expeetintz  ini- 
mediate.  ^i<;nifieant  improvement  Strive  for  arithmetic  eomi)etence 
ratlier  tlian  ai itlinu^tie  ma-teiy.  FurtliernH)re.  concentrate  on  >iinple 
numerical  example.-  ratlier  tlian  involved  and  complicated  prol)Iem- 
Be  reali-tie  witli  tise  level  of  difiiculty  or  the  -tudent  will  only  ^et  more 
(li>("ourafj;ed  with  lii>  made(inaei(^-. 

The  >lo\v  learner  need>  novehy  and  variety  to  >tiiimhite  hi-  intere>t 
.Hid  inerea>e  hi-  attention  >p/Uii  The  aids  and  activitie-  de.-crihed 
iiere  can  create  vi-nal.  pliy.-ical  .-ituation-  that  are  new  to  the  >tudent 
while  at  the  >ame  time  helping,  to  niaintaiii  and  improve' aritlmiotie 
.-kilk 

('(U'il  fJ(UflCS^^ 

Mo>t  >t;i(l(ni>  like  jranie-.  They  hecoine  motivated  1/y  comjx'tition. 
and  they  woik  un<ier  a  -(df-impo-ed  pre.—ure  often  (iuit(whiferent  from 
their  liormal  iev(l  of  mtere-t  and  attention  The  followm<;  card  jiaine 
can  f^eneiate  excitement  and  at  tin  >anie  time  oft'er  an  opportunity 
to  review  arithmetic  -kdl-. 

Nuinher  a  >et  of  eard-  from  1  through  9.  A>k  one  .-tudent  to  pick 
five  card-  and  another  to  pick  a  .-ixth  card.  Then  >ee  who  can  u.-e 
the  iiunihers  on  the  five  eard<  with  addition,  suhtraetion.  niultipliea- 
tion.  and/or  (hvi.-ion  to  get  the  nuinher  on  the -ixth.eard.  Each  num- 
ber mu>t  he  u-ed  (^xactly  once,  Xumeroi^  an-wer.-  are  po-.-ihIe  for 
each  .-et  of  card-  Some  example.-  are  j^ivcn  in  fij^iire  7.  8. 
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9 

o 

3 

(o 

m 

2 

1 

9 

G  +  4  +  2  -  8  -  1  =  ;^ 
(8  -f-  2)  +  4  -  {)  f  I  =  3 

(7  -  0)  X  (9  -  r,  -  3)  -  I 
(3  X  7)  -  9  -  r,  -  0  =  1 

9+3+2+1-8=7 
(3  X  8)  -  (2  X  9)  +  I  =  7 


For 

tlKMll 

Some 
7  9. 

For 
using 


Fijr  7  8 

.-lower  elapse-,  play  a  >iniplor  game  Draw  three  cards  and  use 
with  the  four  finidamental  operations  to  form  other  mimhers. 
<xamph'<,  with  car(l^  numi)crod  7,  8,  and  3,  aro  given  in  figiu'e 

a  '^till  simpler  game,  see  how  many  numerals  can  he  formed 
.-ome  of  the  mimhered  cards  a^*  digits.  There  are  fifteen  possible 


1H8  Tin:  .SLOW  iM:\k\i:k  i.v  matiikmatio 

7  gl3j         8+ 7-:^ 
7  X  s  +  :^ 

7  X  8  -  3 
S  X  3  f  7 
8x3-7 
8X7X3 

Fju.  7  0 

solutions  for  three  cards  with  .'iifYereiit  iinml)er>.  All  the  >oiutio;i.<  for 
the  digits  3,  7,  and  8  are  listed  in  fij^urc  7.10. 

37  37.S 
3S  3M7 
73  73S 
7S  783 
83  837 
S7  873 

You  can  move  arxnnul  the  class  and  let  various  students  >eleet  the 
cards,  'i'ou  can  eut  out  larjie  >quare^  and  have  the  >tudent>  arranjre 
them  at  the  hoard.  Or  you  can  prepare  a  set  of  small  squares  of  acetate 
for  ii.<e  on  an  overhead  projector,  where  the  teacher  or  .^tndent  can 
arrange  them  with  ease.' 

Magic  squares 

For  practice  in  adding,  the  same  .'-et  of  cards  can  he  u>ed  to  make 
magic  squares.  Tape  the  cards  on  the  chalkhoard  arranged  in  a  magic 
.-■(juare.  Have  tiie  Mudeiits  add  the  rows,  columns,  and  (liagonal>  to 
verify  that  the  sum  in  each  case  i.^  15. 
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By  dilil'erent  rot  at  ion  <  pnd  reflections,  eight  arrangements  in  (he 
magic  .^(juare.s  can  he  formed  from  the  nine  cards.  One  is  shown-  in 
figure  7.11.  Three  more  are  shown  in  figure  7.12.  The  remaining  four 
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Display  cards 

Here  is  a  simple  variation  of  a  basie  type  of  arithmetic  problem. 
Hj^ve  students  order  fraetions  and  decimal,^  by  aetualiy  moving  num- 
bered eards  that  are  taped  on  the  blackboard  or  tacked  on  the  bulletin 
board  (fig,  7  14).  The  extra  activity  of  having  a  student  physi- 
cally order  the  eards  may  add  much  to  his  understanding  of  the  order- 
ing property  of  numbers.  Have  one  student  put  the  greatest  number 
on  the  right.  Have  another  put  the  smallest  on  the  left.  Have  a  third 
order  the  rest  in  between. 


1 


in!  [TTIHb 


333 


Fig  7.11 

Obviously,  the  same  ^ype  of  activity  can  be  employed  for  more  dif- 
ficult problems,  such  as  ordering  the  fractions  and  decimals  shown  in 
figure  7,15, 


Fip.  7 15 

.  This  technique  can  be  applied  to  many  different  situation'^,  of  eoui>e. 
Another  is  the  equating  of  fractions  and  decimals  (fig.  7.16).  Have 


Fig.  7.16 

students  match  each  fraction  with  the  correct  decimal.  Once  the  cards 
arc  matched,  leave  them  on  the  board  for  easy  reference.  You  may  use 
thein  to  introduce  a  large  chart  that  shows  many  fraction-decimal 
equivalences.  If  such  a  chart  is  available,  be  sure  to  keep  it  displayed 
and  refer  to  it  frequently. 

Flow  charts 

Many  of  the  difficulties  of  teaching  slow  learners  can  be  solved  by 
finding  new  formats  for  the  problems  that  have  troubled  tlieso  stu- 
dents in  the  past.  A  flow  chart  may  be  one  such  format.  Suppose  you 
want  to  review  some  arithmetic  facts.  First,  cut  out  from  a  sheet  of 


AIIJS  AND  ACTIVITIKri 


191 


O 

.    -1  : 

c 

Fiji.  7  17 

])'  ;iCY  several  diagrams  like  the  one  shown  in  figure  7.17.  When  sueh 
diiigrunis  are  plaeed  on  the  overhead  projector,  the  light  will  shine 
only  throii'^h  the  eireles,  reetangles,  and  arrows.  Next,  write  some 
problems  on  clear  sheets  of  acetate  used  as  overlay?.  Put  the  input 
on  the  top,  the  opciotion  in  the  center,  and  the  output  on  the  bottom, 
as  shown  in  figure  7.18.  Project  the  master  diagram  and  an  overlay  on 
the  screen.  Of  course,  you  inay  prefer  to  dit^pense  with  overlays  by 
projecting  the  master  diagram  clir'^ctly  on  the  blackbbard  and  writing 
in  the  values  with  chalk.  The  exair-plcs  in  figure  7.18  show  some 
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jnput 


operc^fon 


output 


typical  problems  useu  to  review  the  multiplication  facts,  but  you  can 
vary  the  j)roblems  by  asking  for  a  possible  operation,  as  in  figure 


jnput 


opprotion 


output 
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o  o  o  o 


o  o  o  o 


output 
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7  19,  or  you  can  give  ilie  operation  and  output  and  iiavo  the  >iudont- 
fmd  tlic  input,  as  in  figmr  7.20.  Make  prohK^nis  liko  thot-  fairly 
:<iniplc  and  move  ihrougli  them  rapidly. 

Wlien  you  teach  fractions  or  dccimal>  or  exponent^,  you  will  find 
the  same  diar^ram  u.scful. 

Another  variation  with  flow  charts  can  he  u<ed  to  give  practice  in 
anthinetie.  Cut  out  a  .<et  of  circular  pieces  of  paper  marked  with 
various  nunibcr<  and  ^ome  rectangular  pieces  marked  with  ,din'ere]it 
operations.  Lot  one  student  come  up  to  the  board  and  make  his  own 
flow  chart  wiiile  the  cla>.s  tries  to  find  what  the  output  nunil)er  is. 
T!  V  better  .students  will  enjoy  j)Utting  .several  operation  rule^  together 
ill  the  ^ame  flow  chart. 

Percent  scales  and  charts 

The  slow  learner  cannot  hv  expected  to  master  all  the  various  type< 
of  percent  problems.  It  is  far  better  for  ln;n  to  get  >onie  l)a>ic  feeling 
for  a  few  commonly  used  percents  and  their  :neaning.  Let  the  stu- 
(\vni>  make  up  tables  of  percent  conversions,  and  encourage  their 
use  Try  to  relate  the  percent  concept  to  j)hysical  things  and  .situa- 
tions. 


7 

1    ,  . 

9 

,     .    1     .  . 

9 

— :  1 — J  I  i__ 

9 

i     {     ,  . 

© 

0% 

25% 

50% 

75% 

100% 

7 

? 

.    .    r    ,  , 

9 

© 

,    .    1   .  . 

7 

0% 

25% 

50% 

75% 

100% 

7 

7 

-    !          !         (          1  ^ 

© 

1   1   1   J  t 

9 

,    ,    1    .  . 

7 

r    t  ! 

0% 

25% 

50% 

75% 

100% 

7 

1  1.  . 

© 

7 

9 

,    .     J    ,  , 

? 

0% 

25% 

50% 
Viii  7.21 

75% 

100% 

AIDS  AND  A(TIVnM> 


m 


Mark  a  porcoiit  >cale  on  a  \on\i,  -trip  of  pai)('r  Write  a  ininilxT 
al)ovo  ono  ol  ihv  porccnt-.  Then  lot  a  >tu(KMU  writo  \\\v  cornvpor.din*; 
numbors  al)ov(»  otIuM*  points  on  \\\v  soalc  Point  out  tin*  varion-  pvoh- 
lomr^  that  an-^c  froni  phicini;  ihc  nuniluT  in  diflVrcnt  j)o-iti()n-  on 
>calo  r>oo  fi^.  7.21) 

Anothor  aotivity  make-  u-c  of  a  pnrcMit  oharl  like  the  one  >ho\vn 
in  figures  7.22-7.24.  \\u\v  \hv  ^rid  on  a  hirj;r  piece  of  po-tor  paper. 
Attaoh  a  -tring  at  the  top  ar»(l  u>e  it  to  locale  the  Ihh^p  alonj;  the  bot- 
tom seale.  Then  read  pcrveuti^  and  corro.-ponchnj:;  jHrcentuges  alon*;  the 
vortieal  and  horij'.ontal  axe-  re-peetivoiy,  Onee  ihe  >tii(hMit  l)ee()nie< 
faindiar  with  the  way  tlie  chart  wt^ks.  \\o  >\\ouU\  find  it  ea-y  to  solve 
th(*  vari()U<  form- of  pcieent  ])robhMn- 

1.  What     40^;  of  r){y> 


20. 

uv;  of  oO  =  'JO 


Locate  the  -trmc;  for 
;i  bd'^f  of  oO.  Road 
acio--  at  the  pvjcent. 


10,  fo  find  \hv  pcrcaiUwc, 


40^;  of  oO  = 

Hate  -  MYr 
l5aM>  =  50 
Percentage  = 


Percentage  Base 
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75^r  of  ?  =  ()() 
Rate  =  7o<"; 
Percontajjo  =  00 
Ba>e  =  ? 
Head  ticro^<  from  7o 
on  the  percnd  scale 
and  up  from  00  on  the 
pcrvcntaqc  >oa!o.  Pa>\< 
the  strinj:  through  thw 
intorseotK^ii  point  and 
find  the  ba^>e  at  the 
pouit  whore  tiie  strinsr 
infcr>=oot>^  the  bottom 
scale. 

75^;  of  SO  =  00 
FiK  7  2} 

Developing  Geometric  Concepts 

Far  too  few  mathematics  teachers  spend  enough  time  on  jreonietry 
with  the  slow  and  rehictant  learner,  and  thoH'  that  do  fre<|u<Mitly 
forget  how  important  th^^  use  of  ai(l<  can  be  in  clarifying  geometric 
ideas  or  concei)ts.  There  k>  an  abundance  of  niultixnsory  ai(l>'  that 
can  be  used  effectively  in  teaching  geometr}-.  Even  pencil  and  paper 
can  take  on  special  meaning  as  aids  in  teaching  geometry  Take  tinu' 
to  illustrate  important  geometric  concepts  visually  and  in  various 
ways.  He?p  the  slow  learner  to  see  the  concepts  he  is  a>kef|  to  l(\'\rn. 

Congruence 

The  concept  of  eongruency  is  all  too  often  assumed  to  be  simple, 
obvious,  and  self-evident.  For  most  slow  learners  this  is  not  the  case- - 
nor  IS  it  for  many  other  students.  A  ba.>ic  tmder>tanding  of  eongruency 
comes  best  from  visual  and  tactih^  cNperiences.  Congruence  must  be 
seen,  felt,  and  dlustrated  in  many  ways,  and  at  the  same  time  ex- 
plained in  simphs  familiar  terms. 

Congruent  figures  have  the  samo  si/,e  and  shape  and  can  be  made 
to  coincide.  Although  this  approach  is  decidedly  intuitive,  it  is  the 
only  way  the  slow  student  can  learn  to  see  eongruency.  It  is  also  the 
way  the  concept  should  be  illustrated. to  the  students  through  various 
aids  and  activities. 

Cutting  out  coiujnwnt  figures.  Cut  out  some  sets  of  congruent  figure^ 
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from  heavy  paper  or  cardboard — triaiif^lcs.  >(iua!c>.  ci.ch'^.  and  fi<:un'.- 
of  irrepilar  shaj)c\ 

TajK*  one  trian<;k'  on  the  board.  Hold  a  coiiiinicnt  one  on  top  of  it 
and  show  bow  thoy  coincide.  Then  >lide  the  >ccond  trianjile  to  the 
M(le  and  snow  various  ])Ositions  in  whi  h  it  can  i)e  ph\ced.  Some  po^i- 
tion^  give  the  obvious  api)earance  of  conjiruency  wherea^  others  do 
not  <see  fi^^  725).  Pohit  out  that  the  portion  of  the  trian<;le  has 


Origmol 
position 


Otviously 
congruent 


Still  obviously 
congruent 


Less  obvKXJsfy 
congruent 


Hot  obviously 
congruent 


nothing  to  do  w'nh  whether  or  not  it  eonf;ruent  to  another.  Con- 
<^rueiK'y  i^  a  jn-ojierty  of  tiie  fifrure^  thcni^elve^  and  not  of  then*  rela- 
tive jio-'ition.'-.  Thi<  i^  the  big  i^ource  of  difficulty  regarding  congnieney. 
When  the  figures  are  oriented  favorably.  ^tudent<  have  no  trouble 
recognizhig  congruency.  But  when  they  are  not  oriented  favorably, 
students  often  >ay  they  are  not  congruent 

The  idea  that  congruency  is  inde])endcn*  of  orientation  nee(N  to  lu- 
rei)eate(lly  illustrated  ni  many  chtTerent  ways.  It  can  i)e  efYectively 
shown  with  figures  cut  from  colored  acetate  and  moved  about  on  an 
overhead  i)rojector  It  can  also  l)e  shown  by  tracing  one  figure  and 
moving  the  tracing  to  a  second  figure.  If  the  tracing  can  l)e  made 
to  couicide  with  the  second  figure,  tlu^n  the  figures  an*  congruent.  These 
demonstrations  may  se(^m  very  crude,  but  they  are  particularly  mean- 
ingful and  visual  to  the  slow-learnmg  student. 

('utli7}(}  and  folding  acpiarcs.  Bring  into  cla.s:5  some  s(juare  sheets 
of  paper.  Cut  one  square  into  two  pieces  sO  that  the  two  halve<  are 
congruent.  Then  have  your  ^udent.<  come  uj)  and  try  to  cut  other 
"-(juares  in  difl'erent  ways  hut  always  so  that  the  two  pieces  are  con- 
gruent. Once  a  square  i.^  cut,  lu^ld  one  of  it^  i)ieces  on  top  of  the  other 
to  see  if  they  are  congruent.  Infinitely  many  ditTerent  cuts  are  jio^- 
^ible.  Some  cnt^  form  piece.^  that  are  more  obviously  congruent  tlian 
otiiers  t  fig.  7  26). 
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For  variation  of-  {h\>  activity.  j)as>  a  M»t  of  -mall  h\u:uv  >\m'X<  of 
paper  to  each  of  the  >tu(lent<.  A-^k  then)  eaeh  to  fold  a  sciuarc  -o  that 
the  ereaj^e  divides  tin*  M|uare  into  two  congruent  part-.  Then  have 
them  make  a  varie'v  of  Mich  fold<,  u.-inij  their  other  -quare.-.  to  see 
11  they  can  find  wliai  .)roi)erty  a  fold  iiiu>t  have  for  the  jiarts  to  he 
eoni^ruont.  Stacking  four  or  five  -(|uaiv>  one  on  top  of  another  and 
holding  them  uj)  to  the  iiglit  may  provicie  the  elue.  The  fold  form-  a 
-traight  crea-e,  and  if  it  goes  through  the  C(»iit(T  of  (he  Mjuare,  (he 
two  part-  are  congruent.  Tlii-  can  be  vividly  demonstrated  hy  u.-iiig 
an  overhead  projector  with  a  .-erie<  of  crea.-e.-  folded  into  wax  pap(>r 
-(juarc<. 

Better  .-tudcnt.-  may  enjoy  folding  paper  -(juare.-  into.more  than  (wo* 
congruent  pieces.  Tli(»  (^\alnple^•  in  figure ^.27  show  fold-  forming  four 
congruent  part- 


I'lic  7.27 


Drmrhuj  on  f/nV/.<?  and  (jmph  paper.  Few  aids  are  more  u.-eful  in 
ilhi-t rating  coiigruency  (han  graph  paper  and  a  coor(lina(c  gi-id  on  a 
Maekhoard.  Activitie.-  with.the-e  ai<ls  not  only  .-trengthen  the  .-tu- 
dcnt'.- under-tanding  of  congruency  hut  al-o  give  him  practice  in 
(ran-Iation.  rotation,  reflection,  and  orientation  on  a  plane  The  only 
skdl-  required  are  two  ha-ic  ahilitie-:  to  count  -(|uare-  an<l  to  follow 
direction-.  Some  -low  learners,  it  i-  true,  may  not  excel  in  the^'  .-kills 
either:  hut  they  -hould  he  a-unul  of  at  lea-(  .-onie  degree^  of  .-ucc(^-s. 

Start  hy  drawing  a  vertical  .-egment  on  the  hlackhoard  grid  -ucli 
that  (Midpoints  of  the  segment  are  point-  on  the  grid.  Have  a  Mudont 
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(iiaw  >('V(»ral  con^niciii  >oj;ii)ci)l>  in  tins  position.  Tlun  let  !.ini  draw 
>oni('  in  anollicr  po-itioi.  Nonn  try  tlic  -anic  ^Mtll  a  diaiioiial  -ciiniciU. 

-ovcral  .-ludciu-  liavi^  die  opportunity  to  draw  coniiMUMit  -cjinuMit- 
Sco  if  tlu'v  can  find  tiic  tour  dillVrcnt  po-^ition-^  po.-^-^ihlc  (S(v  fiir  7.28  > 

Xoxt  draw  a  rcctanjih*  on  hlarkboard  pid  Have  i  -tudcnt  diaw 
a  congruent  o'^"  in  a  diftVicut  po>ition  In  general,  for  a  rcotanjilc 
oidy  two  po>ition>  are  |)0->ii)le,  vertical  and  liorizonta  . 

Xow  draw  a  riglit  trian<;lc  on  tlic  i)lacki)oard  i^rid  Have  x'Veral 
>tu(lcnts  conic  up  and  m'C  liow  many  congruent  triauj:lc>  tlicy  can 
draw  in  different  relative  po-ition-.  Your  >tudent>  -liouUl  ciijioy  try- 
ing to  find  all  eight,  as  shown  in  figure  7.29. 


A  >oincwliat  more  diflicult  prol)lcni  i<  to  find  all  eight  difl  'rent  rela- 
tive poMtion^  of  a  general  triangle  wlio>e  vertices  are  point>  on  the 
grid,  as  shown  in  figure  7.30. 


One  variation  of  fliis  involves  drawing  the  figures  on  an  overhead 
projcctoi  rather  than  the  hlackhoard.  In  either  ea>e.  let  a  student 
come  up  and  try  to  draw  the  congruent  figures  hiin.self.  Students  be- 
come more  actively  involved  this  way,  and  they  usually  enjoy  the 
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opportunily  to  pai'ticipate.  The  rot  of  the  das-  will  be  ca^or  to 
check  for  errors  or  duplieatioii^. 

Xeodie^s  to  say,  luuch  can  ali^o  ho  gained  by  havinj^  your  students 
do  several  problem.'^  of  this  type  on  their  o\\n  grixph  paj)er  In  this 
case,  l)e  sure  to  draw  the  ori^^inal  figure  on  the  board  for  them  to  copy. 

Synimelry  and  reflections 

Symmetry  and  reflection^  are  very  important  geometric  concept<, 
yet  they  seldom  receive  sufficient  attention  in  the  cla-sroom.  For  the 
slow  learner  they  are  especially  important  because  they  are  concrete, 
visual  concepts  A  fe\v  simple  activities  and  aids  appropriate  for  the 
topic  and  the  student  are  given  hero.  Be  certain  to  relate  each  to  the 
concept  of  congruency. 

I  Cutting  paper.  However  obvious  and  simple,  the  following  illuMra- 
jtions  of  line  and  point  synmietry  are  perhaps  the  moM  vivid.  Fold  a 
j paper  once  and  cut  out  a  design  across  the  fold.  Then  open  it  up  to 
I  form  an  example  of  line  symmetry  Point  symmetry  can  be  illustrated 
in  mueh  the  same  way  bui  by  folding  the  pa}  r  twice.  (See  fig.  7,31.) 


One  fold  Two  folds 

line  symmetry  point  symmetry 

Fig,  7  31 


In  this  case,  the  figure  formed  has  symmetry  about  two  lines  a-  well 
a<  about  the  point  of  intersection  of  these  lines. 

Foldfng  squares.  Cut  out  some  squares  of  paper  and  punch  two  hoKv 
in  ea-h  with  a  paper  punch.  Now,  without  revealing  to  the  students 
the  procedure,  locate  the  line  of  symmetry  between  the  holes  in  one 
of  the  sf|uares  by  folding  it  so  that  the  holes  align.  (Fig  7.32.)  Draw 

□  □  □  □ 

Locotmg  thelineof        Find  the  lines  of  symmetry  forthe 
symmetry  by  folding       hotespunchedin  these  squares. 

I'm  7.32 
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the  line  clearly  and  .-liow  it  to  the  stuclent-^  a-  you  di-ou--  with  theni 
the  meaning  of  .symmetry  with  ro>i)ect  to  a  line  Then  ask  some  -tu- 
dent>  to  draw  a  hne  where  they  think  the  hue  of  >ynnnetry  i-  for 
eaeh  pair  of  holes  hi  the  other  square^.  P^'inally,  let  them  >ee  how  elo>e 
they  came  by  having  them  fold  the  ^quare^  >o  that  the  hole^  hne  Uj). 

Writing  rc fleet iojh'i.  Have  a  student  go  to  the  board  and  priftt  his 
name  Have  another  draw  a  line  nearby.  Now  have  a  third  try  to  write* 
the  reflection  of  the  name  about  the  line.  (Sec  fig.  7  33  )  Have  a  mirror 

REFLECTION  i  H0iT03J^3J^ 
Fm  7  33 

handy  to  show  the  reflection  if  the  student  needs  help. 

A  variation  of  thi>  artiMty  can  be  done  at  the  >tudcnt>'  >eats.  Dis- 
tribute unruled  paper  and  have  each  ^tlldent  i)rint  his  name,  draw  the 
line,  and  try  to  write  the  reflection.  Have  each  check  hi>  work  by 
folding  the  pai)er  on  the  line  and  holding  it  up  to  the  light. 

Drairiiuj  on  gnds  and  graph  paper  Draw  a  line  on  a  coordinate 
grid  on  the  chalkboard.  Then  draw  a  triangle  on  one  side  of  the  line 
with  vertice>  on  points  on  the  grid.  Have  a  student,  by  counting 
squares:,  locate  the  reflection  of  the  triangle  on  the  other  side  of  the 
lino.  The  two  triangles  so  found  are  symmetric  about  the  line  and,  of 
cour>c,  congruent.  (See  fig.  7.34.)  This  activity  is  especially  helpful 


symmetry 

Fir  7  34 


to  the  slow  learner.  It  imi)roves  Ins  orientation  on  a  i)lane  yc^t  rc(iuire> 
no  >kill  greater  than  that  of  roiniting. 
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Your  hvUvv  >tu(lrnt>  can  do  a  Hinilar  prol>ioin  invoIvin<i  i)oin(  s> 


svni- 


Point  of 
symmetry 

Kiir  7.15 

Here  ajiain  tlio  acU\  ith  -  can  I>c  varied  by  UMn<i  an  ovcriicad  projcc- 
!or  or  hy  having  every  >{ni\nM  work  at  liis  scat  witli  In-  own  >licct 
of  grai)Ii  paper.  In  any  ca-c.  draw  (he  fir-t  triangle  for  him  to  copy. 

P( f pctuluiilars  and  jyuullcU 

Familiar  example-  of  (he  geonietnc  cpncept^  pcrpoidindar  and 
pnmlUl  al)Ound  m  the  world,  and  many  of  (hem  need  to  he  hronght 
to  the  attention  of  student-.  Slow  learner-  e-pceially  need  simple  ac- 
tivities with  Mich  familiar  ex'amplc-  in  order  to  under-tand  the  con- 
cept-and  e>taldi.-h  (heiii  in  (heir  mind.-. 

FoUlim}  paper  Con.-(ruc(  .-oine  perpendicular.-  and  parallels  for  the 
cha-  by  folding  >hee(-  of  paper  a.-  shown  in  figures  7  37,  and 
7  38.  Then  have  each  student  fold  paper  a(  his  dc.-k  in  way.-  (hat  show 


I'm,  7:J6    r<)l(hn«      croa-e  i)erpen<h''ulnr  to  an  ed^o  of 


a  pap(»r 


Im^  7  37    l\)Minj(  two  perpendicular  creaso.s 


MDS  AN'l)  A(Tivrni> 
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Ins  undiM'.-tuiuling  of  what  popoulfcuUtr  and  parallel  mean 

Drawing  on  grids  and  graph  paper.  ParalloK  and  i)orp('n(rinilar-  are 
(^-pccially  eit>y  to  illu>traU'  oi;  graph  i)ai)('r  or  on  a  roonhnaK^  ^rid 
on  the  hoarch  Point  out  that  the  <^ri(l  it-cdf  ronM-t-  of  many  i)aralUd 
and  i)(Ti)en(heuhr*  segments  and  that  many  other-  can  he  (h'a^^n-hy 
>imply  counting  squares  Draw  a  few  of  the-e  at  the  hoard  or  u-e 
an  overhead  i^rojeclor.  Then  have  your  stu<K'nt<  th'aw  oth(M--  on  graph 
paper,  taking  the  following  j)foce(lure: 

Ch:)o>e  a  ponit  <in(l  count  a-  shown  in  figure  7.39.  Then  ehoose  other 


Cojnr  to ugt]!  1  ana UB  3.  or      ^  Count  toogbl 4 and  qsm  2,  or 

count  io     1  and  down  3.      '  count  to     4  and  2 

iiii.  7  30 

])oint-  and  rejjeat  the  j)roce--  to  draw  parallel  segment-.  Now  -egments 
perpendicular  to  thesr  can  ea-dy  he  drawn.  Start  at  ^^nher  endpoini 
I)Ut  reverse  the  numher  of  units  moved  horizontally  and  vertically  and 
aKo  reverse  one  of  the  two  direction-  (-ee  fig.  7.40). 


CounrtolsO^anduB  lor  CounTtofefl2and4MJ4,o/^ 
coonT  TO  righj  3  and  down  I  count  to  clgtli  2  and  4. 


Ki^  7  10 
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«  /  A  - 


l-iK.  7  41 

Foldino  -vmr  ,M.  It  is  c-a.^y  to  ilUistratc"  ,>arallel.<  and  pc'r- 
P<'.Hl.ou  ars  ,n  ..pace  Fold  crca.,..  j.crpculicular  to^o  e<lge.  of  two 
>l.m.<  of  paper  and  stand  the  folded  sheet,  on  a  flat  surface  as  shown 
>n  figure  7.41.  had,  ercase  represents,,  line  perpendicular  to  a  plane 
Miice  each  ,s  peipendicular  to  two  lines  in  the  plane.  Together  the' 
creates  ,ep,ese,n  two  pa.allel  lines  in  space,  since  both  a,-e  p.,pendicu- 
lar  to  the  plane. , 

Other  .„.ivitie.s  and  aids  to  show  pe.pendieula.-s  ai,d  i,a,-allels  i„ 
'^pace  arc  given  later. 

Length,  area,  and  volume 

All  too  many  slow  leai-ne,>  a,e  unfan,iliar  with  the  basic  units  of 
length.  a,-ea.  and  vohnne.  One  ,-eason  for  this  condition  is  that  thev 
•K-ed  njore  tune  than  they  get  in  the  class,-oon,  to  studv,  use,  and  re- 
new the.se  un.t.s  of  measure.  Another  ,eason  is  that  they  have  not 
(-tabli.she<l  good  viaial  as.<ociations  with  these  units.  Thev  haven't 
><>en  then,  rep,-esented  enough,  nor  h.ave  they  engaged  in  n,easuring 
activit,es  that  are  sufTiciently  nun,e,-ous  and  vai'ied 

Ask  a  student  to  think  of  a  hund.ed-ya,d  length  and  uhnost  in- 
variably he  ha.s  a  n.entai  pictu,-o  of  a  football  field;  but  ask  l,i,n  to 
think  of  a  cub,c-foot  unit  and  he  p,-obably  has  no  iniage  at  all  Fven 
a  .-(|uare-foot  unit  is  hard  for  him  to  visualize. 

Begin  by  collecting  some  aids.  Always  have  a  one-foot  rtder  and  a 
liardsttck  m  the  classroom.  Keej)  cardboard  models  of  a  one-inch 
.•square  and  a  one-foot  ,qmire  available.  Make  models  of  a  one-inch 
cube  ai,(l  a  one-foot  cube  (fig.  7.42)  for  the  cla.ss.  Use  these  aids  fre- 
(luently  when  working  with  n.easurement  proble„,s.  Emphasize  their 
vi.Hial  comj.arison.  It  is  piobably  just  as  important  for  a  student' to 
have  a  good  visual  i.k-a  of  the  ,elative  sizes  of  a  s<,uare  inch  a.ul  a 
^'(lUa.T  foot  as  ,t  is  for  hin,  to  know  that  144  square  inches  are  emial 

'--^  ^'•'■'^<i<^*'  to  teach  sturlents 

tliat  1,728  cubic  inches  are  equal  in  volume  to  one  cubic  foot  but  to 


»2  one  fcoT  edges 
6  one  square  too;  foces 
I  one  cubfc  foot  solid 


I  .i:  7  t2 

^- ^  '  '  i.-  r  n:  ;>  ,i  »^>niifMT  By  ktM'j)!n^  niodols  ni  cliws  and 
''V'       'M*ff  \<yM  ^'x'\  mak*'  the  coinpanx)!!  much  more 

« I.'  i.ir-  !;  I-  ,t  ^<iJi.u»  Joo\  iii  area,  hut  a  half-foot  ^quarc 

*  •  ■  ^  '  4  --'{si'tP  fnt)t  (?f  aj<  a,  C'anlhoard  niodol<!  reseinhliiig 
k*'*^^9      fu:^»r'  7 -J.H  air  \o»y  ffTcchvo  in  iilu.^*rating  this  con- 


Of^xj'V  ^<xr  of>e  ^x>if  squore  foot  one  quarter  squore  foot 


\?  .t.'v,.  I-  hh-  Uk'm-  foi  the  chis.^.  Or  hotter »  have  some 
'  -'-iUtr-  ij  'ikt'  \Mth  \hf'  hah'-^fjuap'  foot  and  quarter- 
'  ip|'»;'nnj:  m  ditYrrmt  ^hapc^  or  positions  of  loca- 

*  n  * !'  miIh  -  ran  \n>  a  *'  ry  valuable  teaching  aid,  Ar- 
'\'vi  n.  vnv-.  a-  m  fi  .are  ^.14.  and  hav-  the  students 


Im  7  u 


fi'i!  .tj^i  ThoM'  piohicm^  ofiVr  |j;ood  experience  not, 

11-    .  ,i!id  ana  umtv  hut  aNo  in  visualizing  space. 
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HrtttT  >ni(l<MUs  may  vnjoy  fin(lni<i  whwh  of  tlie  various  ^oluU  tliat 
can  he  iiiaclc  from  four  cui)c>  (fig.  7.4o)  lias  tlic  least  surface  aroa.> 

Fin 


Illustrating  Algebraic  Concepts 

Tiie  basic  concepts  of  al[^ei)ra  >houl(l  be  taugiit  to  all  students. 
However,  teaching  them  to  the  >lo\v  learner  po^e^'rertain  >pecial  in'ob- 
lems.  Invariai)ly  tlie^(\>tudent>  have  done  poorly  i?i  arithmetic;  hence 
they  lack  the  numerical  founchUioii  >o  vital  to  the  alj^ebra.  Moreover, 
by  its  very  nature,  algebri?  is  an  ab>tract  sui)ject.  It  requires  a  high 
degree  of  mental  dexterity,  which  the  slow  learner  generally  lacks, 
lie  nndcrstaiuN  best  by  doing,  and  he  remembers  best  by  seeing.  In 
order  to  coniiiiunicate  the  ideas  of  algebra  to  liiin,  considerable  at- 
tention uHKt  i)e  given  to  the  eff'^otive  use  of  aids  ajul  activitio  in  the 
classroom. 

The  slow  student  iieetU  to  study  some  of  the  basic  concepts  iti 
algebra,  but  he  needs  to  sec  them  in  many  difTereiit  ways.  There  are 
only  a  few  skills  ni  algebra  he  needs  to  master.  There  are  many  more 
he  slioukl  cxperimce. 

Xo7no(jraphs 

Nomographs  are  simple  to  construct  and  easy  to  use.  They  are 
visual  aids  vonsistiiig  of  nothing  more  than  number  luies  carefully 
spaced  and  calibrated.  Prepave  a  large  one  for  the  bulletin  board  and 
another  on  a  transparency  for  the  overhead  projector.  Let  the  students 
make  their  own  on  graph  paper. 

The  nomograph  shown  in  figure  7.46  can  I)e  used  for  addition  and 
suotraction  of  counting  numbers.  It  consists  of  three  equally  spaced 
scales.  The  two  outoide  scales  are  calii)raied  the  same;  the  center 
scale  has  units  half  the  size.  To  add  two  iiuml)ers,  locate  them  on 
the  outer  scales  and  co?niect  them  with  a  line.  The  sum  is  read  where 
this  line  cros>es  the  center  scale.  Subtraction  is  done  as  the  inverse 
of  audition,  with  the  difference  found  on  the  outer  scale. 
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Addition 
13  +  5=18 

\/ 1 


2> 
c 

s 


20 

40 

20 

18 

36 

18 

16 

32 

16 

14 

28 

14 

12 

24 

12 

10 

?0 

10 

^8 

8 

8 

16 

6 

12 

6 

4 

8 

4 

2 

4 

2 

0 

— -0 

0 

I'l^  7  16 

Subtraction 

C -A  =  B 
18-13  =  5 

t  \/ 


O 


Tlie  iioniograpli  works  this  way  because  of  a  geometric  property  of 
trapezoids  The  median  of  a  trapezoid  is  eciual  in  length  to  half  the 
sum  of  the  lengths  of  its  bases  (See  fig  7.47.)  This  median  i>  located 


TRAPEZOID 
7  17 


along  the  center  scale  of  the  nomograph.  By  halving  the  unit  length 
on  this  scale,  the  sums  can  be  read  directly. 

A  nomograph  can  be  extremely  useful  in  toachmg  addition  and 
subtraction  with  integers.  In  teaching  the  addition  and  su^  traction 
of  integers,  a  demonstration  nomograph  like  the  one  in  figure  7.48 
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Addition 

A^B-C 
(-4) +(+6)  =  +2 


+  8 

+16 

+8 

+  6 

"+12 

+6 

+  4 

+4 

+  2 

+2 

0 

-  0  ^ 

0 

-2 

—  4 

-2 

-4 

-8 

-4 

-6 

— 12 

-6 

-8 

-16 

-8 

Subtroction 

C-A-B 
(+2)-M)  =  -f6 


7  18 

>orves  H'veral  major  puriio^es : 

It  gives  tho  studont  a  picture  of  the  rolative  locations  of  the  po.^i- 

tive  and  negative  integers. 
It  clearly  illustrate^  the  property  that  the  sum  of  two  i)0Mtive 

integers  is  positive  and  two  negative  integers,  negative. 
It  .show^  how  the  5>uni  of  a  positive  and  a  negative  number  can  he 
l)Ositive  or  negative,  depemhng  on  tho  magnitudes  of  the  numhcTs. 
It  shows  graphically  why  the  .sum  of  two  opposite  integers  is  zero 
It  can  be  kept  posted  so  that  students  can  refer  to  it  and  use  it  any 
time  they  want. 

There  is  much  value  in  having'students  make  then-  own  nomograi)hs 
as  well  Have  them  draw  tho  nomograph  on  graph  paper.  They  got 
practice  in  measuring,  marking  ofT  units,  and  numh<»ring  scales  More- 
over, they  have  a  chance  to  use  what  they  make. 

Paper  foldijuj 

Try  this  simple  domonst.ation  of,  the  relationship 
(a  -f  6)  -  =  (r  -I-  2(ib  -f  Ir 
Tako  a  paper  Mjuare  mea.surmg  a  -f  b  units  on  each  sid<\  (See  fig. 
7.49.)  Fold  it  twice  to  form  two  scjuaros  measuring  a  and  6  units 


ab 

a. 

Fi^,  7  40 
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iv'-jxctivcly  Now  find  the  aicft--  of  tho  two  --(luarc.^  jtiul  the  two 
rectangle.^  fornu'd. 

Uvvv  \>  a  .-iniple  (k'lnon.^tration  of  the  ivhation-hi|> 
(r  -  Ir  =  id  -  b)  ia  +  b) 
Take  a  >(iuaiv  iiKaMiring  a  unit«  on  each  >k1c.  (Sec  fij^.  7.50  )  Fohl 

a  abb 


a^ 


Tm  7  50 

it  (haj^onally.  Then  fohl  hack  at  a  perpendicular  (h>tance  b.  Tear  off 
thi<  corner  and  tear  down  the  reinain(h'r  of  the  fliaj^onah  The  oriirinal 
piece  nK-a^ured  (r.  The  piece  torn  oH*  measured  b-.  The  reniainih-r 
inea^uro  <r  -  b-.  Rearrange  the  piece>  into  the  rectangh'  >hown.  It 
nieaMires  {a  —  b)  (a  +  b). 

Floir  charts 

Flow  charts  can  i)e  very  vahiahle  in  teachin*^  al^el>raic  concepts  to 
the  slow  learfier.  For  example,  >uch  chaj't^  ca.n  illustrate  the  ini- 
j)ortance  of  clearly  indicating  the  doired  order  of  operation^ — the 
order  typically  shown  i)y  the  j)resenee  or  al)sence  of  parent!:cse>  Cut 
out  from  construction  paper  the  >ha])es  ^hown  in  figure  7  51  and  fill 

«    )  ;  Square       ^^^^    {    V  j 
KiK  7  51 

them  in  Now  arrange  tlu'in  in  two  (lifferent  way>  on  tlu*  hoard  (fig. 
7.52).  Note  how  the  flow  charts  help  to  emphasize  the  dilTerence  in 
the^e  prol)leni^. 
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Several  (hilVrent  activitie>  ran  W  whh]  for  dnll  on  tliL^  type  of  prob- 
lem. Project  the  flow  rhart  onto  the  l)!arkl)oar<l,  usinji;  an  overhead 
projector.  Write  in  the  input  and  operations,  and  have  the  .student 
write  m  the  corre^ponthng  algebraic  exprev>ion  Or  give  him  the  ex- 
pre>>ion  and  have  him  write  in  the  correct  >e(iuence  of  >tep>  m  the 
flow  chart  on  the  hoard.  See  figure  7  53  for  example>.  When  the  chart 


FiK  7  53 


is  completed,  simply  era>e  the  board  and  enter  new  data.  The  flow 
chart  remain^  projected  on  the  board. 

A  flow  chart  can  outline  the  h'teps  to  follow  iii  nnniencal  sub>titu- 
tion  uc  well.  (See  fig.  7.54.) 
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Ado 
12 


12 
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Flow  chart>  can  al>o  givo  moaning  to  the  solvnig  of  0(|uation^. 
XotH'o  how  the  >t('p<  are  reversed  to  ^olvc  the  ('<|natioii  in  fii^nre  Too 


19-3  =  16 
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SOLUTION 


yfodcU  j or  I Y/  rid  t  io n 

OrapliS  ^how  how  vanahles  are  related,  hut  frequently  the  >tu(leiits 
fail  to  >ce  thi.s  relationship.  The  following  example  illustrates  how 
a  gn»ph  ean  1)0  elosoly  tied  to  a  phy>ieal  model. 


lit?  2x6*  ""3x5"  '"4x^"'  ^5xT^  '  "6x2 
Fiji  7  5G 
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(  «t  out  a  XM-io  of  roctnnglos  witli  poriint4(M"s  of  10  mvhv<  and 
>u\v<  of  int^'gral  lon^th^  (fig.  7M).  Tape  thcinto  the  bhu^kboaid  in 
or(i(T  of  inrrea.<ing  length  wliat  !iai)p(Mi-  to  the  \vi(h!i  as  the  length 
increa>es,  and  (liM-n»  what  might  be  tlie  njaxinnnn  i)Ossib!e  length. 

Now  ^taek  the  reotangIe>  again>t  the  axe>  one  at  a  tnne  Mark  the 
upper  nglithand  vertex  of  earh  Tlien  draw  tlie  graph  tlnough  the>e 
points,  a-  in  figure  7.57.  Have  tlie  stu(kMit<  find  tlie  area  of  eacli 


I'l^  7  57 


rectangle.  Point  out  tliat  the  scjuare  has  the  greatest  area.  Then  see 
if  a  student  can  .^^ketcli  Iiow  the  area  varies  a.^  the  length  inerea>e^. 

Making  Good  Use  of  Models 

The  .-low  learner  often  learns  l)y  seeing  things.  One  of  the  goal-  in 
teaching  is  to  helj)  hnn  iini^rove  this  skill  in  space  perception  The 
clever,  ii-aginative  use  of  geometric  models  in  the  classroom  can  do 
a  great  deal  toward  achieving  that  goal. 

By  their  very  nature,  geometric  models  can  ])e  seen,  handled,  and 
coa^tructed.  They  are  real  to  the  student,  even  though  teacher.-  rec- 
ognize them  as  repiv-entatives  of  abstract  geometric  figures  that  exist- 
only  in  one  s  mind  Geometric  concepts  need  to  1)^  expres.-ed  i)hy.-ically 
to  (he  slow  learner.  New  idea<  need  to  evolve  from  estal)li-hed  ones, 
and  new  ways  of  S(»eing  things  in  space  need  to  be  supi)orted  with 
concrete  illustratio.is.  New,  di.<covery  j)robIcms  need  to  be  related 
to  old,  f'  niliar  one.-. 

.All  too  fre(|uently  an  insufTicicnt  amount,  of  time  \<  spent  on  geom- 
etry in  the  classroom.  The  reasons  cited  are  many  and  varied.  Some 
teacher.-  argue  that  tlu>rc  is  not  enough  time  to  master  aritlunetic 
.-kill.-,  let  alone  geometric  concepts.  Some  teachers  feel  that  geometry 
i.-  .-eeondary  in  importance  to  arithmetic  and  algel)ra.  Others  find 
that  they  themselves  have  troul)le  visualizing  things  in  space,  i^till 
others  see  only  the  .-ynthetic  structure  aiifl  j)roof  in  geometry. 
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Xonc  of  ihe>e  r(>a>ons  can  ho  justified  for  Uu  slow  loarnor  Ooo- 
inotric  relaiion.ships  are  part  of  the  real  uorld  to  bun.  aru  they  can 
and  should  be  .seen  and  >hown.  Many  aids  and  activities  involving 
models  can  be  n-ed  eflectively  in  the  clas^^ooln  in  teachin<^  <^eoinotry. 
Here  arc  >onie  examples.  They  are  concrete,  not  ab>traot.  They  are 
visual,  not  veri)aL  They  are  simple,  not  sophisticated.  And  they  ac- 
tively involve  the  .student. 

}f(iking  models 

Making  models  is  a  valuable  experience,  especially  for  the  slow 
learner.  It  gives  him  .something  to  do  with  his  hands  and  it  gives  him 
practice  in  copying  patterns,  in  measuring,  and  in  constructing.  Many 
.slow  student.s  are  e.^peeially  adept  at  these  types  of  activities.  For 
them,  making  models  provides  the  much-needed  feeling  of  accom- 
plishment. For  others,  it  gives  good  practice  in  organization,  accuracy, 
and  neatness. 

The  very  slow  clas^  niay  do  best  by  cutting  out  patterns  .su])|)lied  by 
the  teacher,  or  by  coi)ying  patterns,  u.sing  the  grid  on  graph  paper. 

In  all  cla.s.ses,  begin  by  cutting  out  a  large  j)aper  model  and  .showing 
how  it  can  be  folded.  (See  fig,  7.58-) 


Fi«  7  58 


Fold  the  paper 
in  half. 


Fold  each  half  the 
same  distance  from 
its  left  edge. 


Fold  to'  form  the 
four  lateral  faces 
of  the  prism. 


I' ig.  7  59 
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For  cla.sM\s  where  the  u-e  of  >ci.s>or-  and  tape  i.s  madvi.sa'hlo,  a  very 
simple  repre.sentation  of  a  ri^ht  rectangular  pri.sm  can  l)e  formed 
from  a  plain  sheet  of  paper.  (See  fig.  7,')9.) 

Stackiruj  niodei^ 

Assign  the  construction  of  a  particular  rectangular  prism  to  each 
student  in  class.  A  convenient  s^t  of  dimensions  is  1  x  2  X  4  inches. 
Then  develop  a  lesson  around  solids  that  can  he  formed  hy  stacking 
the  i)risms.  Restrict  the  stacking  to  the  joining  of  congruent  faces  only. 

Three  solids  can  he  formed  from  two  prisms,  as  shown  in  figure  7.60.* 


Ki^,  7.G0 


Relate  these  solids  to  the  volume  and  surface  area  of  the  original  single 
prism,  asking: 

"Which  solids  have  twice  the  volume?" 

''Which  have  twice  the  surface  area?'' 

"Which  has  the  bniallest  surface  area?" 

''Which  has  the  largest?" 

For  hetter  classes,  follow  the  same  procedure  with  three  prisms. 
Some  of  the  possihle  figures  are  shown  in  figure  7.61.  There  are  six 
altogether. 


Fi^  7.61 


Pat  term  for  models 

It  is  OKC  thing  to  copy  a  pattern  and  make  i.  model  from  it.  It  is 
another  thing  to  make  up  one's  own  pattern-  The  r!cv.-  iearner  can 
gam  a  great  deal  from  making  and  studying  patterns  for  niodMs. 

Cut  six  squares  of  paper  all  the  same  size.  F^isten  them  on  the  hlack- 
hoard  with  masking  tape  or  a  magnet,  or  on  the  hulletin  hoard  with 
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tluniibtacks.  Then  have  a  student  come  up  and  arrange  them  in  a 
j)j|ttern  for  a  eul)e.  See  how  many  difTerent  patterns  can  be  foinid.  Some 
are  shown  m  figure  7.62.  Don't  count  difTerent  positions  of  the  same 

#°  Sxg  ^  nig^^- 

Ki^  7  02 

l)attern.  Kncoura<];e  ^tiident.s  to  recognizr  congruency  and  to  ^ee  sym- 
metries, refiections,  and  rotations. 
Show  some  difTerent  po>itions  of  the  same  i)attern  Cfig.  7.63).  Let 


Vi^  7  03 


.students  see  how  some  posit ion^  can  he  reached  hy  rotation,  olheiv 
by  flipping  the  pattern  over,  and  .still  others  only  by  flip|)ing  the  pat- 
tern and  also  rotating  it.  •  ' 

Here  are  .some  variations  on  this  same  type  of  activity.  Bring  to 
class  some  figures  formed  from  six  squares  joined  side  to  side  and  see 
if  the  students  ^can  tell  which  can  be  folded  to  forni  a  cube  and  which 
cannot.  Once  they  guess,  fold  up  the  patterns  to  .support  or  rejecl 
their  answers.  See  if  tliey  can  tell  which  of  the  patterns  in  figure  7.64 
can  be  fohlcd  to  form  a  cube. 


Cut  out  a  pattern  that  can  be  folded  into  a  cube.  Identify  the  top 
face  and  ask  the  students  to  locate  the  bottom  one  (fig.  7.65)  In 


I 

TOP 

□   , 

TOP 

rop 

1  |top 

Fi^.  7.05 
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each  ca^e  follow  up  their  an^vors  by  actually  folding  the  pattern.  If 
this  Olio  IS  too  ea.sy,  us>  a  harder  pattern  If  it  is  too  Iianl,  Use  a 
simpler  one. 

Still  another  related  activity  requires  the  identification  of  tlie  in 
correct  face  on  the  pattern  for  a  rectan^/.ilar  prism  (fijr.  7M).  See  if 
the  students  can  identify  each  incorrect  face. 


Viii  7G6 

Sketchm^  sohds 

Many  students,  especially  the  >lower  ones,  have  trouble  interpretrng 
the  two-dimensional  sketches  of  three-dimensional  solids.  This  trouble 
arises  because  few  teachers  explain  the  parts  of  a  sketch  carefully 
and  because  even  fewer  teachers  gWQ  students  much  experience  in 
sketching  solids  themselves. 

Here  are  some  aids  and  activities  that  give  students  valuable  ex- 
perieiiee  in  sketching  prisms.  They  should  follow  the  construction  of 
three-dimensional  models  and  a  discussion  of  these  properties  of 
prisms: 

Opposite  bases  are  congruent  and  parallel. 

Lateral  edges  are  congruent  and  parallel. 
Take  a  rectangular  and  a  triangular  piece  of  paper.  Have  the  cla.ss 
first  view  them  head-on,  then  at  an  angle,  as  in  figure  7.67,  Di.scuss 


□  ZII7 


Original  figure  Various  oblique  views 


M  7.07 


which  properties  of  the  figures  are  seen  to  remain  the  same  and  which 
appear  to  change  when  viewed  from  different  positions.  Note  tliai 
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paralleli'^ni  is  j)re>ervod.  as  i>  the  luimher  of  >i(l('>  Xoto  alx)  that 
{linieiision  is  not  i)n'>('rv('<! 

Now  begin  the  sketching  activity  this  way  Cut  out  two  h\rge 
triangular  pieces  of  pai)er  of  the  >aine  Mze  and  shai)e.  Tape  one  to 
the  board.  Let  it  represent  an  obhque  view  of  the  upi)er  ha>e  of  a 
right  trianguhir  prism.  Ilokl  the  other  on  toj)  of  it  to  show  that  they 
are  congruent.  Then  move  the  second  triangle  to  various  j)o^itions 
below  the  first  one.  Seek  out  the  position  that  appears  best  for  the 
lower  base.  When  this  base  i^  put  in  various  positions,  the  students 
can  see  more  clearly  the  reasons  for  positioning  it  directly  beneath 
the  ui)per  base.  Once  the  i)OMtion  is  agreed  on,  ta])e  the  triangle  there 
and  eonii)lete  the  sketch  of  the  nght  triangiilar  jn'i^m.  (See  fig  7.68  ) 


Show 

congruency. 


Lateral  edges  do 
not  appear  parallel 
to  each  other. 


Lateral  edges  do 
not  appear 
perpendicular  to 
the  boses. 


Here  lateral 
edges  appear  both 
parallel  to 
each  other  and 
perpendicular  to 
the  bases. 


Ki^'.  7  68 


This  entire  sequence  could  also  be  developed  efYectivoly  by  using 
an  overhead  ])rojeetor. 

Now  illustrate  tlivse  steps  by  using  a  coordinate  grid  drawn  on  the 
blackboard  or  projected  from  an  overhead  projector.  (See  fig^  7.69 
and  770.) 

Next,  have  the  students  coi)y  these  figures  on  their  own  graph  paper. 
Suggest  that  they  count  the  squares  carefully  in  order  tq  get  the 
correct  figure  in  each  case. 

Let  the  students  sketch  some  other  prisms  on  graph  i)ai)er  by  them- 
selves. Emi)hasize  the  inii)ortanee  of  i)reserving  the  eoiigruenoy  and 
parallelism  of  the  bases  and  of  the  lateral  edges;  these  proi)erties  are 
what  simplify  the  sketching  technique.  With  a  ruler  and  p!,Y^)h  ])aper, 
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Step  1 

Draw  an  oblique 
view  of  the  upper 
base. 


Step  2 

Draw  the  lateral 
edges  congruent 
and  parallel. 

Fig  7  69 


Step  3 

Draw  the  lower  base. 
It  must  appear 
congruent  to 
the  upper  base. 


Im|?  7.70 

even  the  slowest  student  will  be  able  to  sketch  prisms  with  good  re- 
sults. Eneourage  the  better  students  to  follow  the  same  steps  but  with- 
out graph  paper. 

Uliistrating  properties  in  space 

Mcst  teaehers  use  the  classroom  itself  to  illustrate  parallelism  anci 
perpendicularity  of  lines  and  planes  in  spaee.  A  cardboard  model  of  a 
right  rectangular  prism  can  also  serve  as  a  valuable  aid  m  illustrating 
these  properties.  Bring  these  supplies  to  elass: 

A  large  model  of  a  right  rectangular  prism 

Several  large  sheets  of  cardboard  or  a  thin  sheet  of  plywoorl 

Several  thin  dowels,  balsa  strips,  stifT  wires,  pointers,  or  even  yard- 
sticks 

Use  the  dowels  to  represent  lines  and  the  cardboard,  planes.  Place 
the  dowels  along  edges  of  the  model  to  help  locate  lines,  as  in  figure 


tor* 


In  oil,  18  poirs 
of  porotlel  lines 
cort  be  found 


Perpendicular  lines 

In  al!f  24  pairs  of 
perpendicular  lines 
con  be  found. 


1 


if  ai^am--'       n\oM  >nY\:iVi'<  to  illu>trato  planes 


J"  3  t>Oit%  of 

p^'oMv?  plooes  con 


Perpendiculor 
planes 

In  all,  12  pairs  of 
perpendicular  planes 
con  be  found. 


\  '  u  ' i*%  •  i!.  \  liv  a  ^k'*t('h  of  a  nj;ht  rortanj^ular 
-r  \:  r*. t'F  I'f.j/  <  »•  'i  t»n  thr  hlark'  With  colored  rhalk.  mark 
>  ^  i  ii»  h  hi^'  t  ^-udiM  ut»  to  ti.e  l>0a(<i  and  mark  the  oHier 
"  .nr.  YM  uy  \\  x'^v  ilu  >ame  i)rore(hire  to  >ho\v  pcr- 
'  :,ir  >k' ^  well  If  the  >keteh  i<  projected  on  the 
•vK.''«  "  i  lr*.?jj  .jn  <»;«ihf'.ui  projceto'*,  the  ed^e>  can  he  marked  and 
it  V  -     »  :  -M'htu^  dr-^troymt;  the  oii^mal  >ketx'h 

Sumrnary 

1:5'  «Mi'«r  h  5-     t  jonh  only  a        of  the  a!?l<  and  activities 
'  nj  iMM'!n<t!n  •>  t4  lelu  r  The-e  and  many  other.s  are  dis- 
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cussed  in  detail  in  the  references  listed  l)elo\N  Together  they  ilhi>trate 
how  .simple.  phwMcal  .experH'Mces  can  add  to  a  student  s  understand- 
ing of  a  subject.  The  slow  learner  needs  to  see  and  do  things  to  under- 
.stand  them;  and  he  denian(l>  novel,  meaningful-  experience-  that  will 
interest  him  andJengthen  his  short  attention  spaiV 

As  you  teach,  keep  aware  of  the  n^any  uses  of  very  simple  things. 
Folding  paper  can  illustrate  the  geometric  concepts'  of  paralleli^n. 
l)erpendicularity,  congrueney,  and  synnnetry.  It  can  pro-luce  many 
types  of  counting  situations,  and  j^t  can  offer  activities  i;i  which  the 
whole  class  can  become  involved.  Graph  mipcr  gives  the  Mudent^  a 
chance  to  copy  accurately  and  to  follow  tiie  teacher's  work  ni  (haw- 
ing geometric  figures.  It  can  help  the  student  in  drawing  and  study- 
ing parallel  and  perpendicular  **nes  as  well  as  congruent  ami  >yni- 
meiric  figures  through  the  simple  skill  of  counting.  TIk  ot'crhrad 
projector  allows  for  the  advance  preparation  of  materials  and  helps 
to  focus  attcntiou  through  the  use  of  color  and  the  movement  of  fig- 
ures. It  is  an  aid  that  the  student  himself  should  be  allowed  to  u>e. 
The  chalkboard  and  bulletin  board  can  serve  to  display  key  idoa^.  to 
hold  numbere/1  cards  for  ordering,  and  to  serve  as  a  screen  for  the 
overhead  projector. 

The  only  real 'limitation  on  the  effective  use  of  nuiltisensory  aids  ^ 
and  activities  in  the  classroom  is  the  creativity  and  imagination  of 
the  teacher.  As  you  teach  the  slow  learner,  use  these  resources  to  good 
advantage.  They  can  make  the  difference  between  hearing  without 
understanding,  and  seeing-and-doing  with  understanding. 
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A  Laboratory  Approack 

PATRICIA  S  DAVIDSON 
MAiilON'  I.  WALTKR 


'J' UK  Doou  of  tlio  inatlioinatics  laboratory  wa.s  already  opon,  and  as 
the  viMtor  approached  he  heard  an  intere>tiiiji  lunii  of  activity.  On 
entering,  he  notieed  groups  of  children  >itting  around  tables,  working 
busily  with  materials  and  talking  quietly  with  each  other.  One  group 
was  using  problem  cards  a^  they  made  shape>  with  rubber  bands  on 
their  geol)Oard^.  Other.s  were  huihhng  three-dimensional  models.  At 
one  table  student.--  were  engaged  in  an  e.xeiting  activity  involving  the 
trading  of  colored  chips.  At  another  the  teacher  wa.^  presenting'  a 
problem  to  some  children  working  with  balance^ 

A  glance  at  the  wide  variety  of  *\stun"'  labeled  and  arranged  on  the 
shelves  indicated  to  the  vi>itor  that  if  he  had  come  at  anothei  time,  he 
miglit  have  >een  quite  (hfTerent  activities. 

Two  students  were  reading  booklets  a>  they  >at  on  a  rug  in  the  far 
corner  of  the  room,  and  at  this  point  the  teacher  moved  on  to  talk  with 
them.  The  viMtor  wa^  pleased  to  see  many  written  materials,  including 
textbooks,  among  the  re.soa»*ccs  in  the  lab. 

Later,  when  vi.siting  ih<'  cias^roon^s,  he  saw  many  of  the  same 
Hjanipulative  objectN  and  many  aelivitie.s  similar  to  those  he  had  seen 
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in  tho  lab  In  souw  rooni^  >tu(loiit<  wviv  both  "doing"  and  writing.  In 
others  tho  teacher  \va<  at  tho  front  of  the  room  presentinj^  a  h»s>on  and 
the  .^tudent<  were  u>ing  oidy  textbooks. 

At  the  end  of  the  day  the  visitor  a>ked  many  (jue>tions  about  wliai 
ho  had  .<een  Thi.^  chapter  will  (h'al  with  the  visitor's  (jueslion<  a>  well 
as  tho>e  usually  asked  about  a  lal)()ratory  ap])roaeh  and  il.^Mmplo- 
nienlation. 

A  Math-Lab  Approach 
What  is  a  mathematics  laboratory? 

A  mathematics  laborator}-  should  be  thought  of  as  an  approach  to 
learning  mathematics  rather  than  a  particular  place  m  a'  building 
Such  an  ap])roach  encompa^s'^  exploring,  investigating,  hypothesiz- 
ing, experimenting,  and  geiuMalizing.  It  nutans  that  students  aix  ac- 
tively involved  in  "doing"  mathematics  at  a  concrete  level.  It  provides 
abundant  opportunities  for  thorn  to  manipulate  ol)ieets,  to  think  about 
what  they  have  done,  to  diseuss  and  wnte  about  their  findings^  and  to 
budd  necessary  skilN  Problems  are  related  to  tho  ehilJrenV  own 
(»xporience<  and  oft^'ii  ein(>rge  from  the  natural  surroundings.  The 
teacher  act^  a^  a  eataly^t  and  resource  peivon.  becoming  an  active 
investigator  along  with  the  student^. 

What  are  the  purposes  of  a  math-lab  approach? 

Several  major  eouMderations  basic  to  this  approach  .should  be 
mentioned  briefly  before  discu.^^ing  specific  materials  and  particular 
concepts. 

InVoLVKMKNI  VI  A  CONCHKTK  LkvKL 

Students  need  to  go  through  concrete  >tages  of  learning  before 
they  can  reach  the  higher  levels  of  abstraction.  If  children  are  to 
achieve  understanding,  they  cannot  go  straight  to  abstractions  i)ut 
fir.<t  must  handle  tilings  and  he  involved  in  ''doing."  It  is  vital  that 
students  be  guided  to  eanv  out  their  own  investigation^  and  to  think 
for  themselves.  In  thi^  way  they  can  build  firm  foundations  and 
achieve  undeiManding  through  experienct^  rather  than  rote  learning. 

No N \  KH liW.  (  '( ) \l  M I ■  X  U* A1*l( ) N 

The  u.se  of  concrete  materials  otTers  opportunities  for  nonverbal 
commumcatio])  Fir^t  of  all.  without  any  words  it  helps  the  student  to 
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coniprciicnd  :i  >ituatK)n  or  a  pmbicni.  Socondiy,  tiio  student  doo.^  not 
nocd  to  vcri)aiizo  lo  demonstrate  iii:?  undoi>tanding.  Watciini^  a  stu- 
dent nianipuiate  a  physical  apparatus  can  ofton  give  a  toaciior  insight 
into  iiow  tiie  student  \>  tiiinking  about  tlie  ta>k — deeper  inMgiit  tiian 
roil  id  be  oi)taincd  by  purely  verl)al  niean<. 

It  ^iiouid  i)c  made  eiear  tiiat  tiie  purj)0M'  iiere  i>  not  to  avoid  rcacbng 
and"  verbalization.  Tiie  purpose  is  to  aiiow  indents  to  achieve  and 
.demon>tratc  niatiicmatical  undcrstainimg  witiiout  letting  reading  and 
verbal  <hsai)iiities  >tand  in  the  \vay.  As  wiii  i)c  seen  in  a  later  section, 
problem  cards  and  activities  can  i)e  designed  to  iieip  make  transitions 
from* concrete.  nonveri)al  situation^  to  more  ai)>tract  levels  involving 
mathematical  terminology  and  >ynibol>. 

PosiTiVK  Sklk-Ima(.k 

One  of  Ihe  ino^t  important  features' of.  a  laboratory  apj)roach  Is 
that  each  student  can  work  at  bi^  own  rate  and  can  go  as  far  as  he 
can.  Mo^t  of  the  time  he  is  able  to  check  his  work  by  use  of  the  mate- 
rials and  sQ  ha^  no  n(*ed  of  an  outside  authority.  Working  in  this  way 
is  nonthreatening.  >ince  the  material  will  tell  him  whether  he  i>  right 
or  not.  (For  example,  a  balance  ^how.'-  if  it  is  balanccA.)  Hence  there 
is  immediate  feedback  without  any  penalty.  When  a  student  te.<ts  bis 
predictions  against  the  materiaN,  no  harm  i<done  if  his  first  attempts 
are  not  correct,  for  he  can  alway.s  amend  his  |)redictions.  Indeed,  initial 
incorrect  attempt.*- >oinetinie<  ^erve  to  illuniinate'the  problem  and  give 
<i(*epcr  understanding  of  it 

Through  laboratory  experience.^  .'-tu(l(<nt.'-  will  find  that  there  are 
often  many  way.*-  of  approaching  the  ^aihe  problem  and  that  more 
than  one  an.'-wer  may  be  right.  Some  ta.'-ks  do  not  even  involve  so- 
called  answer.'-;  it  is  the  proccs"-  of  observing,  hypothesizing,  and 
chocking  that  is  important.  Student.'-  enjoy  talking  about  what  they 
have  done  and  how  they  hav(^  done  it.  In  sharing  their  findings,  they 
oftei.  come  up  with  ^otber  problem^  to  inve.^tigate  and  often  gain 
deeper  iiL'-ight^. 

Working  with  materials  i^  a  confidenec-building  experience  for 
many  students  not  only  becau.'-c  they  are  able  to  check  them.'-elves  at 
every  stage  hut  alM)  hecau.'-e  they  can  feel  .sucee.^^  a<  they  complete 
the  action.  This  sense  of  doing  and  aecoin])lishing  give.^  them  a  feeling 
of  control;  th(\v  develop  confidence  ihat  they  do  have  enough  power  to 
b(^  suce.s'-fnL  Confidence  and  willingnos  to  attack  a  problem  are  half 
the  battle. 
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A  Bhoadkk  ViKw  01  MvruKMATir^ 

The  iisr  of  manipulative  material.-  ('nal)le>  .studi'iit.-  to  obtain  a 
hroadcr  vihv  of  mathematics  than  uMial.  For  ('.\ami)l(',.  ohihiron  can 
obtain  fir.-thand  experience  with  Mieh  tonics  a>  length,  area,  poriinetor, 
volume,  svnmletry.  and  i)attern  l)y  u>ing  various  type.-  of  material- 
such  a>  K^^ohoanl^.  Pattern  Blocks,  Mirror  Cards,  tan<rran\s,  various 
kind.s  of  building  blocks,  and  other  devices.  (A  later  -ection,  entitled 
"What  Are  Some  IVeful  Materials?"  gives  references  to  particular 
material.-  and  information  al)0ut  how  to  obtain 'them, )  Student.-  can 
learn  to  cla.-sify  and  rea.-on  logically  by  using  Attribute  Materials 
and  other  objects.  They  can  gather  data  to  be  graphed  and  examined 
for  relation.-hip-  that  can  be  expre.-.-ed  by  equation.-.  Student.-  can 
u<e  dice,  coins,  or  colored  cube.-  to  make  predictions  or  do  numerical 
computation  by  means  of  activities  involving  number  |)atterns. 

In  a  laboratory  approach,  the  proee.-s  of  doing  mathematics  is  as 
valuable  a.-  the  content  and  the  knowledge  to  i)e  gained.  Through 
experience  with  material-,  .-tudents  can  .-ee  mathematics  a.-  |)att(  rn^. 
order,  and  relation.-hips.  Instead  of  seeing  mathematics  a-  an  i.-olatcd 
>et  of  unn^lated  topics,  .-tudent.-  notice  relationship.-  between  variou.- 
concepts  When  a  student  i.-  involved  in  developing  a  concept  from 
actual  exj)erience.  it  i.s  likely  to.  nu^m  much  more  to  him  than  when  iC 
ispresentcfl  as  a  fini.-h(»d  j)roduct. 

When  matfiematic-  is  treated  from  tlii-  broad  viewpoint,  every 
.student  i.-  .-ucce-.-ful  at  something'.  That  veryvtudent  who  has  extreme 
difficulty  with  number  fact<  may  excel,  for  (*xample,  in  fitting  the 
tangram  piece.-  together.  The  -ucce.-^  a  .-tudent  achieve.-  while  doing 
one  asi)ect  of  inathematjc-  can  help  him  confident  enough  to  face 
tho-e  a.-peets  thai  be  find<  more  difficult. 

Nothing  i-  mon*  damaging  to  a  student  than  a  steady  diet  of  that 
same  work  which  he  cannot  do  well.  Vitally  netuied  are  not  only  fre.-h 
approache.-  to  help  him  with  the  thing.-  that  cause  difficulty  but  al.-o 
opportunities  for  him  to  i)e  involved  in  other  a.-pect-  of  mathematics 
(hat  lead  to  excitement  and  .-ucc(^-<,  A  inatheinatie.-lal)oratory  ap- 
proach ofiVrs  both  po-.sibilitie< 

What  are  some  of  the  activities? 

When  this  (jue.-tion  is  a-ked,  it  often  implies  other  (luestions,  such  a>: 

What  materials  are  tlic  children  u.-ing? 

What  are  th(» childnMi  doing  with  tho::e  material-?' 

To  what  mathematical  concept,-  do  the  n\at(»nals  relate? 
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Alihou^li  ilw^v  i\\\v>U(n\>  could  j)ro(iuc('  aimo^^t  ('n<ll('>>  au^^wiT^^.  it  will 
lu'jpful  to  (li--ni><  a  frw  of  tho^c  niatiMjai-  and  tiuMr  u>('s. 

CKOBOA HDS 

11 '7k//  is  a  (J  cob  on  rd! 

A  gcohoard  (whicli  wa-  in(roduc(*d  by  C  Oattogno)  i>  a  board  vitli 
an  array  of  na»l<  on  H.  T\w  nio^t  conunon  i>  a  10-l>y-10-inch  board 
a  5-l)y-5  Mjuan'  array  of  nail>  >pacc(l  2  inchrs  apart  If  a  1-inch 
border  loft  around  tlio  out>idc,  the  .spacing  is  preserved  wlien  two 
boards  are  put  side  by  .side.  Rul)l)er  bands  are  stretched  around  the 
nails  to  make  various  .^iiape**.  (See  fii;.  8.1.)  OeoboanL^  can  be  made 
of  •\s-incb  or  ^■j-mcii  plywood  and  ^o-inch  or  '^pinch  e^^cutcheon 
\vy\\>,  or  they  may  be  obtained  commercially  (140). 


Geoboc^d  w,tn  rubber  bcnos 


Fig.  8  1 

l^ot  paper  i-  u-eful  with  a  <:(^oboard.  (This  .-liouhl  be  made  by 
-pacin*;  the  dot-  far  apart  a>  the  nail.^  on  the  <;eoboard.)  (Ind 
j)ai)er  is  aL-o  useful  for  young  cliildren.  {See  fig  8  2.)  For  older 
chihh'en.  ^-j-incli  or  Vi-mch  graph  j)aper  may  be  u-ed. 


I — 


L  J*  pop^'r  Grid  poper 

F»K  8  2 


.\  variety  of  other  geoboanN  hav(»  appeared  in' recent  years  Some 
have  circular  .^pacing:  othcis  ••|someiric"  (or  (Hpiilateral )  -pacing. 
(S(«e  fig.  8  3.) 
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Circular  spacing 


Isometric  spacing 


Fig  8.3 


Who  can  use  a  gcoboanU 

Geohojirds  arc  used  hy  .schoolchildmi  of  all  agc^'  and  abilities  They 
are  not  .specially  do^l^ncd  for  any  one  type  or  group  of  students.  ChiN 
dren  can  work  with  gcohoardj^  hy  theniselvc:^.  m  pair>,  in  a  .^nall 
group,  or  even  a<  a  whole  cla>t^.  Rvery  teacher,  loo.  >liould  have 
an  opportunity  to  work  wit!i  a  geohoard. 

Hoir  can  a  gc aboard  be  xiscd.^ 

The  hoard>  can  he  'i>ed  in  many  way>.  For  instance.  >tu(!eiu>  may 
iiH'  them — 

for  free  exploration; 

for  .solving,  problem-  po-cd  hy  the  teacher  watching  the  .^tuiUMit  u>e 
the  board; 

for  solving  problein>  posed  l)y  the  student  him-clf ; 

for  >olvHig  problems  po>ed  on  a  >et  of  problem  card-  or  in  a  textbook; 

for  solving  problem>  posed  l)y  another  student. 

The  chihh-en  should  have  time  to  explore  the  gcoboard<  freely. 
Some  children,  for  example,  may  make  a  picture  of  a  housed  a  boat,  or 
a  tree;  others  may  'make  de^'gn^  u>ing  various  geoiiietne  shapes. 
(See  fig.  8,4.1 


A  houseandaCK>at 


A  nee 
Fig.  8.4 


A  design 
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When  ihv  childmi  air  ready  for  -ojne  diieeted  work,  it  i<  ofteh 
po^^i!)le  to  u>e  a  childV  own  pietur<'  for  a  (lue^tion.  It  i^  one  of  the 
aims  of  niatheniatie<  teaehing  that  the  Vtudeiit  .-hoidd  learn  to  yox^ 
his  own  prohlenis.  One  way  for  him  to  U^'irn  to  <lo  this  i.-  to  .-ee  the 
teacher  ])o^e  j)roi)lenis  rehited  to  his  own  work  and  then  to  i)e  en- 
eouraged  to  add  a  (iiuvtion  hini-elf  The  ranji^e  of  po.--il)k'  (juevtion.- 
is  l)roa(l.  Below^  are  a  ft^w  examples  of  j)ietures  that  -tiident.-  have 
made,  and  he-ide  eaeh  picture  are  <iue-tions  that  a  teacher  ini<iht  have 
a-ked.  Of  coiir-e.  the  level  of  any  (lue-tion  <lepend>  on  the  .-ta^^^e  the 
student  ha<  n^aclunl 


POssUiLE  Ql'EsTlOXs 


How  m:uiy  nails  doc?  'tlic  rubhcr 
band  touci)'^  , 

How  many  >-itlc>  docs  the  >hape 
ha\c? 

Ca-i  you  now  make  a  five-si<lc<i 
^iiaj)c 

Can  you  do  it  l)y  moving  the  rubber 
band  off  onlv  one  nail 


How  many  triangles  can  yoiT  sec? 
.Draw  tiicm  (ining  difTcrcnt  colors) 

on  a  >hcct  of  dot  pai)cr 
Wlncli  IS  the  longest  segment?  (Use 

string) 

Calculate  the  length  of  each  >cg- 
mcnt  '  (Use  the  Pythagorean 
theorem.) 


How  many  squares  can  yon  see? 
How  many  naiK^  does  each  >  qua  re 
touch? 

If  the  board  were  bigger,  how  many 
nails  would  the  next  square 
touch?  And  the  next? 

Do  you  see  a  pattern  m  the  number 
of  nails  touched*^ 
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.  I  . 


If  \{)ur  -liape  repro.-ont-^  (tuv  unit. 
^how  1/3  of  the  tmit,  then  1  'J  of 
the  unit. 


Call  \()U         tho^o  ]<arts  in  iiioro 
ihan  one  wav'^ 


Student^  >Ii()uI(l  Ix*  ciu'oui a^cd  to  a.^k  their  own  quc^tion^  It  ]> 
important  for  tlieni  to  learii  that  >()me  (luoMioii^  arc  diflieull  or  even 
inipo-^il)le  for  anyone  to  an>\\er. 


It  is  helpful  to  Iiave  >onio  ^et<  of  pr(7l>Iein  eauN  tliat  rluldren  can  u-o 
independently  witlj  geohoanU  A>  a  .-ample,  a  >niall  >e<iuenee  of  >uel» 
oanU  ha-  heeii  developed  to  deal  witli  a  >peeine  topic— that  of  area. 
The  card-,  wln^h  are  >Iio\\n  ixdow.  are  -e<iuent!al  tiiey  illu-trnte  one 
way  of  d(»ve!()pini;  tlie  topic  in  jiradual  -ta<^( No  prior  formal  kiiowi- 
ed^e  of  tlie  topje  i-  a>-unv'd  Tlie  >liident  >!i<)ul(l  have  liad  enough 
informal  work  <leahnt^  wjtli  aiea  to  under-iand  (lie  need  for  >tan<lar<i 
unit-  for  niea-in-ing  area  and  the  rea-on  why  >(iuare  unit<  are  better 
than  cirele<  for  thi-  pm'po-e  (78i.  It  i^  a--uine(l  that  the  children 
have  ha<l  prioi  ()i)portuni(le>  'o  exploie  i^eohoanU. 

1  TIk-  :ut\\()rk  on  \hv>v  ^anl.v  wji^  dojic  \>\  a  Mudcnt  at  u  socationnl  high 
m'IjooI 


FiNniNfi  Ahk\  on  a  Gho»o\w) 


\ 

1 


22!) 


.ERIC, 


280 


lERlC, 


232 


233 


235 


288 


lERiq 


\ 


241 


243 


244 


lERlCi 
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X:*'*^  ii»rk  nj  'l.t^njj      m  rar<i^  -tinient-  can  find  tlie  area  of 


»  .'^i.rnui'    ''V  wuvk      that  olnlduMi  can  find  tlio 
prtialU'l(>f;rani,  or  trapezoid  on  tlic 
:.tj--i^>:»  lo  iind.  wuliout  u-nig  any  formula, 


•  4 


«r  4 


•      •      •  ^ 

»      ♦      f  .  » 


4      V      •  • 


,  >     %        .  ^.j,  K,;;ird  U  M  J-  Hiadc  wwh  owv  rubber  l)and 

.  J.,.  .  r--  /m  fo'ijv,.  ,?     moM' difficult  to  find  the  areas 

i; .          o:  uM.*  Ti     type  of  work  >houl(l  be  carried  out 

U,:,  {fsjtip?  to  U',u\  any  lonnula-  for  th<^  areas  of  tri- 


i-             —  '«>     .tk'   ii!  .  \hau-tj\r  li-t   Many  ii-eful  su^ges- 

'    »    V  -  »s      rj.,         iVm   <19',  r2h.  i23).  (24*,  (29).  (o6). 

n<               ]\  M'>'>)    Ju-t  to  uidicate  the  riobne-s  of  the 

'  ,  . 'i  A  *  p:-    \v:'j'  i  t<  A  vimiirvtt <|  (jui^-tion- are  .-hown  below. 
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is  one  unit,  show  3/,,  y^,  and  %  of  this  unit. 
If 


is  one  unit,  show  Y2,  %,  and  %  of  this  unit.  Using  this  .same  unit, 
show  Yo  y^- 

Make  a  shape  so  that  it  is  easy  to  show  both  ^/j  and     of  it. 

Counting  problems.  Make  a  shape.  How  many  nails  does  the  rubber 
band  touch?  How  many  line  segments  are  there?  How  many  nails  are 
inside  the  shape,  not  touching  the  rubber  band? 

How  many  different  sized  squares  can  you  make  on  the  geoboard? 
How  many  of  eacli  S:7o  can  you  make? 

Congruence  Mako  a  shape.  Ask  a  friend  to  copy  it  on  his  geoboard. 
I^'  yf/^l  ^^annot  decide  whether  the  shapes  really  match,  cut  each  out  cf 
dot  paper  and  checl'". 

Can  you  make  tfiese  two  shapes  match? 


Is  there  another  way  that  you  can  mako  this  shape  on  your 
geoboard? 

Shapes.  Make  and  name  various  shapes. 
Find  various  shapes  within  shapes. 
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Make  a  design  out  of  squares.  What  other  shapes  can  you  now  see? 
On  the  hoard  shown  here,  can  you  sec  a  right  triangle? 


Can  you  make  an  equilateral  triangle? 

Can  you  nr.-ake  a  five-sided  shape?  A  six-sided  t-hape?  How  far  can 
you  continue? 

Sy}n7}ietry,  Make  a  design  that  looks  the  same  after  you  have  given 
the  hoard  a  half-turn.  Does  it  look  the  same  after  a  quarter-turn? 

Where  on  the  geoboard  shown  could  you  place  a  mirror  so  that  you 
could  still  sec  the  whole  design? 


Can  you  make  a  picture  that  has  one  line  of  .symmetry?  Two  lines 
of  symmetry? 


Patterns.  What  shapes  do  you  sec  on  the  hoard  hclow? 
Do  you  see  a  pattern*^  Make  the  next  one. 
Ask  a  question  about  nails.  About  areas. 


Scale  a7}({  snapping.  Make  a  simple  design  on  a  geoboard.  Copy  it 
on  dot  paper.  Then  copy  it  on  smailer-sealed  dot  paper.  In  what  ways 
is  your  design  the  same?  Different? 


L. 


Geoboard  Regular  dor  paper       Srratler-scaled  dot  paper 

Irratiomik  Make  a  Miuan*  of  aroa  1  >(\\mv  unit  (usinp;  tlu»  Miiall 
square  a>  a  unit).  Its  m<1o  is  of  length  1  unit. 
Make  a  square  of  area  4  square  units. 
Conijilete  the  followinjj;  tal)le: 


Area  of  square 
1 

4 

9 
10 
25 


Length  of  side 
1 

2 

9 
? 

? 


Now  make  a  s((iiare  of  area  2  square  units.  (Yes,  it  can  l)e  clone.) 
Row  long  IS  its  side?  Is  it  1?  2?  Betw  een  1  and  2?  Try  1.5.  Between 
1  and  1.5?  1.3?  Between  1.3  and  1.5?  How  can  you  tell?  Following 
this  method,  calculate  the  length  of  the  side  correct  to  two  decimal 
places. 

Make  a  square  of  area  8  square  units. 


How  long  is  its  side? 

Can  you  find  a  way  of  relating  the  \/§  to  the  \/2  in  the  diagram 
shown  here? 

Vocabulary.  Geoboards  encourage  the  use  of  words  such  as  shape, 
square,  triangle,  rectangle,  trapezoid,  quadrilateral,  segment,  longer, 
shorter,  inside,  outside,  more,  fewer,  straight,  vertical,  horizontal, 
oblique,  slanted,  length,  unit,  area,  fits,  matches,  and  symmetry. 

What  games  can  be  played  tvith  (he  geoboard? 

Since  students  will  invent  many  new  games,  only  a  sample  will  be 
given  here. 
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con^dcrcd  a  unit,  then  what  part  of  the  whole  is  one  .siuali  cube? 

Show  J  +  I 

3  can  be  represented  by  8  small  cubes,  or  n-^; 
I  can  be  ropre>ented  i)y  3  small  cubes,  or  4j\ 

3    j         i  ill  I  i/^    1 1.  J/1  \.      11  vv^vi  » '  V    II  r«i  itdii  »^  u»J\.  r>,  i.fi      4  . 

What  is  tlio  smallest  number  of  cul)es  you  would  need  to  show  both  {  of 
them  and  5  of  them? 

Can  anything  be  used  besides  cubes.^ 

For  several  of  the  activities  described  above,  sets  of  objects  such  as 
bottle  caps  can  be  u.M'd  in^tcad  of  cubes.  For  problems  involving  activi- 
ties like  coloring  a  cube,  the  children  can  construct  their  own  models 
(30;  35;  08).  For  some  of  the  work,  materials  such  as  Dienes  Blocks 
or  Cuisenaire  ro(is  can  be  used.  For  problems  dealing  with  only  a  two- 
(limen^ional  aspect  of  the  cube,  it  is  possible  to- substitute  paper  or 
wooden  square^,  Vi-i»<"h  or  Vo-inch  grai)h  pai)er,  or  geoboards. 

Where  can  more  ideas  be  found? 

Many  ideas  can  be  derived  from  watching  the  children  work  and 
'from  working  wij(li  cubes  oneself.  The  following  references  will  be 
•iseful  not  only  for  new  ideas  but  also  for  expansions  of  the  ideas 
presented  here:  (6),  (20),  (30),  (r>7K  (GO),  and  (99). 


coordinates,  ami  it  aKo  provide^  ^ood  practice  for  co(  .'diiiatc^ 

Maknuf  .shapes  of  ana  3  Va\v\\  (;lnld  inako  a  >liai)c  having  an  area 
of  3  Miuurc  unit<,  tran>fci>  ii  to  dot  pai)cr,  and  cuts  it  out.  The  cutoiith 
arc  liung  on  the  walh  Then  each  chihl  trie>  to  make  another  >hape  of 
.^nnx  tliat  \<  (hffereiii  from  tho>e  ah/eady  made.  If  there  i.s  an 

argument  aixnit  whether  a  new  >hape  \>  (hfforcnt.  it  can  1)0  >etth»(l  by 
lining  tlic  pap<'r  cutouts.  The  game  i^  re])eatcd  .several  time.-.  It  cai>>l)e 
played  J)y  children  alone,  in  i)airs  or  m  a  larger  group  In  one  class, 
.studcntb  found  over  thirty  different  .shapes  with  area  3  that  can  ho 
made  on  a  gooi)oard,  i)Ut  there  are  many  more. 

What  are  some  of  the  advantages  of  nsnuj  a  (jeohoanU 

A  gcol)oard  i>  very  ver>atile  iiecau-^e  it  can  i)e  u<cd  for  a  variety  of 
topics  and  levels. 

It  gives  concrete  experience. 

It  onaI)les  chihlren  to  check  t-heir  own  work. 

It  cnai)le.s  a  teacher  to  oi)>erve  children  at  work  and  to  gain  insight 
into  their  understandings  a.^  well  as  their  mi.-^ conceptions. 

It  can  be  :nade  by  |)arents,  teachers,  or  .students.  Making  geoboards 
has  prove<l  to  be  a  worthwhile  activity  for  student.s  in  .some  industrial- 
arts  cla^bc^ 

A  topic  tha^  permeates  much  of  the  mathematics  curriculum  and 
turns  out  to  be  a  stumbling  block  for  many  children  is  that  of  place 
^alue.  Among  the  materials  available  to  help  student^  gain  an  under- 
standing of  this  iniportuPt  topic  are  the  abacus  or  counting  frame, 
Cui.^enaire  rods  (134),  Dienes  Multiba>e  Arithmetic  Blocks  (136), 
Stern  Structural  Arithmetic  Apparatus  (149),  chips  (132),  bottle  caps, 
beads,  and  .^tniws. 

Because  chii)s  can  be  readily  obtained,  chip  trading  will  be  discussed. 
The  basic  idea  of  this  section  on  chip  trading  stems  from  classes 
taught  by  L  Sealey  and  A.  Cdeason  at  the  Cambridge  Conference. 
For  a  fuller  deveiopment  of  activities,  games,  and  problems  see  (151). 
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Other  materials  that  arc  generally  u>cful  include: 
Bcad-^ 

Beans  and  other  nintcrinb  that  can  i)c  u.-cd  for  cstimatin^i  and  counting 
Clothc<p}n.- 

Compasses 
Construction  paper 
Crayons 
Dice 

Dominoes 
Glue 
Golf  tec? 

Graph  paper  (various  typc^) 

Index  cards 

Magic  marker^ 

Masking  tape 

Mirrors  (07) 

Oak  lag 

Pebbles 

Pipe  cleaners 

I'lasticinc 

Playing  cards 

Protractors 

Plibbor  baiHl< 
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What  are  the  chip^? 

Chip>  arc  plastic  disks  availal)lc  in  various  shapes  and  colors  Any 
variety  of  chips  will  serve  the  purpose — scjuarc  ones  and  round  ones 
arc  on  the  market — and  they  should  he  of  five  or  six  different  colors 
and  have  a  hole  in  the  center  so  that  they  can  he  placed  on  an  abacus 
hoard  (59;  1301  or  on  a  simple  hoard  ma/lc  with  nails  (see  fig.  8  5). 


Abacus  board  Simple  nail  board 

Fig.  8,5 


If  plastic  chips  are  not  available,  colored  oak -tag  squares  can  he 
used  instead. 

Dice  will  also  he  needed  for  .'^ome  of  the  suggested  activities. 

Who  can  rise  the  chips? 

As  the  activities  described  in  the  next  section  will  indicate,  chips 
are  suitable  for  use  in  all  grades.  Work  witii  chips  should  not  he 
considered  as  only  rcMiedial.  One  |)urpose  of  the  chip- trading  games  is 
to  prevent  the  usual  difTiculties  with  place  value. 

How  can  chips  he  used? 

Chips  can  be  used  in  nianj'  ways.  For  instance,  students  can  use 
them — 

for  free  exploration; 

for  games  .suggested  by  the  children,  by  the  teacher,  or  by  instruc- 
tions on  a  card; 

for  problems  or  calculations  posed  by  the  children,  by  the  teacher, 
by  the  textbook,  or  by  a  problem  card; 

for  work  in  which  the  whole  class  is  divided  into  smalbgroups; 

for  work  in  which  only  one  or  two  groups  are  im-olved. 

Some  game.s  that  can  bo  played  with  chips  will  be  given  here.  Once 
jhe  children  learn  the^e,  they  will  want  to  make  up  othei  games  and 
problems.  A  helpful  \vay  to  introduce  tlie  games  is  for  the  teacher  to 
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l)lay  one  game  with  a  group  and  then  have  ihoc  >tU(l(Mits  play  it  with 
others. 

Basic  trading  game 

The  basic  tra(hng  game,  for  tlu'ec  to  five  children,  involvo>>  students 
in  trading  chll)^:  according;  to  an  estal)lished  rate  of  exchange.  Suppose 
that  in  the  i)articuiar  eoiieelion  of  chip^  being  used  the  colors  are 
yellow,  blue,  green,  and  red  The  children  ean  think  of  these  chip>  as 
coins  in  >onie  country  and  make  up  a^ate  of  exchange  such  as  the 
following: 

3  yellows  =  I  blue 

3  blues  =  1  green 

3  greens  =  1  red 
Each  student  ha^  a  nail  board  or  a  paper  till.  One  child  in  the  group 
acts  as  a  banker.  He  starts  with  a  quantity  of  chips,  as  shown  in 
figure  8.6.  and  the  players  with  ndne.  Each  child  in  turn  (except  the 


r     g     h  y 


I 

1       '  ^ 

\ 

..  i   

Banker  s  board 
Fip.  86 

y 

banker!  to>^e>  a  die.  which  tells  him  how  many  yellow  chi])s  the 
banker  mu>t  give  him  Whenever  a  player  has  three  chips  of  one 
color,  he  mu^t  a>k  th(  banlier  to  exchange  them  for  one  chip  of  the 
appropriate  color.  The  banker  can  make  the  trade  only  after  the 
player  has  told  him  the  correct  exchange.  The  player  keeps  his  collec- 
tion of  chips  arranged  on  hi>  nail  board  or  paper  till  The  first  person 
who  get^  a  red  chip  win>  the  game  and  becomes  the  banker  for  the 
next  round. 

Children  enjoy  this  game,  and  even  fii>t  graders  are  able  to  manage 
well  with  this  small  rate  of  (exchange.  The  game  is  most  effective  when 
played  at  an  early  age,  .^nce  it>  purpose  is  to  help  lay  the  foundations 
for  an  understanding  of  place  value.  However,  it  \>  also  effeetive  later 
as  an  initial  activity  in  more  advanced  work. 

There  are  many  variations  of  tbi>  l)a>ic  trading  game.  The  children 
may  wish  to  toss  two  dice  and  u>e  the  >uin  to  determine  the  number  of 
yellow  chips  ea^'h  |)htyer  receive>.  A  different  rate  of  exchange  can  also 
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Thadinv;  with  Chips 


hv  introduced;  for  example,  the  children  might  ''fly  to  another  coun- 
try/' where  the  rat'^  of  exchange  is  five  to  one: 

5  ycllowv  =  1  hhie 

5  hhie.s  =  1  green 

i)  green>  =  1  red 
reds  =  1  bhick 

Over  a  period  of  tiMe.  it  is  vahial>l(^  for  student-  to  "fly  to  many  coun- 
tries" m  order  to  gain  experience  with  vanoti<  rate.-  of  exchange. 

When  (h^idirg  on  the  rule>  for  Mich  game-,  one  >hotdd  kecj)  in  mind 
the  vahie  of  tlie  chip-^  and  th(^  way  they  are  obtained  >o  that  th(* 
nin)iber  of  turn-  ncce>>ary  to  win  is  Muali  enough  to  keep  the  game 
(exciting.  For  example,  when  the  rate  of  exchange*  is  ihwv  to  one,  tlu* 
red  cfnp  is  worth  27  v(dlow>  hecan>e  ^ 

1  red  =  3  green-  =  3X3  blues  =  3  x|3  X  3  yellow.s 
The  max'innnn  immber  of  yellow>  a  player  could  obtain  on  each  tin-n 
i)y  to>Mng  on(*  die  i-  >ix;  hence  a  jnininunn  number  of  fiv(^  turn<  is 
P''ce-.-ary'to  obtain  (he  red  chip. 

During  a  cla>s  period  it  is  doirahle  for  the  children  lo  play  many 
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short  games,  with  difforcnt  students  being  banker.  The  role^  of  banker 
and  player  reqmre  difYevent  thought  i)roce.sses,  and  both  are  vahiable 
experiences. 

A  varation — ten  to  one 

If  the  rate  of  exchange  is  ten  to  one,  .^ot  the  goal  as  a  green  chip, 
play  with  two  dice,  and  u.^e  the  .^uni  of  the  numbers  thrown.  (Note 
that  a  red  chip  would  require  1.000  yellows!)  Older  children  could 
to.ss  two  dice  and  use  the  i)ro(luct  instead  of  the  sum.  This  variation 
not  only  gives  children  i)racuce  in  multiplying  but  enables  them  to 
make  physicjU  and  mental  exchanges  with  larger  quantities  of  chips. 
For  example,  if  a  6  i\nd  a  4  are  thrown,  a  i)layer  could  ask  tlie  banker 
for  24  yellow  chips;  hut  with  experience  he  will  soon  a.sk  for  2  blues 
and  4  yellows. 

Further  variations  include  the  use  of  three  or  four  dice-  with  sums 
or  products  being  taken.  One  class  suggested  using  two  dice  of  one 
color  and  two  of  another  color;  the  sums  of  the  number^  on  dice  of  the 
.same  color  were  then  multiplied  to  indicate  the  number  of  yellow  chips 
to  l)e  obtained.  Another  variation  is  to  prei)are  index  cards  re.'^enibling 
those  shown  in  figure  8.7.  / 

Tne  taker  must  H  R3ythebankerbock  1 
Qive  yoo  ' 

r  ^  b  V  [  !           r  ^»  b  y  I 

83  i                    9  . 


;  r  ft  b  y     i  r  g  b  y 

I  2  35:  4  8' 

•  i±. .  _     iz  J 

Fig  87 

Addition  and  sublmction 

Experience  with  addition  can  be  gained  by  eonibiniiig  two  collec- 
tions of  chips.  In  the  example  given  here  the  rate  of  exchange  is  ten 
to  one.  (A  .^mailer  rate  is  more  manageable  for  young  children.) 

The  children  Aiu^  by  putting  the  two  sets  of  chi|)f^  on  an  abricus 
board  or  two  nail  boards.  One  .'^et  could  consist  of  5  greens,  2  blues, 
and  7  yellow.^;  the  other  could  have  4  greens,  8  blues,  and  o  yellows. 
(See  fig.  8.8.) 

What  is  the  >mn  of  the  two  collections?  Student-  tend  to  .solve  this 
problem  in  one  of  two  ways.  Some  combine  the  two  collections  before 
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Abocus  txx3rd  Noil  boards 

Fig.  88 


they  trade  them: 

r      g       b  y 

0  10  12 

Others  conihinc  and  trade  one  color  at  a  time.  They  work  it  out  tnis 
way : 

r      g      b  y 

5  2  7 
4^      8  5 

Combine  the  12  yellow.^  (7  4-  5);  exchange  10  of  them  for  1  hhie; 
and  put  the  remaining  2  yellow>  on  a  nail  hoard. 

Combine  all  the  hhios  (14-24-8=11);  trade  10  of  them  for  1 
green;  and  put  the  1  remaining  blue  on  the  nail  board. 

Combine  all  the  greens  (1  4-  5  4-  4  =  10) ;  trade  them  for  1  red; 
and  put  this  red  chip  on  the  nail  board,  lea^'ing  the  nail  for  the  green 
chips  empty.  The  reMilt  is 

r      g      b  y 

10  12 

Chihiren  .should  be  encouraged  to'  talk  about  the  combining  and 
exchanging  they  are  doing.  They  >oou  realize  that  exchanging  10  yel- 
lows for  1  blue  is  a  concrete  representation  of  the  exchange  of  10  units 
for  1  ten.  and  so  on.  After  many  ^ueh  exchanges,  ''carrying"  in  addition 
will  no  longer  be  a  my.stery  to  them  and  they  will  be  ready  to  record 
their  activities.  By  using  colored  chalk  or  crayons  that  corre.spond  to 
the  colored  chips,  ehildrm  can  make  a  gradual  trauMtion  from  the 
phy.sieal  exehange.s  to  a  written  record  of  tlie  number.^. 

Exchanges  with  chip?>  can  i)e  related  to  eoniputation  on  paper  as 
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shown  111  the  following  example  of  siihtraction: 

g     b  y 

3      2  9 
-1       5  6 

The  ehiMren  take  the  6  yellows  from  the  9  yellows,  leaving  3 
yellow.^.  They  now  exchange  1  green  for  10  blues  and  can  rewrite  and 
complete  the  i)roi)lem  as  sho\\n: 


g 

b 

y 

2 

12 

9 

-1 

5 

6, 

1 

7 

3 

The  notation  used  here  is  that  suggested  by  the  Madison  Project 
.    (12;  13;  82).  The  small  nuineral^^  (like  the  *'12"  above)  arc  called 
"Volk>wagen  numerals'"  l)ecauso  two  can  occupy  one  ^'parking  plaice." 

Multiplication  and  dii/i.^wn 

Chip  trading  hclp^  children  understand  the  operations  of  multiplica- 
tion and  division. 

Here  is  a  multiplication  problem: 

r      g      b  y 

9  8  7  6 
 X  3 

Again,  student^  tend  to  pioeeed  in  either  of  two  ways.  Some  children 
form  three  such  sets,  oombnie  them,  and  then  trade.  Other  children 
combine  and  trade  one  color  at  a  time.  For  example,  they  get  18 
yellows,  trade  la  of  them  for  1  l)hie,  and  put  8  yellows  on  the  nail 
l)oard.  Next  they  combine  the  blues  ((3  X  7)  -f  1  =  22  blues],  trade 
'  20  l)lues  f^r  2  greens,  and  keep  2  l)hic.v  Then  they  combine  the  greens 
[(3x8)  -f  -2  =  26  greens],  trade  20  greens  for  2  reds,  and  keep  6 
greens.  And  so  they  continue. 

It  is  interesting  for  students  to  see  the  effect  of  forming  and  com- 
buiing  ten  e(iual  collections  when  the  rate' of  exchange  is  ten  to  one. 

Here  is  a  division  problem: 

g     b  y 

3(2      ?)  1 

In  order  t(^  solve  the  problem,  children  attempt  to  make  three  equal 
coHeetioii^.  Some  .students  want  to  trade  the  whole  collection  for 
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yollow.s,  and  u  i>  worthwhile  for  them  to  what  hai)iH'ns  when  they 
try  to  do  thi^.  Others  may  reaHze  n^^ht  away  that  it  is  iniposHhlc  to 
divide  the  2  j^reens  into  three  ('(jual  i>arts  but  that  hy  irtMUng  tho 
greens  for  20  hhies  (giving  a  total  of  25  blues i  they  ran  i)e<^in  the 
division  prooe»  Ki<;ht  l)hie>  ean  he  plaeed  ni  each  of  three  pile>, 
leaving  1  blue  to  trade  for  10  yellows.  T\\v  H  yellow.s  ean  be  divided' 
into  three  pi]e>  of  3  yellow  ehips  eaeh  with  2  left  over,  llenee, 

g      b      y  . 

8      3       2  y(dlow-  left  over 
SH^      5  1 

This  type  of  eonerete  experienee  he!p<  prepare  ebildien  for  written 
work.  Even  at  the  stai;e  when  they  are  working  on  problem^  from  a 
textbook,  the  chips  should  be  available  for  thein  to  verify  tlu^r  work 

Further  xvork 

Eventually  the  children  can  u>e  chips  of  ju>t  one  color,  which 
>tres.<^cs  the  fact  that  place  alone  determines  value. 

Chip  tradino;  is  useful  al^o  for  formal  work  with  other  number 
base.^  The  four  operation.-  as  outlined  here  could  b(*  donc^with  any 
rate  of  excliange  Although  tli^^^chip-trading  activitio* can  be  done 
exclusively  in -base  10,  it  >oinetim(*s  helps  older  children  to  .^ee  rela- 
tionships in  a  system  that  i^  new  to  them. 

Chips  ea.sily  lend  themselve><  to  work  with  decimal>.  Children  can 
keei)  the  yellow  chip  a^  the  unit  and  introduce  tenth>  with  chips  of 
another  color. 

One  can  make  up  many  questions  related  to  chip  trading  For 
example: 

''Suppose  I  have  some  chips  l)ehind'iny  back  They  arc  worth  J4 
yellows  (assume  a  rate  of  exchange  of  three  to  one).  What  possible' 
collections  of  cliips  might  I  have?  Which  collection  has  the  l(\ast 
number  of  chips?" 

''Here  is  a  collection  of  chips: 

^     g      b      y  " 

12      2  1 

If  the  rate  of  exchange  is  three  to  one,  bow  valuable  is  this  collection 
in  terms  of  yeljows?*' 

What  can  be  used  instead  of  chips? 

Among  other  inaterials  that  can  be  used  for  the  work  described 
here  are  painted  bottle  caps,  colored  beads,  colored  halls  of  clav 


\  r.\ii()u\T()HV  \ppH(>\(  n 


Avi\\\>  of  (lifhTcnt  color-.  Um^wv  (1c|)iT--or>  tied  in  ap))r()i)nai(»  buii- 
and  ton^iuc  dcpn— or<  with  i)can-  -tuck  on  thcMU  (161).  Further 
nifonnation  can  he  ohtanied  ni  ((ii,  l41i.  (oOK  (.')9).  ((iOi.  179). 
tl03f.  and  Uol). 

crHKS 

Cubes  can  he  u-ed  for  a  wide  range  of  activities  and  topics, 
nichi(hni;  i)ud<hntc.  cla--ifyin(i.  niakinj^  onc-lo-one  eorre.-pondence: , 
<iraphing,  conntni<^,  perinict(M-,  area,  voiunie.  permutation.-,  combina- 
tion<,  and  j)robabihty. 


What  k I n rfx  of  cubc.^  a n  usef / / 

For  the  work  described  b(dow,  the  cube-  should  a!!  be  the  >ame  In 
-ize,  but  a  variety  of  coh)r<  i<  (k*^iral)h\  One  htni(h'e<l  or  *  ore  ('ui)es 
aro  ne(*(k'd  by  one  or  two  chikh*(Mi. 

Who  ran  Uf<c  rabO'.^ 

Alihou<^li  eui)(\<  are  often  a-^ociated  with  the  work  of  youn^  chil- 
dren, they  can  al-o  i>e  u-ed  for  various  chalk^i^^ing  prol)lcni<  on  a  more 
advancc^d  U'Veb 

[low  car}  cubc^  bi  used! 

Cube<  are  probai)Iy  be.-t  known  for  their  u>c  in  free  play  and 
buikhn<^  Youn<^  chikh'en  will  enjoy  a-in<^  cubes  of  variou.-  >izcs,  as 
w(dl  a--  block-  having  oth(M*  ^hapes 

Cliibiren  can  u-(^  cube>-  for  prol)loin-  dealing;  with  onc-to-onc  cor- 
re>pondcnce  and  counlin<r.  For  (^vaniple,  cla^-  attendance  can  1)0 
obtained  by  a--kinii  each  child  pnv-ent  to  drop  a  cube  into  a  box  and^ 
then  havlnt^  -oineone  count  the  cub(v^.  Cubes  of  two  different  colors 
can  be  u-ed  to  ol)tain  a  -epaiate  count  for  boys  and  girK,  Simple 
t;rai)h>  can  be  made  by  u^'Ui^  cul)c<.  (47,  o7. ) 

i\'ttt(Tns  can  be  made  with  cul)e<  O  7:  93 ).  For  exampk*' 


^ — 

Wliat  ooaic-*  next 

/  ^ 

What  is  mi^Mns? 


(*ul)e^  arc  u-efnl  for  intro(lucin<^  tli(*  eoncept>  of  prime  and  com- 

I 
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MAKING  PmKUNN  \vn  li  Ci  hbs 

posite,  even  and  odd,  square  nunil)ens,  and  so  forth.  For  instance,  a 
child  takes  twelve  ciilx^.  Can  he  arrange  them  in  one  row?  In  two 
rows  with  none  left  over?  In  three  rows  with  none  left  o\-er?  lie  may 
write: 


71 
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o!  i.tmtr  .in*i  lamM  mzc-  and  ol^crxc  how 
p»  -  with  ouhc-  and  count  how 


i  1*  2  .  .t«  h  ^hajM  (.V2  • .  ( )ld(  r  clulfh'cn  can  explore^ 


*    :•:}'..  .j:d    t»!uHM  -  of  cnix  -  and  ()th(  r  ^liapt'-.  >uch 

'  .5     .  Vy^.ru  HI.Hk^  US. 

^  !>2  i:  i»i;*ir  i^h^Iu- i.-f-  r;tn  i'»       ,  ,d\i('<<i  hy  nuan-  of  cubes 

i  :  \  sM,:-!'  M  .k.  t  m  u^rh  ' nur  and  red  rulit*-  Now  niako  the 
'  r%  *  '.-'ij/ I.  {'I  i»  »  at  it  J  n  cui)<  w n!i  ^re(  n  one  and  each 
'   :  1  17    13..  1      tk<  .i«r      r  patn-m  an<l  then  build 

'       v«' .  v,<**j'ff  ^*  f       i  nsiuor  ('h«  f-k       u-nii;  a  niirior," 

\     :r:''%  r\  I '  imr A'UfU  and  eouiinnaMon  prohlt-ni-  are  ^ugf^e-ted 
—  H-:*        pnjld«  hi-  rAUCf  iioui  ih*   .(rv  -iniple  to  tlie  more 
}  »»f  »  \  :!wp!'     n^*'»\  nj'*'     ddY'nnt  \\ay>  can  you  >tdck  a 
j    >  :ti'U    iv  i  i  \«!N>u  r'dit  ^"  1-  fanly    iniple.  "In  how  many 
f^' f      '^'.^^    «  '  <nor  a  ojln  i!  you  hav(^  two  color-?"  i>  nnich 

ViTs' 'i  t   ii '\  'a/I  -oiK<  n»u  H -!um  t|ue-(ion^  J^rohlems  of 

.  *  \  J  »    Fl-u  a.  itA  d:?^'  n  ?  ^  -ha;H  -  (vui  y{)U  makr  u-in<;  fotu'  cui)e>? 

p^,,r  ,  ^♦  ,  <      .w  ,     I  *,fjj,p  I .  <  .iij  l„.  .   ni(Mi-»  lan  d  wuh  cuhr  >.  Here 

*    ,S  '  \  J ! lips*  - 

\l  ...  "  r  *•  h  HiA\  niUi\  <        aU'  ?h('re  ir;  thi-  array' 


.  if; 
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Mako  <)  row?  of  7  <-\ihi-^  each  How  many  ciiho^  arc  tlioie  in  t^^i<  array*' 


AVhal  do  you  notice'^ 

I>e  cubc^  to  show  5  X  (3x4). 


r<e  c\ibe^  to  .-how  (5  X  3)  X  4. 


What  do  ^o\l  notico*^ 


A  L\1K)U\T()KV  \iMMU)\('H 


Make  0  rows  of    en  ho-  each  aiul  (>  row^  of  4  cnbo>  ouch 


Mnke  6  rows  of  7  cube.-?  each. 


Wliat  do  you  notice? 

Cuhc\s  can  bo  u^od  for  work  with  fractions.  For  ox  ample: 

Arrange  24  cubes  Show  ]  o(  thcni.  Do  thih  in  >ev(Mal  way^.  Show  \  of  them. 
Arranj;e  24  cuboi?  so  that  it  is  easy  to  show  both  I  of  tl\eni  and  \  of  tlieui. 
If 


2()4 


in:iti(*<  ProK'Ot  eini)lia^iz('>  tlic  um'  of  tho  child  and  hi-  >urroinKlin<2;s. 
It  i-  nni)o--il)l(*  in  a^few  ])ara<:rai>h>  to  convey  the  many  i(h*a<  and 
fro-h  ai)i)roach(*>  prox-ntcd  in  tho  variou-  Xuffiold  l>ookh^ts  (40-51). 
The  ^[ufricld  Project  ha>  a  >!iort  fihn  al-o  (12(5).  Another  rich  .-^ourcc 
for  the  iwe  of  the  envi'-oninont  Mathematics  in  Prnnarn  Schooh 
Curncubnn  Bulletin  So.  1  (')7). 

The  amount  of  connnercially  riVadal)le  material  do^^ned  for  h'arn- 
in^  mathematics  i>  ahno-t*  cndh'>s.  A  detaih'd,  annotated  I)ii)liography 
of  nianii)uhitiv(»  devices  and  a  li.-t  of  many  distriiuitors  can  he  found 
in  the  ()ctol>cr  1968  i->ue  of  the  Arithmetic  Teacher  (85).  For  a  more- 
up-to-date  vcr>ion.  <cc  (11).- For  many  of  the  connnercial  material?, 
written  fjuidcs  arc  available  in  the  form  of  cards  or  l)ooklot>  Some 
are  written  for  the  t(«tcher  ancl;son)e  for  the  children  Smce  hud^^cts 
are  jienerally  (juitc  limited,  a  li-t  i>  ^iven  here  of  mathematical  mate- 
nal<  that  teacher>  and  -indent--  have  found  e.-])ecially  u-Tful. 

MAKIPl'LATIVP;  DE VK'KS  AXD  WIIITTFIN  MATEHIAKS 

Abaciw  (84;  92) 
•  Attribute  Materials  (13J;  135) 
Balances  (138;  147) 
Building  block:.'  (1.30;  141) 
Calculators^  (137,  144;  148) 
Chip^  and  ab.acus  boards  (130;  1.32;  151) 
rui-.cnaire  rod-^  (10;  2<;;  f)4;  HO;  134;  154) 
Geoboards  (2:  5;  0.  23;  24;  50;  GO;  140;  15.5-) 
Mirror  Card<  (114:  110:  142) 
Pattern  Blocks  (IS;  145) 
Tanfrram-^  (2*2 ;  ".55;  150) 
3-D  con-truction  materials 

Also  available  are  >mall  booklet-  for  >tudent  use.  (1).  C3).  (25), 
(26).  (271.  (33).  (37).  (39),  (5()),  (()7).  (122);  -u<:t^e<tion-  for  indi- 
vidual project-  and  <:roui)  activities  for  teacher  and  >tudent  use.  (2). 
(4).  (7i.  (12).  (13).  (14).  (15).  (211.  (28).  (31),  (38).  (53).  (54), 
(57).  (58).  (61).  (62).  (65).  ,69).  (70).  (123).  (143);sct>of  problem 
card-.  (15h.  (152).  (l.^)3».  (154^).  (155).  ( 156) :  and  kit- to  ^ivc  |)rac- 
tiee  m  c()nji)utaM(Mi.  tl57).  i|.58). 

In  >pne  of  it>  title,  the  book  Xntcs  on  }fnfhn}ialfcs  in  Primmn 
Schnol^i  <2j  i)M)videv  a  wtaltb  of  material  at  the  jumor  high  -chool 
le\  el  al-o  .\  numln  r  of  "n  leienco  can  help  teaclu  r-  relate  >ci«'iice 
and  matin  matic-  notably  <8).  H5>.  HOi.  <34i.  <07>.  jIOOk 

<110».  and  ( 147 J 

Many  ';-t  lul  articb  -  ha\  r  app<  ai (  d  u\  the  .1  •'//////#  /  /•  7''  arhi  f  (  1 10 > 
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and  tlv*  Mathematics  Teacher  (120).  a-  well  a-  in  (he  Hriti-li  jcur-'' 
nals  Prhtiary  Mathc/nalfcs  (l24i  and  }[nthc ntaffCs  Tmchnaj  (121). 
Anionju  article^  rclatinji;  to  a  math-lab  ai)|)roa(di  in  <r('n(M'al  an*  (7.1). 

(80).  (8ir.  (82)/  (86).  (88).  -6fll),  (94).  f9()).  (100).  (105). 
(107),  and  (111).  .\nion<r  tho-c  that  relate  to  .-iK-oific  material  or 
concepts  arc  (63),  (73),  (83).  (87).  i89).  ( 102). '(108).  (110).  (112), 
and  (118).  *  * 

Sonic^^ifrcc  material^  of  intcK'>t  to  teacher^  inclu(h'  (l.iyi.  (160). 
and  (IGl ). 

There  are  >onic  dclij^htful  filni^  for  chil<h'cn;  Dance  ^^quarcd  (12.*)), 
Xotcfi  0}ha  Triangle  (129),  and  Mathctnatics  Peep  Sho)r  (127)  have 
inspired  many  interc>tni^  activities  at  all  level-* 

For  what  mathematical  concepts  are  the  materials  useful? 

To  illii>tratc  some  of  the  po>>il)le  u>c-  of  inanij)ulative  device-,  three 
particular  niatcriaN — ^eoboar(l>.  chip^,  and  cui)c> — have  Ix^en  di>- 
cussed  and  rMated  to  variou<  a-p(^ct-  of  tlu*  curriculum.  One  can  turn 
the  i)roblcm ^around  and  a>k  what  matenaW  children  can  u>e  to  gain 
experience  or  practice  in  work  that  dcaK  with  a  particular  concept. 

For  oxanii)Ie,  in  working  with  the  concepts  of  area  and  voliunoj^ 
some  materials  that  are  likely  to  be  ne(*dcd  are  eminy  containers, 
water,  sand,  balance.-,  Pla>ticine,  ruler-,  cardboard,  paper,  pebbles, 
block-  of  all  typQ^%jieoboar(l>.  and  tile>. 

For  work  with  geometry.  >ome  u-cful  mat(nal>  are  bnildmg  blocks. 
Pattern  Block.-,  Oeo-Blocks.  Ceo-Sticks.  cardboard,  paper,  graph 
paper,  >tyroioam.  >tring.^  Mirror  Card-,  mirror.-,  ai'l  containers  of 
all  kinds. 


r-iN<<  T\.N'<.fUM  MiiuioH  C\Ki)S,  ^^^  Pmti.r.v  Bi/k 
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The  following  rcforonco-  arc  pertinent:  Il9i.  143),  (47),  (oO),  (ol), 
(57),  (66),  <72),  (7§),  (94),  (101),  (104),  (106),  (109),  (110),  Mlo), 
(116),  (117),  (118).  ; 

For  work  with  number  >kills,  >onie  u>eful  nia<orials  are  dire,  piihbles, 
graph  paper.  chip<,  Cni^eiiaire  nxN,  cubes,  sfjuarcd  paj)er  for  number 
charts,  number  line.s.  dominoes.  Sec  M).  (2).  (7).  (16),  (41),, (42). 
(o7),  (09;.  (70),  (74).  (90).  (98).  and  (lo4)  foi  >p<cific  >aggestioiK- 
for  the  nonconnnorcial  material. 

"^The  l)c.«t  >ource>  of  all.  liowcvor,  are  the  teacher  and  the  children 
who  can  invent  game^.  probleni>.  aiul  :;trategie>  hand-tailored  to  their 
needs  and  interests. 

Are  there  any  mathematical  games  ? 

There  are  numerous  games  with  a  mathematical  flavor  that  involve 
strategies  based  on  patterns,  chaiice,  logical  reasoning,  perception,  or 
problem-solving  techni(]Ues.  Here  are  a  few: 
Chess 

Chinese  Shuttle  Puzzle 

Dominoes  ■  - 

Dr.  Nnn 

Hi-Q 

Soma  Cubes 

Tic-tae-toe  (ordinary,  three-dimensional,  and  coordinate) 
Thmk-a-Dot 

Tower  of  Hanoi  (Hnidn  Pyramid  Puzzle) 

Some  of  these  ganu-s  tiie  cinldren  will  play  an<!  leave  a:  that;  others 
they  will  want  to  analyze  more  carefully  and  perhaj)s  relate  to  some 
mathematical  conctpts.  The>e  games  can  b<*  played  at  home  as  well 
a^  at  school.  All  can  be  explored  on  more  than  one  level;  for  example, 
one  may  merely  pla^  tic-tac-toe.  or  one  may  analyze  the  game  and 
get  involved  in  .^ueh  concepts  as  >ynimetry.  .  ^ 

Many  games  relate  ilirectly  to  mathematical  concept.-.  For  instance, 
by  playing  coordinate -tic-tac-toe  (9j.  (12),  (71),  battleship  (39), 
(56),  (101),  Point  Set  Game  (12),  and  Go  (32),  chibhen  are  |)rcpared 
for  the  graj)hing  of  point>.  Kalah  i-  a  "count  and  caj>ture"  game  who>e 
rule>  can  l)e  adapted  irom  tlu*  very  .simple  fo:  first  graders  to  the  more 
complex  for  adults  Many  conunereial  game>.  as  well  as  tho>e  the 
teacher^  and  stud(nt>  can  -ugge>t.  are  good  \vay>  of  reinforcing  the 
I)a^w'  computational  ^kil!<  with  whole  nuiiilM-r-^  and  fraction>.  P»ulc> 
can  be  changed  for  many  of  the  game<  to  makcvUiem  more  ehallengin'i; 
for  particular  chihlren  Om'e  the  -pint  of  nnpiovi-ing  catche-  on! 
-tu  'ent-  will  enjoy     "getting  funher  aetivitif- 


Ciaino^  rail  >cv\'r  many  j)iirj)OM*s  For  >oin('  i-tu(l(Mit>.  jranic^  may 
MTVc  a.<  oiijoymeiit  and  motivaiion.  OtluM*  >lii(lo!it.<  may  conic  to 
realize  tljat  tlioy  cftn  tliink  several  ste|)>  ahead  or  that  they  caii  con- 
centrate for  a  long  |)cno<l  of  time.  Throuiih  playing  game^  together, 
students  can  learn  to  internet  in  a  nnall  group  with  other  .<tu(lcnt>. 
('areful  choice  of  game^,  hy  giving  engaging  work  to  >ome  of  the 
children,  allow^  the*  teacher  to  give  clo^c  attention  to  another  group  of 
children.  One  >houl(l  not  underestimate  the  learning  that  can  take 
place  when  children  i)econ)e  really  involved.  The  to>sing  of  dice  for 
learning  number  facts  or  generating  computational  problem^  i>  much 
more  exciting  and  palatable  than  mo<t  work>hoet<  are".  The  need  for 
practice  is  alway.--  there,  and  game.--  aH'ord  many  good  way^  of  g<'t- 
ting  it. 

What  about  pencil  and  paper? 

A  math-lab  approach  does  not  neeosarily  menu  the  ii>e  of  manipula- 
tive inaterials.  Pencil  and  paper  need  not  be  thrown  away!  As  de- 
scribed in  this  chapter,  thi>  approach  enal)ie<  children  to  be  engaged 
in  activities  ranging  from  the  very  simple  to  the  more  advanced. 
Students  ccriaiidy  can.  ami  oft*-*!!  .-hould,  u^t*  paper  and  pencil  along 
with  the  concrete  experiences.  Furthermore,  they  are  free  to  abandon 
the  nuanipulative  malerinls  when  they  arc  ready  to  do  so:  when  a 
child  can  find  the  area  of  any  polygonal  region  drawn  on  dot  paper, 
he  certainly  will  not  be  asked  to  redo  the  problem  on  a  gcoboard. 
Other  work  can  be  initiated  by  the  u>e  of  pencil  and  paper:  many 
examples  of  their  u>e  anpear  in  the  j)revious  chapter. 

The  a|)proach  described  in  this  chapter  is  not  only  for  reini'rtial 
work;  in  fact,  inueh  of  the  new  wouk  shouM  at  least  be  begun  m  this 
way.  Ench  student  can  work  at  liis  own  pace,  using  as  much  or  as 
little  concrete  material  as  noce>sary. 

In  the  scope  of  this  chapter,  it  ha>  been  possible  only  to  give' sam- 
ples of  the  types  of  thing-  that  can  be  done;  no  attempt  has  been  made 
to  exhatist  the  problem.  This  brief  introduction  to  the  flavor  of  a  math- 
lab  approach  i.«-  to  serve  a<  an  ^'iducemert  io  try  it.  The  following 
M-ction  ofler-  M)mc  practical  sugge>tion<  for  getting  >tarted. 

Implementation 

What  are  some  ways  of  starting  a  math-lab  approach? 

.\ny  teacher  who  interested  ev<  ii  ju^t  one  can  make  a  >tar: 
The  eft'ectiVi'iU"-^  of  the  approach  depend    on  1  ow  Well  tho  inan'rial> 
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arc  u^cd.  not  on  how  niany  (iillVunt  nialcnaN  ap-  w^vA,  A  tlioroujihly 
iinplcnicntcrl  niatli-lai>  projirani  M(m-^  noi  happ-n  innncdiauiy  Isut 
t'.ikc^  tinK'  to  evolve  jVom  whatever  he<iinninjr>  arc  po»ii;!.. 

A  teacher  who  wither:  to'  he^in  \\\  hi^  own  ela»n)oni.  whatever  the 
lev'd.  >h()nhl  ehoo-e  a  few  niateriaN  or  i(lea>  that  h(»  hke>  The  niatc- 
naN  (h-cn-xMl  in  thi-  chapter  aic  anioni;  the  ino-t  n-efuL  If  he  i>  not 
ahh-  to  pnreha-e  niateriaN.  h<  and  Oi<\>tn(h-nt-  can  make  thini:.-.  or 
they  eair  workon  activities  re(|nirin*i  noneonnnereial  niaterial>.  If  a 
inul^et  i-  avada1)h\'it  i>  wi-e  at  fir-t  to.  iniy  in  -mall  (luantlties  to 
avoid  ol)taining  a  lar^e  anjonni  of  material  that  tnrn>  out  to  i)e  ini- 
nece^-ary  or  of  htth*  u-e.  Sharinji  -idea>  /it'h  eoHea^^ucs.  vi>itinj; 
-^chooN  that  um'  a  inath-lah -approach.  attc^Jidinji  talk.<.  and  seein^j 
di-play-  at  convention-  are  other  vahiahle  .-ourre-  ks{  helj). 

Althoujih  a  whole  .la--  iniiilu  worV  with  a  particujar  nmterial  >uch 
a--  jicohoanl-.  elii|)<.  or  cube-,  it  i>  u-ually  advi>ai)le  for  children  to 
work  in  >iuall  jir()np>.  It  i-  excitiufj  for  the  -tndent-  to  >wap  niaterial- 
and  >hare  experience>. 

It  niny  -onlxl  dillicnh  v^  have  the  whole  ela->  divided  nito  j;roui)> 
with  (sach  jironp  working  with  a  difVerent  ni;Mcrial.  i)ut  it  reallv  is  not. 
provided  the  teacher  introduces  new  niateiial>  to  a  >niall  group  at 
a  time.  One  .-u.re->fnl  way  to  ac(|uaint  ali  the  -tn(l(*nt.-  with  a  new 
material  i-  to  mtrodux'e  it  to  a  >niall  ^'joup  Hr.-t  while  the  .rest  of  the 
childn^i  woi'k  on  then-  own  wiih  >omethin<r  familiar.  When  thi-' >mall 
'<^roup  know-  what  to  rlo.  the  teacher  can  cither  work  with  another 
liroup  or  a.-k  memh(;r-  of  the  fii-t  i:ronp  to  helj)  introduce  the  materia! 
to  other-.  Adrlitional  nh-iterial-  can  he  introduced  gradually,  and  >tu- 
<lent>  may  wi<h  to  u-e  nion  than  one  maten.  1  during  a  |)cnod.  The 
teacher  can  circulate  from  group  to  grouj).  taking  part  in  tlh  .-tu(h'nt>' 
invc.-stigation--  and  po>ing  quotion-  and  proi)lem<  as  ai)pro|)riate. 
Tcaclnr-  nni-t  reah/e  (hat  they  will  not  k'n'ow  all  the  an-wer-.  The 
niath-!al)  approach  ic(|Uire>  that  the  teacher  have  a  -pirit  of  ex|)lo-a- 
tion— a  >pirit  of  wanimg  to  make  di-coverie.-  along  with  tlu  rnildren. 

Bringing  out  few  iiew  material>  at  a  time  lor  even  j'J-t  one)  not 
o!ily  allow-  the  teacher  to  WiU'k  with  each  material  him-elt  hefor<» 
introducing  it  l)ut  al-o  provide^  vitality  and  a  >pirit  of  anticij>ation. 
It  i-  (leadening  to  h:tvc  material-  around  the  M)om  that  either  "( au't 
he  u-r'd  y(4^'  or  aic  u-<  (l  only  >uperricially  When  a  material  i-'  not  \\\ 
active  u-e.  it  -hould  not  i)c  part  of  the  (da--room  'Miviroiuncnt :  other- 
WIM-.  It  will  noi  only  lo-c  ^on  »■  o^  it-  'mpact  hut  no  (hMii)t  -onic  of  ii^ 
|)ar(-  a-  \\(dl 
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rc^pon^ihlc  tor  the  care  ot"  the  matciiaN;  they  uni^t  realize  (hat  in 
many  ea^^s  the  U)^>  of  one  piece  n)ay  make  a  whole  (le\  ice  or  «:ame 
unu^«ihle, 

"^ome  teaeher>  >et  up  a  "Math-I.al)  CoriuM'"  within  the  (  la>^room.  It 
mi<»ht  >tart  with  ^helve>  and  a  tahh*  on  whieh  ehihh'c^i  ran  keep  the 
(levi('e>  l)ein^  u>e(l  at  any  particuhir  time  a>  well  a^  tho^e  thin<;<  that 
are  always  available  to  them  (e.jz.  jzraph  ])ai)er.  niler^.  hnlance^. 
countor>.  ro(l<.  or  whate\'er  i^  appropriate  to  the  level).  PlaMie  wa^h- 
pan>  ()r  l)OX(»s  eovcM'ed  with  contact  paper  arc^  colorful  and  can  >erv(»'a< 
Morajre  l)in>  or  t(>tc  tray>  fo^r  ^mall  material.--  'In  ad(iition.  tliere  mi<:lU 
he  a  clox't  for  >(ora<:e  of  malei'iaN  not  in  curi'ent  u>c.  Prohlem  caifls. 
j)rojcct  v:xu\>.  and  >!nall  hooklc*^  can  he  plaeed  in  the  pocket >  of  a 
>imple  rack  made  froni  cloth  or  papei-  and  hung  on  the  wall  in  this 
corner  of  th^'  loom.  Student**'  project^  can  I)e  displayed  here^  aNo. 
He(aiiM^  supplementary  textbook^.  >ource 'l)ook>.  and  work^hect.*^  can 
provide  additional  idea^.  room  should  he  made  for  thoe  too. 

There  are  vajiou^  way^  of  u^inj^  tlie  math-lah  approach  within  a 
classroom.  Some  teacher^  try  to  incorporate  niore  than  one  way  into 
their  plans  fleve  are  >/^'cral  po^^ihilitic^: 

Small  <:rouiw  of  children  u>e  the  math-lal)  corner  at  various  timc> 
durina;  tli"  day. 

"(^hildrcn  a»c  involved  in  math-lal)  activiti<'v  -nc  da,»      A'eek.  . 
Some  >tu(lent>  work  witli  manipulative  matcrial>  wlnie  other>  are 

wo^'kin<(  with  texth<)ok>  or  other  wrilten  material  (The  toachcr 

might  he  witlt  cither  group  or  >harc  time  hctwecn  the  two. I 
^niall  groups  of  student^  work  with  difTer<M(  materials.^ 
All  >tu(i(-itf  are  working  with'  the  .suno  material.  (They  need  not' 

he  doing  the  >aine  work  nor  he  working  at  the  >amc  rale.) 
The  approach  i^  u>v(\  to  relate  matheinatics  to  other  area^  of  the 

curriculum,  especially  to  art  and  to  scienee.  ^ 

\Vh(*ne\ei  one  teacher  adopt>  the  math-lal)  approach,  it  almo.M 
always  **NpilN  over"  to  other  cla>si()()ins.  ()ftei|  in*eres(  is  arou.^ed  and 
moh.eiitum  i^  gamed  through  the  informal  sharing  of  idea>  among  i)oth 
the  teachers  and  (he  .s(uden(s.  I(  heh)ful  for  (eacher^  (<;  ge(  (ogether 
(o  work  \\i(h  (he  m.".(erials  (hem-  vc^  \(  {hnv  i^  lu)  provision  in  (he 
.seho^^l  .sys(('ni  for  workshops,  each  teaclnM*  can  l)e  r(spon-il)le  for 
getting  ((»  know  one  matenal  well  m  order  (o  help  others.  ( 'ommunica- 
(ion  rc-ulting  from  the  common  t'\j>enenc(\of  "domg"  no>(  impor- 
(an(  .  e\'en  with  (he  Iw  -i  of  W  a.eh(  is'  uuid("s.  n      very  easv  (o  nm  out 
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of  ciUM-gy  and  idea-.  To  he  able  to  kiy\)  tlu^  material  open,  ahv('.  and 
(•Iiallcnjrin^'.  tcar-hcr-  niu-t  work  with  thc-c  tlicniMdvcs,  >liaiv  ideas 
and  (Icv(d0|)  a  rciicrtoirc  of  u^c^. 

A-  a  >rhool  become-  involved  in  a  niatU-lai>  approach,  it  i>  hcl;)rul 
to  pool  roourcc-.  Since  >o  many  of  the  material.-  have  u>es  in  all  the 
grade.-.,  it  become.-  e-sential  (o  think  of  Iniying  for  the  >chool  rather 
than  for  each  cla.-.-rooni.  One  teacher  nii^ht  helj)  to  provide  an  over- 
view of  what  i<  ii'rded  in  each  clas-room  and  what  would  be  more 
economical  to  >hare.  and  then  a  loan  -ervic(>j'0uld  l)e  worked  out. 

What  are  some  ways  of  using  a  matK<Jab  room? 

Some  school.-  are  fortunate  to  have  si)ace  for  a  math-lab  room.  If 
thi.-  i-  the  case,  it  can  .-erve  a<  a  central  re.-ource  for  materials  a^.  well 
a-  a  i)lace  wIumc  children  work.  Althoutih  it  i-  not  neee>.-aiy,  .-uch  a 
room  has,  many  advantage.-  Some  schools  even  jirovide  a  t(  ach(»r  or  an 
aide  for  the  lab. 

A  matli-lab  room  can  be  u.-ed  in  niany  different  ways.  Sometime- 
the  children  go  to  thv  math  lab  by  clas.-es  with  their  teach(>r  .<o  that  a 
particular  unit  can  be  infrodueed.  Work  with  this  umt  might  be  con- 
tinue(l  in  the  lal).  or  appropriate*  material^  might  be  taken  liaek  to  the 
classroom. 

Sometimes  children  in  the  .-ame  math  group  go  to  the  lab  for  special 
work  in  some  area.  A  .-tudi-nt  or  small  groups  of  students  can  work 
in(lepen(lf>ntly  or  on  work  .-ugg(\s(e(!  by  the  math-lab  teacher,  .student 
teacher,  or  i)arent  volunteer.  The  lab  provides  abundant  0|)portunities 
for  i)roject  work,  for  (Mn  iehment.  for  flriil  work,  and  for  '^'atching  up  " 

Xoiigraded  .sessions  with  a  few  children  from  several  grades  at  once 
can  prove  very  fruitful.  Studr-nts  of  various  ages  can  work  at  their 
own  level  with  the  same  materials  or  with  different  materials.  This 
type  of  situation  provid<\-  an  excellent  opjiortunity  for  both  the  stu- 
dent- and  the  teachers  to  .-<>e  people  as  individual  WIkmi  children  are 
given  concrete  .-ihiation.-,  it  l)ccome.-  clear  that  the  usual  age  and 
ability  groupings  can  be  very  mish^ading. 

A.-  tjie  program  (wolve^.  the  children  can  help  in  the  lal)  and  in  the 
da.— rooms  as  as.-i.-tant-  Children  from  any  gra  lo  can  act  as  helper.- 
wjtli  topics  in  which  they  are  well  ver-ed.  A  buddy  system  can  be 
(•.-tabli>h(  d  for  children  with  >\nH-\n\  needs  Foi  example,  older  student- 
might  volunteer  \)  work  with  fir.-t  grader.-  identified  by  their  teachers 
a-  tho.-e  who  need  eiiljcr  h(d})  or  enrichment.  The  older  children  .-hould 
have  fre(Hi(>nt  opportumtie.-  (o  di-cu.-  their  teaching  and  re(<ivc  help 
liom  their  t<acher-.  Hmh  -chool  -tu(l(Mlt-.  al-o.  can  be  helpful  a.- 
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a>M'^tant<  in  an  dcnu'ntai y.  junior  IhiiIk  or  senior  1i!*ih  iahojatory 
])ro^rani 

How  can  the  laboratory  approach  be  coordinated  with  the  rest  of 
the  curriculum? 

Mo>t  of  tlio  niatii-ial)  niatorial^  arc  >o  rich  and'  oi)('n-(Mul(Kl  tliat 
tlioy  liavc  iinj)licatiori>  from  kniderjiartrn  tlirouj^ii  ln<f;li  >clmol  and 
beyond.  Tlicr"  i>  not'd  to  coordinate  tlioir  tm'  witii  tlio  rc>t  of  (lie  cur- 
riculum. However,  tiiere  is  no  need  to  set  rei'.inj^  ievel>  tluit  rotrict 
the  u>e  of  a  material  in  a  i)articuhir  j^radc  It  is  nni)ortant  tliat  toacli- 
e^^  l)e  ahU'  to  find  out  wluit  i)i'ior  experience.^  chiith'en  liave  liad  in 
order  to  Suild  on  tlic>e  exj)enences 

The  r.iatii-hil)  ai^proacii  can  ho  ai)|)hod  to  toi)ics  in  tlie  existing 
curriculum.  Teachers  can  u>e  textbook^,  a  scoi)e-and->equence  clrart, 
or  curriculum  <^uulehne>  a^  a  ha^ic  outline  from  which  topics  are 
cho>en.  In  thi>  context,  the  lah  activities  provide  a  meaii^  for  the 
>tudent>  to  j^ain  understanding;  and  to  broaden  their  experience. 
Ideally,  there  will  be  >omeone  available  to  help  coordinate  the  work. 
])rovide^  teacher  trainini^.  and  develop  j^uideline>  that  intej^rate  the 
math-lab  approach  into  the  curriculum.  For  a  more  detailed  di.^cus.-^ion 
and  for  many  heli)ful  .^u|j^j^e.^tion.^,  .^joe  the  book  Freedom  to  Learn  (41 
and  the  film  Math's  Mm  (128). 

Concluding  Remarks 

In  the  ^cope  of  one  chai)ter,  it  i.^  impossible  to  discuss  all  the  reason.^ 
for  a  matb-lab  apj^roach.  all  the  ways  of  u^in^  the  approach,  all 
l)o^.^ible  materials  and  topics,  and  all  problem^  that  an.^e.  It  i^  hoped 
that  the  .^aini)le.^  of  idea^  pre.MMited  here  will  eneouraji^e  teacher.^  to  u^e 
the  reference^  and  <;et  stjirted  on  what  can  be  a  mo.^t  excitin<;  and 
rewardinj^  adventure 
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OTHER  MATERIALS  AND  THEIR  SOURCES 
Films 

125.  Dance  Squared.  Color,  4  min. 

International  Film  Bureau 

332  S.  Michigan  Ave. 

Chicago,  111.  60604 
128.  /  Do  and  J  Understand.  15  niin. 

Radim  Films 

220  W.  42d  St. 

New  York,  N.Y.  10036 

127.  Mathematics  Peep  Show.  Color.  10  min. 

For  Rental: 

University  of  Southern  California.  Film 
Distnbution  Section 

University  Park 

Los  Angeles*  Calif.  90007 
For  Purchase: 

Charles  Eames 

901  Washington  Blvd. 

Venice,  Calif.  90291 

128.  Math's  Alive.  30  min. 

Educational  Foundation  for  Visual  Aids, 

National  Audio-Visual  Aids  Librarv 
Paxton  Place 

Gipsy  Rd.,  London,  S.E.  27,  England 

129.  Notes  on  a  Triangle.  Color,  5  min. 

International  Film  Bureau 
332  S.  Michigan  Ave. 
Chicago,  111.  60604 

Manipulative  Materials 

130.  Abacus  Board. 

Scott  Scientific,  Inc. 
P.O.  Box  2121 
Ft.  Collins,  Colo.  80521 
Also: 

Selective  Educational  E^iuipment  (SEE) 
3  Bridge  St. 
Newton,  Mas.s.  02195 
Also: 
Math  Media 
P.O.  Box  1107 
Danbury,  Conn.  06810 

131.  Attribute  Games  and  Problems.  Materials:  A  Blocks.  Pconle  Pieces  Color 

McGraw-Hill  Book  Co..  Webster  Division 
Manchester  Rd. 
Manchester,  Mo.  63011 

132.  Chips. 

Scott  Scientific,  Inc. 

P.O.  Box  2121 

Ft.  Collins,  Colo.  80521 
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Also: 

Selective  Educational  Equipment  (SEE) 
3  Bridge  St. 
Newton,  Ma&?.  02195 
Also: 
Math  Media 
P.O.  Box  1107 
Danbun-,  Conn.  03810 

133.  Color  Cubes. 

McGraw-Hill  Book  Co..  Web^'ter  Division 
Manchester  Hd. 
Manchester.  Mo.  63011 
Also: 

Selective  Educational  Equipment  (SEE) 
3  Bridge  St. 
Newton,  Mass.  02195 

134.  Cuisenaire  Rods. 

Cuiscnaire  Co.  of  America 
12  Church  St. 

New  Rochelie,  N.Y.  10805 

135.  Dicncs  Logical  Blocks.  Large  Plastic  Set,  and  Learning  Logic,  Logical  Games, 

by  Z.  P.  Dienes.  New  York :  Herder  &  Herder. 
Pitman  Publishing  Corp. 
6  E.  43d  St. 
New  York.  N.Y.  10017 

136.  Dienes  Multibase  Arithmetic  Blocks:  M.A.B.  New  York:  Henler  <fe  Herder. 

Pitman  Publishing  Corp. 

6  E-  43d  St. 

New  York.  N.Y.  10017 

137.  Divisumma  GT  24  Calculator. 

Olivetti  Underwood  Corp. 
1  Park  Ave. 

New  York,  N.Y.  10016 

138.  First  Balance  and  Invicta  Math  Balance. 

Selective  Educational  Ecpiipment  (SEE) 
3  Bridge  St. 
Newton.  Mass.  02105 

139.  Goo  Blocks,  by  Elementary  Science  Study:  Materials  for  Geo  Blocks 

leuchct's  Guide  for  Geo  Hloclu^  and  Problem  Cards  for  Geo  Blocks. 
McGraw-Hill  Book  Co.,  Webster  Division 
Manch'?ster  ]?d. 
Manchester.  Mo.  63011 

140.  Gcosf|Uare-Classroom  Kit  and  Teachers  Manxuil. 

Scott  Scientific,  Inc. 

P.O.  Box  2121 

Ft.  Collins,  Colo.  80521 

141.  Lowcnfeld  Poleidoblocks.  Set  G  with  Guide. 

Selective  Educational  Kquipment  (SEE) 
3  Bridge  St. 
Newton,  Mass.  02195 

142.  Mirror  Cards,  by  Eleinentaiy  Science  Study.  Materials  for  Mirror  Cards 

and  YQacher^ti  Guide  for  Mi^  or  Cards. 
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McGraw-Hill  Book  Co.,  Webster  Division 
Manchester  Rd. 
Manchester,  Mo.  63011 

143.  Mcbilcs,  by  Elementary  Scienee  Study.  Materials  for  Mobiles  and  Teacher's 

Guide  for  Mobiles. 
McGraw-Hill  Book  0\,  Webster  Division 
Manchester  Rd. 
Manchester,  Mo.  63011. 

144.  Nippon  Master  Hand  Operated  Desk  Calculator:  Problem  Card.,  sets  A  ami 

B,  and  Nippon  Calculator  Work  Sheets. 
Broughtons  Calculators  USA. 
31  E.  2Sth  St. 
New  York,  N.Y.  10016 

145.  Pattern  Books,  by  Elementary  Science  Study. 

McGraw-Hill  Book  Co.,  Wobster  Division 
Manchester  Rd. 
Manchester,  Mo.  63011 
Also: 

Selective  Educational  Equipment  (SEE) 
3  Bridge  St. 
Newton,  Mass.  02105 

146.  Pon^^lums,  by  Elementary  Science  Study.  Teacher^s  Guide  for  Pendulums, 

McGraw-Hill  Book  Co.,  Webster  Division 
Manehester  Rd. 
Manchester,  Mo.  63011 

147.  Primary  Balancing,  by  Elementar>'  Science  Study.  The  Balance  Book:  A 

Guide  for  Teachers,  1960.  ^^^r^.  n 

McGraw-Hill  Book  Co.,  Webster  Division 
Manchester  Rd. 
Manchester,  Mo.  63011 
148  SEE-Calculator. 

Selective  Educational  Equipment  (SEE) 
3  Bridge  St. 
Newton,  Mass.  02195 
140.  Storn  Structural  Arithmetic  Apparatus. 
Houghton  Mifflin  Co. 
53  W.  43d  St. 
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T  HIS  chapter  discusses  four  aspects  of  the  problem  of  the  nature 
and  use  of  diagnostic  and  prescriptive  teaching  of  niatlieuiatics  to 
slow  learners.  First,  the  larger  view  of  the  problem  is  presented  to 
enable  the  reader  to  see  its  furthest  metes  and  bounds  and  be  able 
thereby  to  view  the  narrow  limits  in  which  the  writers  are  currently 
working.  Second,  and  accepting  the  fact  that  their  present  efforts 
m  diagnostic-prescriptive  teaching  arc  primarily  oriented  to  cognitive 
learning,  the  writers  present  a  taxonomy  for  the  content  of  elementary 
school  mathematics  in  the  hope  that  it  will  enlarge  the  teacher's 
view  to  the  fullest  dimensions  and  potential  of  a  symptomatic  (ob- 
servable behavior)  approach  to  the  problem.  Third,  some  group 
(nomothetic)  and  some  individualized  (idiographie)  procedures  that 
arc  useful  in  diagnostic-prescriptive  teaching  arc  presented  And, 
fourth,  lessons  arc  presented  from  a  case  study  in  which  the  content 
taxonomy  was  used  by  the  teacher  to  guide  him  in  the  selection 
of  appropriate  ohjectives  and  in  the  selection  of  relevant  nomothetic 
and  idiogra])hic  procedures.  It  is  hoped  that  they  will  provide  the 
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interested  reader  with  insights  that  will  enable  him  to  carry  out 
simihar  diagnostic-prescriptive  work  with  slow  learners. 

The  Larger  View 

Prior  chapters  have  presented  diseiusions  of  several  of  the  vari- 
ables essential  to  a  well-eoneeived  theory  of  instruction  for  the  slow 
learner  (or  any  other  child).  These  ir.ckide  knowing  his  characteristics 
and  needs,  using  available  rcsoarch-dcrivcd  knowledge  about  teaching 
him,  using  behavioral  objectives,  creating  a  favorable  learning  en- 
vironment, adjusting  instructional  methods,  using  multiscnsory  aids, 
and  adopting  the  laboratory  approach.  If  thci^c  and  other  variables 
essential  to  a  theory  of  instruction  were  present  in  the  initial  teaching, 
and  in  appropriate  amounts,  the  learning,  retention,  and  transfer  of 
learning  would  conceivably  proceed  at  an  optimum  level  for  any 
given  child.  And,  contrariwise,  the  fact  that  diagnosis  and  carefully 
prescribed  teaching  (a  rifle  approach  rather  than  a  shotgun  approach) 
is  presently  needed  by  so  many  children  and  youth  is  prima  facie 
evidence  that  one  or  more  of  the  essential  variables  were  missing 
or  were  present  In  inappropriate  amounts  during  the  initial  teaching 
and  subsequent  consolidation  phases  of  the  instruction.  To  approxi- 
mate an  optimum  level  of  learning  and  retention  in  this  situation, 
teaching  should  have  a  large  diagnostic-prescriptive  element. 

Soine  essential  variables 

From  the  above  paragraph  it  can  be  seen  that  diagnostic-prescrip- 
tive teaching  is  a  careful  effort  to  retoach  successfully  what  was  not 
well  taught  or  not  well  learned  during  the  initial  teaching.  What,  then, 
are  the  essential  variables  of  a  good  diagnostic  and  prescriptive  teach- 
ing program?  At  the  outset  let  it  be  noted  that  such  teaching  can 
be  viewed,  on  the  one  hand,  as  being  as  large  as  a  theory  of  instruc- 
tion itself  or,  on  the  other  hand,  as  being-  fragmentary  mechanical 
reteaehing  of  each  of  many  unrelated  cognitive  skills,  such  as  re- 
naming (carrying)  in  addition  of  the  form  47-1-  28  =  or  "inverting 
the  divisor  and  multiplying"  in  division  of  the  form  sy^  -J-  %  =  n. 
When  diagnostic  and  prescriptive  teaching  of  the  higher  cognitive 
abilities  is  viewed  as  mechanical  reteaehing  of  associations,  it  is 
most  unlikely  that  any  educationally  significant  amount  of  learning, 
retention,  and  transfer  of  learning  will  occur.  In  other  words,  if  the 
slow  learner  has  been  the  victim  of  a  drill-oriented  program  of  instruc- 
tion for,  say,  six  years  and  has  not  attained  a  level  of  scholastic  ptr- 


9SU 

THU  SLOW  LKARXKH  IN  MATHKMATICS 

formaiicc  consistent  with  his  estimated  cap:il)ility,  it  is  most  unlikely 
that  more  of  the  same  type  of  teaching  will  succeed  in  the  seventh 
year. 

The  larger  view  of  diagnostic-prescriptive  teaching  is  here  in-opo'^ed 
and  discussed  as  a  set  of  constituent  variables. 

The  airriculum  variable.  The  first  variable  to  be  discusscl  within 
tlie  larger  theory  of  instruction  is  a  worthwhile  tlieorv  of  curriculum 
This  asks  the  question  What  mathematical  knowledge  is  of  iiio«t 
worth  for  the  slow  k-arner?  There  are  three  possible  theories  c  r  siib- 
theori.-s,  of  curriculum  to  which  one  can  turn  to  answer  the  (lue^tioir 
a  logical  subtheory,  a  psychological  subtheory,  and  a  sociological 
subtheory.  Each  has  its  proponent?  and  opponents,  it^;  advantage*  and 
limitations. 

The  logical  theory  of  curriculum  is  about  2,500  yeais  old.  It«  main 
tenet  is  that  the  curriculum  is  best  organized  for  teaching  and  learn- 
ing purposes  when  the  subject  matter  (in  this  case  matheinatic<=)  is 
organized  and  developed  as  a  series  of  related  ideas-regardless  of  it« 
relevance  as  seen  by  the  learner  and  regardless  of  its  usefulness  in 
the  common  business  and  social  situations  of  adult  life. 

Presently  its  best-known  advocate  is  the  cognitive  psychologist 
Jerome  S.  Bniner.  As  hypothesized  by  him:  "Any  subject  can  be 
taught  to  any  child  on  any  grado  level  in  some  intellectually  honest 
form."  This  hypothesis  and  its  implications  for  teaching  neatly  side- 
step a  more  important  prior  question:  Ought  any  subject  be  tauMit 
to  any  child?  " 

Unfortunately,  this  and  similar  statements  are  used  by  «ome  "^up- 
l)orters  to  "justify"  teaching  a  few  "exciting"  lessons  in,  say  algebra 
to  third-grade  children.  Leaping  to  the  untenable  conchi.4on  that 
slow  learners  can  learn  anything  that  other  children  can  learn,  tliev 
argue  backward  that  because  slow  learners  can  learn  algebra'  they 
ought  to  learn  it.  This  theory  in  extremist  form  offers  the  teacher 
no  roasonable  guidelines  for  selecting  the  content  of  a  (ragiiostic- 
prescriptive  program  for  the  slow  learner. 

A  second  point  of  view  on  what  mathematics  is  of  most  wjrth  is 
the  clinical-psychological  point  of  view.  The  essence  of  this  view  is 
that  the  only  honest  curriculum  in  mathematics  is  one  that  eviituatcs 
from  the  expressed  needs  of  the  child.  A.  S.  Ncill  states  the  case  for 
this  theory  of  curriculum: 

Wl-.efher  a  school  Ims  or  ha.s  not  :i  .special  mciliod  for  tcachiiis  Ion- 
di...=ion  is  of  no  significance,  for  long  divL^ioii  is  of  no  iiiiporlaiicc  e.xccpl 
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to  those  who  want  to  learn  it.  And  th  "»^^'d  who  wants  to  learn  long 
division  ^oill  learn  it  no  matte  i^ht.  [17,  p.  5] 

Selecting  the  content  for  diap,iiv..  ...  and  prescriptive  teaching  for 
the  slow  learner  under  this  theory  is  essentially  the  responsibility  of 
the  child  or  youth.  The  teacher's  role  is  that  of  a  consultant  to  the 
child  after  he,  the  child,  has  identified  and  made  known  his  interest 
in  learning  or  relearning  a  particular  topic.  Presumably,  his  wanting 
to  learn  will  compensate  for  any  absence  of  the  planning  and  motivat- 
ing the  teacher  would  provide  under  a  more  structured  program.  As 
with  the  logical  theory,  this  theory  offers  the  teacher  little  help  in 
planning  for  the  slow  learner. 

And.  th=rd,  still  others  assert  just  as  strongly  that  the  only  ac- 
ceptable source  of  mathematical  content  is  that  body  of  knowledge 
which  is  widely  used  in  business  and  in  the  common  life  situations  of 
the  adult  popuhition.  For  many  years  Guy  M.  Wilson  has  been  the 
most  articulate  spokesman  for  this  sociological  point  of  view.  He 
argues  that  for  all  children,  not  just  slow  learners,  the  amount  of 
mathematics  that  should  be  "mastered"  is  very  little.  For  the  slow 
learner,  whose  adult  mathematical  needs  may  be  less  than  those  of 
the  average  person,  the  mastery  program  would  be  even  less.  After 
many  years  of  investigating  the  mathematics  used  in  common  busi- 
ness and  adult  life  situations,  Wilson  states  the  case  for  all  children 
this  way: 

The  mastery  [program]  consists  of  smiple  addition— 100  primary 
facts,  300  decade  facts,  carrying  and  other  process  difficulties;  simple 
subtraction— 100  primary-  facts,  process  difficult ies ;  multiplication— 
100  primary  facts,  proces:5  difficulties;  long  division— no  committed 
facts,  general  sclicme  and  process  steps;  simple  fractions  in  halves, 
fourths,  and  thirds,  and,  in  special  eases,  in  eighths  and  twelfths,  general 
acquaintance  with  other  simple  fractions;  decimals— reading  knowledge 
only.  .  .  .  The  essential  drill  phases  of  arithmetic  for  perfect  mastery 
are  as  simple  as  that.  The  load  is  very  ?mall.  [21,  pp.  3,  41 

Two  limitations  to  the  sociological  point  of  view,  obviously,  are 
the  minimizing  of  structure  and  the  failure  to  capitalize  on  the  moti- 
vational power  inherent  in  the  expressed  interests  of  children  and 
youth. 

Simiiiary  discussion  of  the  ciirriadiim  variable.  Above,  then,  are 
three  very  different  subtheories  on  what  mathematics  is  of  most  worth 
for  all  children  (and  therefore  for  the  slow  learner)  and  which  must 
be  drawn  upon  in  various  amounts  in  selecting  that  mathematics 
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Which  Should  be  diagnosed  and  prescribed  for  the  slow  learner  Each 
IS  an  extremist  point  of  view.  It  is  the  writers'  opinion  that  no  one  of 
these  in  its  extreme  form  should  dictate  the  curriculuiu  for  the  .low 
Icamcr  Bruner  and  the  structural,  or  logical,  subtheory  is  no  more 
correct  than  Wilson  and  his  sociological  subtheory,  or  Neill  and  hi« 
psychological  subtheory.  From  the  larger  point  of  view,  the  question 
of  what  mathematics  is  of  most  worth  for  the  slow  learner  (indeed 
for  any  learner)  is  far  too  important  and  complex  to  be  left  to  the 
mathematicians,  or  to  the  sociologists,  or  to  the  psychologists.  Eacii 
of  these  has  his  own  form  of  "the  closed  mind,"  each  his  own  form 
(10  ^"^'^^^'P'"''"  Lee  J.  Cronbach's  apt  figure  of  speech 

Important  checks  are  provided  by  the  disciplines  among  tli-  dis- 
ciplines. Mathematics  education  is  an  interdiscipline.  Mathematics 
educators  cannot  risk  the  danger  iiherent  in  any  single  subtheory 
The  harm  to  the  slow  learner  would  be  too  great. 

Glennon  (13,  pp.  134-39)  developed  the  model  in  figure  9.1  to  picture 
the  size  of  the  ball  park  in  which  the  curriculum  game  is  played  and 
the  nature  of  a  balanced  theory  of  curriculum.  The  ring  (,r)  in  the 
center"  of  the  triangular  region  indicates  the  region  of  optimum 
balance  for  the  average  child.  For  any  particular  child  the  region 
of  optimum  balance  and  relevance  may  be  shifted  one  way  or  an- 
other. For  the  slow  learner  with  no  significant  emotional  disabilities 


Psychological  subtheory 


Logicol  Sociologicol 
subtheory  subtheory 

Fig.  9.1 


the  most  appropriate  curricul-un  will  draw  most  heavily  on  the  socio- 
logical subtheory  and  to  a  lesser  but  still  significant  extent  on  each  of 
the  other  two  subtlieories.  That  is,  the  concept  of  a  relevant  curriculum 
will  shift  from  region  x  to  region  y  (fig.  9.2) . 

More  specifically,  not  all  number  systems  and  not  all  numeration 
systems  are  of  equal  worth  for  the  slow  learner;  and,  indeed,  not  all 
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topics  within  the  real  number  system  itself  and  in  the  decimal  num- 
eration system  are  of  equal  worth.  Within  the  limited  amount  of  time 
available  for  systematic  instruction  in,  say,  grade  5  (45  minutes  per 
day  for  180  days^'or  about  135  clock  hours  per  year),  a  topic  such 
as  subtraction  of  whole  numbers  of  the  form  45  -  27  =  n  would  be 
of  greater  relevance  and  social  usefulness  than  division  of  fractional 
numbers  of  the  form  1%  -i-  3^^  =  7^  and  hence  would  be  more  ap- 
propriately a  part  of  the  instructional  program  for  the  slow  learner. 

When  one  is  diagnosing  and  prescribing  the  instructional  program 
for  the  slow  learner,  the  greater  part  of  one's  time  and  talents  should 
be  concentrated  on  diagnosing  and  prescribing  within  those  topics 
of  greatest  relevance  to  the  learner.  The  fact  that,  as  the  model  shows, 
the  other  two  subtheories  are  also  connected  to  the  ring  in  figure 
9.2  means  that  the  mathematical  structure  of  the  subject  matter  (the 
logical  subtheory)  and  the  expressed  needs  of  the  child  are  still 
important  variables  in  curriculum  decision  making  and  must  be 
used  in  appropriate  amounts  when  diagnosing  and  prescribing  for 
the  slow  learner. 

The  method  variable.  Any  parent  of  school-age  children  is  well 
aware  of  the  fact  that  a  given  teacher  wiW  be  liked  by  some  of  the 
children  and  disliked  by  others.  These  differing  reactions  are  due  to 
severiii  causes.  The  cause  of  concern  here  is  the  teacher's  percep- 
tion of  his  role  in  the  instructional  process — a  jierception  largely 
determining  how  he  will  teach.  As  with  theories  of  curriculum,  the 
theoiies  of  the  teacher's  method  can  be  viewed  as  three  very  different 
subtheories:  telling  (didactic  or  expository),  discovery,  and  ps3''cho- 
therapy.  Gltnnon  (13,  pp.  139-41)  illustrated  their  interrelationships 
with  the  model  in  figure  9.3. 

In  the  discussion  of  curriculum  theory  above,  it  was  noted  that  the 
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Fig.  9.3 

selection  of  what  .mathematics  is  of  most  worth  for  the  slow  learner 
sliouM  be  based  primarily  on  the  social  usefulness  of  the  topics  The 
answer  to  the  companion  question-What  7,iethod  is  of  most  worth 
m  the  diagnosis  and  prescription  for  learning  disabilities?-is  a  far 
more  complex  matter.  The  answer  is  inthnately  and  intricately  as- 
sociated with  such  variables  as  the  cognitive  level  of  the  topic  being 
taught  I.e.  understanding  the  commutative  property,  consolidation 
01  a  skill,  ability  to  solve  two-step  verbal  problems,  etc.),  the  type 
of  motivation  being  used,  the  personality  traits  of  the  teacher  and 
the  child  as  well  as  their  mutual  conipatibility_to  mention  several 
relevant  variables.  Each  of  the  three  different  methods  is  discussed 
brietly  m  its  extreme  form  for  purposes  of  comparison. 

Certainly  the  most  widely  used  method  is  that  of  "telling  "  In  the 
typical  elementary  or  secondary  school  cLissrooin  there  is  very  little 
dialogue.  Most  of  the  talking  is  the  teacher's  and  most  of  that  is  in 
ihe  form  of  directions,  commands,  leading  questions-all  kindly  per- 
haps, but  all  authority-oriented  statements.  The  teacher  view?  this 
method  as  the  one  in  which  he  is  most  experienced  and  hence  most 
comfortable.  Too,  he  views  "telling"  (perhaps  because  of  the  way  he 
was  taught)  as  the  best  way  to  get  things  done,  to  "cover  the  course." 
In  recent  years  it  has  become  fashionable  by  some  other  method, 
extremists  to  satirize  and  ridicule  "telling"  when  done  by  the  teacher 
But,  strangely  enough,  they  applaud  "telling"  when  done  by  one  child 
in  the  classroom  as  ho  tells  the  other  twenty-five  children  what  ho 
discovered." 

Although  "telling"  can  be  i.nd  perhaps  is  very  often  overused,  the 
method  has  many  excellent  features  for  certain  kinds  of  teaching 
situations,  and  it  holds  much  promise  for  productive  research  in  the 
future.  Of  this  potential  John  B.  Carroll  says:  "Despite  its  relative 
neglect  [m  being  researched]  in  educational  psychology,  learning  by 
being  told  has  a  glorious  past.  Its  future  may  be  even  more  glorious 
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if  wc  will  take  the  trouble  to  examine  it  with  the  attention  we  have 
paid  to  other— lesfc-  interesting — ways  of  learning."  (9,  p.  10.) 

In  the  writers'  opinion^  the  ait  cowant  extremism  in  method  is  the 
so-called  discovery  method.  Much  has  been  written  about  it;  for 
example,  sec  Shulman  and  Keislar,  Learnuuj  by  Discovery:  A  Cntical 
Appraisal.  When  defined  in  a  pure  sense,  discovery  does  not  appear 
to  exist  in  any  real,  recognizable,  or  usable  form  in  education.  In 
a  pure  sense,  discovery  would  have  to  be  defined  as  learning  that 
takes  place  when  (1)  the  purpose  or  goal  resides  wholly  and  singly 
within  the  learner,  (2)  the  learning  experiences  are  planned  by  him 
only,  (3)  the  knowledge  discovered  is  new  to  the  learner,  and  (4) 
the  knowledge  discovered  is  new  to  that  literate  population.  If  any 
one  of  these  criteria  is  not  pre.sent,  the  method  woulrl  be  some  varia- 
tion of  guided  discovery.  Within  this  definition,  learning  from  read- 
ing a  book  could  not  be  called  discovery  learning,  since  the  book  itself 
is  a  telling  or  didactic  tool. 

The  guided-dicovery  method  appears  to  be  used  primarily  to  trans- 
mit subject  matter.  Its  adherents  also  hold  that  it  can  be  used  as  a 
method  of  bringing  about  such  process  outcomes  as  "learning  to 
learn,"  "learning  to  inquire,"  and  ''learning  to  ask  questions." 

The  third  subtheory  of  method,  and  one  the  teacher  shouUl  have 
available  when  working  with  the  slow  learner  in  diagnostic-prescrip- 
tive teaching  situations,  is  psychotherapy.  Unlike  telling  and  guided 
discovery,  which  are  primarily  concerned  with  transmitting  subject 
matter,  psychotherapy  is  primarily  concerned  with  the  larger  view 
of  learning — the  life  skills  of  understanding  of  self,  acceptance  of 
others,  and  so  on.  Meade  identifies  five  such  "life  skills":  "powers 
of  analysis,  charaeterological  flexibility,  self-starting  creativity  in  the 
use  of  off-job  time,  a  built-in  preference  and  facility  for  democratic 
interpersonal  relations,  and  an  ability  to  remain  an  individual  in  a 
mass  society"  (16,  p.  38).  Dibs:  In  Search  of  Self,  by  Virginia  Axline, 
is  an  excellent  ease  .study  in  the  use  of  play  therapy — one  form  of 
psyehothcrapy~as  she  worked  with  a  young  boy  struggling  to  learn 
about  himself  (2). 

Although  much  has  been  researched  and  wn-itten  (19)  on  the  role  of 
psychotherapy  in  teaching,  the  teacher's  professional  knowledge  of 
and  experience  with  the  method  is  usually  not  complete  enough  to 
use  it  in  the  classroom  or  educational  clinic.  In  one  sense,  however; 
almost  all  teachers  are  amateur  psychotherapists  to  some  children 
some  of  the  time.  That  is,  almost  all  teachers  will  identify  with  and 
empathize  with  a  child  who  has  evi(lcnec(i  some  emotion-based 
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problem  m  the  classroom.  The  teacher  behaves  more  like  an  artist 
or  a  humanist  than  like  a  scientist  %vorking  with  things  or  animah 
in  laboratory  situations.  Gilbert  Highet  comments  on  this: 

I  believe  that  teaching  is  an  art,  not  a  .science  Teaching  i.«  not 

hke  inducing  a  elieniical  reaction:  it  is  much  more  like  p:iintiii<r  a  pic- 
ture or  making  a  piece  of  music  ...  or  writing  a  frieiidlv  letter  You 
must  throw  your  heart  into  it,  you  must  realize  that  it  cannot  ail  be 
done  by  formulas,  or  you  will  spoil  your  work,  and  vour  pupiLs  and 
yourself.  [14,  pp.  vii-viii]  "      '  '  ' 

Summary  discu^sum  of  the  method  variable.  As  said  above  -^elect- 

ing  the  most  appropriate  method  or  combination  of  methods 'for  u«e 
in  diagnostic  and  prescriptive  teaching  is  a  far  more  complex  profes- 
sional matter  than  selecting  appropriate  content.  It  may  help  the 
reader  to  see  its  complexity  if  a  few  questions  are  posed  here  about 
appropriateness  of  method  in  two  teaching  situations. 

Mr.  A  is  able  to  tolerate  a  rather  high  degree  of  ambiguity.  He  is 

caching  a  slow  learner  wiio  has  a  long  history  of  inability  to  tolerate 
irustration.  The  topic  is  multiplication  of  whole  numbers  of  the  form 
4  X  23.  Should  Mr.  A  tell  how  in  the  belief  that  this  is  the  most 
etlicient  method  even  though  previous  teaching  by  telling  has  failed 
and  because  he  is  most  comfortable  and  secure  with  this  method? 
Or,  being  able  to  tolerate  ambiguity,  should  he  guide  the  discovery 
of  the  algorithm  in  the  belief  that  this  is  a  more  powerful  method 
for  building  understanding  of  the  distributive  property-t /en  though 
the  child  cannot  tolerate  the  frustration  that  goes  with  the  teacher's 
withholding  of  knowledge? 

Now  change  the  situation  somewhat.  Mrs.  B  is  unable  to  tolerate 
frustration,  is  rigid  in  personality  and  in  her  didactic  teaching  meth- 
ods, bhe  IS  working  with  a  slow  learner  who  dislikes  arithmetic  and 
who  IS  also  quite  hyperactive.  When  tcacliing  the  above  computa- 
tional skill,  should  she  tell?  Should  she  guide  discovery?  Or  using 
psychotherapeutic  methods,  should  she  reflect  the  child's  expressed 
feelings  of  dislike  for  mathematics,  hoping  thereby  to  help  the  child 
see  himself— an  experience  which,  if  successful  over  a  period  of  time 
should  make  it  possible  for  him  to  attend  better,  to  tolerate  better' 
0  learn  better,  and  then  U>  like  better?  Should  this  teacher  change' 
her  prior,  somewhat  successful  didactic  methods  to  guided-discovery 
methods?  To  psychotherapeutic  methods? 

To  summarize,  many  variables  affect  the  diagnostic-prescriptive 
teaching  of  mathematics  to  slow  learners  in  elementary  and  sec- 
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ondary  schools.  No  longer  can  this  teaching  be  viewed  as  simply 
reteaehing  (redrilling?)  the  eoinputational  skills  of  previous  years. 
And  no  longer  should  reteaehing  use  only  a  verbal-symbolic  mode 
when  the  great  signifieanee  attached  to  the  necessary  prior  modes— 
the  concrctc-nianipulativc  (cnactive)  mode  and  the  rci)rcsentational, 
pictorial  (ikonic)  mode—is  known. 

Moreover,  evidence  is  accumulating  that  the  cultural  background 
of  children  may  ^'etenninc  to  an  educationally  significant  extent  the 
ability  of  children  to  learn  by  these  modes.  Fort,  Watts,  and  lesser, 
in  a  summary  of  studies  of  the  variability  that  exists  among  Chinese, 
Jewish,  Negro,  and  Puerto  Rican  children  in  four  mental  abilities 
(verbal,  numerical,  reasoning,  and  spatial  concci)tualization),  reported 
these  findings  (11,  p.  387): 

1.  Chinese  children  performed  spatial  tasks  bettor  than  any  of  the 
other  tasks.  Tliey  performed  verbal  tasks  least  well. 

2.  Jewish  ehildren  evidenced  their  greatest  proficiency  in  the  vcrlial 
area  and  were  next  best  in  numerical  concepts.  Their  spati;d  skilL-: 
were  poorest,  and  reasoning  scores  were  only  a  bit  higher  than  spatial. 

3.  Negro  ehildren  showed  their  greatest  skill  to  be  in  the  verbal  area. 
They  performed  least  well  in  the  nimierical  area. 

4.  Puerto  Rican  children  evidenced  the  least  difference  in  the  four 
abilities.  Their  best  area  was  space  eoneeptnalization;  their  worst, 
verbal  concepts. 

The  spaee  allotted  to  this  chapter  does  not  i)ermit  rendering  the 
problem  still  more  complex  by  discussing  in  detail  other  variables 
that  significantly  affect  the  success  of  diagnostic  and  prescrii)tive 
teaching.  These  variables,  each  of  which  has  constituent  subthcories, 
would  include  at  least  theories  of  motivation,  theories  of  personality 
development,  and  theories  of  child  and  adolescent  development.  Al- 
though the  preceding  discussion,  limited  to  theories  of  curriculum 
and  of  method,  shows  that  diagnostic-prescriptive  teaching  is  a 
coniplcx  task,  it  appears  much  more  complex  when  these  latter 
variables  enter  into  the  tutorial  situation. 

The  patterns  listed  above  and  those  for  other  ethnic  groups  should 
have  implications  for  the  mode  of  learning  to  be  capitalized  on  in 
diagnostic  and  prescriptive  teaching.  Much  has  yet  to  be  learned 
before  these  implications  can  be  hypothesized,  researched,  and  gen- 
eralized. In  the  meantime,  the  teacher  will  have  to  work  intuitively 
as  he  selects  the  mode  of  learning  that  will  be  most  effective  and 
efficient  for  a  particular  child. 
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.4  lool:  into  (he  future 

All  t!i^  premliiif;  discussion  has  been  concerned  with  diagnostic 
and  prescriptive  teaching  from  the  point  of  view  of  teaching  as  a 
humanistic  effort.  While  educational  psychologists  and  currieuhnn 
workers  are  contributing  the  ideas  above,  a  new  breed  of  educator 
is  working  from  what  David  Kreeli  calls  a  psychoneurobioehemedu ca- 
tion point  of  view: 

There  will  be  great  cluiiigos  made  in  the  first  and  foremost  and  con- 
tinuing business  of  society:  the  cducntion  and  training  of  the  young.  The 
development  of  the  mind  of  the  child  will  come  to  rest  in  the  knowledge 
and  skills  of  the  biochemist,  the  i)harmacologi<t.  and  neurologist,  and 
psychologist,  and  educator.  And  there  will  be  a  new  e,\i)ert  al)road  in 
tiie  land— the  p^vchoiieurobioelienicducator.  This  multi-hybrid  expert 
will  have  recour.se— as  I  hnve  suggested  elsewhere— to  protein  memory 
consolidators,  antimetabolite  memory  inhibitors,  enzymatic  learning 
stimulants,  and  many  other  potions  and  eli.xirs  of  the  mind  from  our 
new  psychoneurobiochemoi)harmacoi)ia.  [15,  p.  374] 

For  the  .slow  learner  who  cannot  remember  his  additiv.  ^  facts,  the 
prescription  in  the  future  may  be  chemical  rather  than  practice  and 
consolidation. 

A  Model  for  Cognitive  Diagnosis  and  Prescription 

The  larger  view  of  diagnostic  and  prescriptive  teaching  has  been 
presented  above  and  is  admittedly  complex  because  human  learning 
is  the  result  of  many  variables.  The  intent  here  is  not  that  the  larger 
view  be  used  by  all  teachers  today  but  that  one  should  be  aware  of 
tliese  many  variables— particularly  of  what  he  teaches  and  how  he 
teaches— as  he  works  with  the  slow  learner.  Being  thus  aware,  the 
teacher  who  is  trying  to  diagnose  the  student's  di^ieulties  can  look 
for  causes  other  than  the  immediate,  or  cognitive,  one. 

However,  from  experience  with  diagnostic  and  prescriptive  teaching 
over  the  past  quarter  century,  the  authors  are  aware  that  cognitive 
disability  ranks  high  in  the  concern  of  the  teachers  and  the  parents 
and  are  aware  also  of  the  fact  that  a  cognitive  approach  to  affective 
disabilities  can  be  a  powerful  one.  A  negative  attitude  toward  mathe- 
matics can  often  be  changed  by  approaching  it  from  the  cognitive 
rather  than  the  affective  route.  Whatever  the  basic  cause  of  the  child's 
disability,  one  can  often  be  successful  in  diagnostic-prescriptive  work 
if  he  begins  with  the  observable  behavior  symptoms  of  failure— say, 
the  inability  to  rename  (l)orrow)  in  subtraction  of  whole  numbers. 
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The  model  for  symptomatic  diagnosis  to  he  presented  below  is 
hmited  to  a  cognitive  view  and  was  constructed  by  AVilson  (22)  as 
a  threefold  guide  for  ;re?king  answers  to  the  following  questions: 

1.  What  specific  mathematical  learning  products  might  be  present/ 
absent,  correct/incorrect,  mature/immature? 

2.  What  oveit  behaviors  will  indicate  the  presence,  correctness, 
and  maturity  of  each  of  these  specific  learning  products? 

3.  What  kind  of  psychological  learning  product  does  each  of  the 
specific  mathematical  learning  products  represent? 

As  a  guide  for  question  1,  Wilson  has  been  developing  a  content 
taxonomy.  For  question  2,  the  authors  are  dra^ving  on  theories  of 
tests  and  measurements,  such  as  Bloom's  Taxonomy  of  Educatiorwl 
Objectives  (4).  For  question  3,  the  work  of  some  learning  theorists, 
currently  the  work  of  Robert  Gagne  (12),  is  being  used.  Each  of  these 
components  of  the  model  is  treated  briefly  and  separately  below. 
Finally,  a  diagram  is  given  of  the  cross-products  model  that  these 
three  components  yield  and  an  illustration  of  how  this  model  guides 
the  diagnosis  for  one  of  the  main  principles  in  the  structure  of  mathe- 
matics. 

A  content  taxonomy 

Table  9.1  is  an  outline  of  a  portion  of  the  taxonomy  of  content 
objectives  currently  being  used.  This  taxonomy  reflects  the  view  that 
mathematics  is  a  system  of  related  ideas  composed  of  a  vast  variety 
of  subsystems.  Each  subsystem  dealt  with  in  this  portion^  of  the  con- 
tent taxonomy  has  three  essential  aspects  that  identify  it  as  a  mathe- 
-  matical  system:  (a)  a  set  of  elements  and  symbols  for  these  elements; 
(6)  a  set  of  operations  on  these  elements;  and  (c)  a  set  of  properties 
and  laws  of  the  operations.  Each  of  the  subsystems  for  which  ele- 
mentary and  secondary  schools  are  responsible  also  has  its  socially 
useful  aspects:  (d)  a  set  of  computational  procedures  for  processing 
the  elements  of  the  system;  (e)  a  set  of  procedures  for  solving  the 
sentences  expressing  the  relationship  within  the  system;  and  (/)  a 
set  of  socially  significant  problem  situations  in  which  the  elements 
and  operations  of  that  system  are  used. 

As  the  reader  can  note  in  the  outline  (table  9.1),  the  first-order 
categories  of  the  content  taxonomy,  designated  by  Roman  numerals, 
are  subsystems  of  the  real  number  system:  sets— the  basis  for  real 
numbers— (III);  whole  numbers  (IV);  fractional  numbers  (V) ;  in- 
tegers (VI);  and  so  on.  Within  each  subsystem,  second-,  third-,  and 
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fourth-order  categories  are  designated  by  capital  letters,  Arabic 
numerals,  and  lowercare  letters,  respectively.  The  first  three  second- 
order  categories,  A  through  C,  define  the  learning  products  of  the 
three  aspects  essential  to  a  mathematical  system— aspects  identified 
above  as  (a),  (/>),  and  (c).  The  categories  (iesignated  D  through  F 
contain  the  learning  products  involved  in  the  various  socially  use- 
ful applications  of  that  particular  subsystem. 

It  is  intended  that  the  taxonomic  plan  suggest  the  content  hierarchies 
within  and  across  the  number  systems  treated  in  elementary  school 
mathematics. 

First,  the  taxonomy  suggests  that,  in  general,  a  learner  must  acquire 
a  knowledge  of,  and  skill  with,  whole  numbers  (IV)  before  proceeding 
to  the  fract'onal  numbers  (V),  since  the  moaning  of,  and  the  opera- 
tions with,  fractional  numbers  depend  on  the  meanings,  operations, 
and  laws  of  the  whole  numbers. 

Next,  the  second-  and  third-order  categories  of  each  subsystem 
are  labeled  in  a  parallel  lashion  (table  9.1).  This  suggests,  for  example 
that  the  union  of  disjoint  sets  (III  B-1)  is  a  model  for  the  addition 
of  whole  numbers  (IV  B-1),  which  in  turn  is  the  basis  of  the  meaning 
of  addition  of  fractional  numbers  (V  B-1),  and  so  on.  Similarly,  III 
B-2,  complementation,  is  parallel  to  IV  B-2,  the  operation  of  subtrac- 
tion of  whole  numbers,  and  so  forth. 

Thirdly,  within  a  subsystem,  such  as  the  whole  number  system 
(IV),  the  content  taxonomy  suggests  that  a  child  must,  in  (jewraU 
acquire  some  level  of  meaning  of  the  whole  numbers  and  the  nota- 
tion for  them  (IV  A-1-2)  before  he  can  acqaire  the  meanings  of  the 
operations  on  whole  numbers  (IV  B-1-4)  and  the  laws  governing 
those  operations  (IV  C-1-4).  In  turn,  at  least  some  of  the  learning 
products  contained  in  categories  IV  A  through  IV  C  must  be  accjuired 
as  prerequisites  to  the  acquisition  of  the  principles  of,  and  skill  with, 
the  algorithms  (IV  D-1-4) ;  principles  for  sentence  solving  (IV  E-1-4) ; 
and  principles  for  verbal  problem  solving  (IV  F-1-4). 

Finally,  for  any  specific  learning  product  within  a  subcategory, 
there  may  be  a  hierarchy  of  levels  of  maturity  or  abstraction.  For 
example,  the  meaning  of  addition  of  whole  numbers  (IV  B-1)  may 
have  several  levels  of  abstraction,  ranging  from  concretely  based 
meanings,  such  as  "the  union  of  disjoint  sets  is  a  model  for  addition," 
to  such  meanings  as  "addition  is  an  operation  used  to  find  the  sum 
of  known  addends,^'  to  "addition  is  an  operation  associating  a  pair 
of  members  with  a  third  number,"  and  so  on. 

Neither  this  content  taxonomy  nor  those  being  developed  for  metric 
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and  noninctric  geometry  are  considered  to  be  pure  liierarchies.  The 
expression  "general  hierarchy"  must  be  emphasized.  There  are  levels 
of  comi  -eteness  or  abstractness  for  each  of  the  learning  products 
within  each  of  the  subcategories.  This  content  ta.xonomy  does  7wt 
imply  that  learning  products  in  any  one  subcategory  must  1)8  at  their 
highest  level  before  a  child  begins  to  acquire  those  of  the  next  sub- 
category. The  arrangement  of  the  subcategories,  however,  does  imply 
that  some  level  of  acquisition  must  have  l)een  attained  for  the  learn- 
ing products  in  that  category  if  efTective  learning  is  to  proceed  in  the 
next  subcategory. 

To  flerh  out  the  content  taxonomy  outlined  here,  a  large  set  of 
statements,  essentially  definitions,  for  each  of  the  many  learning 
products  of  the  subcategories  must  be  provided.  The  statements  them- 
selves are  not  learning  products;  they  merely  express  the  meanings 
of  the  products  in  adult  terms.  It  is  not  suggested  that  the  student 
should  learn  statements  as  statements.  That  would  be  the  poorest  of 
outcomes— empty  verbalisms.  Of  course,  at  some  point  in  the  student's 
education  the  ability  to  use  the  statements  meaningfully  would  be 
desirable.  There  is  ample  research  that  shows  the  retention  and 
transfer  power  the  learner  acquires  from  being  able  to  make  verl)aliza- 
tions  of  his  learnings.  (See  Brownell  and  Hendrickson  [8]  for  a  well- 
givcn  distinction  between  verbalism  and  verbalization.)  The  fourth 
section  of  this  chapter  gives  a  session  report  of  an  actual  case  study 
conducted  at  the  Arithmetic  Clinic,  Syracuse  University.  This  report 
illustrates,  among  other  things,  how  the  statements  in  the  content 
taxonomy  are  used  as  objectives  in  the  planning  of  a  session. 

Behaviors  that  indicate  the  learning  product 

Each  statement  in  the  content  taxonomy  is  essentially  a  defini- 
tion of  a  mathematical  concept  or  principle.  Concepts  and  principles, 
as  such,  cannot  l)e  directly  observed.  Consequently,  keyed  to  each 
of  the  various  mathematically  different  specific  learning  products  in 
the  content  taxonomy  there  must  be  a  well-organized  set  of  observable 
behaviors  from  which  one  can  infer  the  presence  or  absence,  correctness 
or  incorrectness,  and  the  level  of  maturity  of  that  learning  product 
possessed  by  the  learner. 

By  far  the  most  comprehensive  plan  for  the  classification  of  be- 
haviors that  indicate  learning  is  the  Taxonomy  of  Educational  Ob- 
jectives: Handbook  1  (4).  The  chart  below  (fig.  9.4)  lists  the  categories 
for  the  cognitive  domain.  In  the  complete  Handbook,  each  category 
IS  described  in  detail  and  illustrated  with  behaviors  for  a  variety  of 
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curricular  areas.  For  each  category,  illustrative  test  items  are  also 
provided. 


OUTUNKOF  PART  2  OF 
TAXOXOMY  OF  EDUCAtIOKAL  OliJECTIVKS 
IfAXDIiOOK  1.  COGNITIVK  DOMAIS 

Knowledge 

1 . 00  Knowledge,  i  ecall  of  speriHcs 

1.10  Knowledge  of  specifics  i  .80  Knowledge  of  (he  univeivaL 

1 . 20  Knowledge  of  ways  and  and  abstractions  in  a  field 
means  of  dealing  with 

Cognitive  AhihU 's 

2  00  Comprehension  .-,  oo  Synthesis 

2.10  Translation  r/.^Q  Production  of  a  unique 

2.20  Interpretation  communication 

2.30  I'Atiapolation  5. 20  Pioduction  of  a  plan,  or 

3 . 00  Applicat  ion  v^posed  set  of  operat  ions 

4  00  Anilvsis  Derivation  of  a  set  of 

^r  Vn^f  1    ■    c^  abstract  relations 

*       *   '  6.20  Judgments  in  terms  of 

external  criteria 

Fig  9.4 


Bloom's  taxonomy  of  the  cognitive  domain  is  not  specific  to  any 
curricular  area  nor  to  any  theory  of  learning.  This  is  by  intention. 
The  authors  of  the  Taxonomy  leave  to  the  specialist  in  each  cur- 
ricular area  the  analysis  of  his  own  field.  The  content  taxonomy 
outlined  in  table  9.1  is  intended  to  do  this  for  elementary  school  and 
secondary  school  mathematics. 

As  an  illustration  of  the  cross  product  of  the  content  taxonomy  and 
Handbook  1  of  the  Taxommy  of  Educatianal  Objectives,  consider 
one  of  the  content  objectives  under  category  IV  A-2a:  "The  number 
named  by  a  multi-digit  numeral  is  the  sum  of  the  products  of  each 
digit's  face  value  and  place  value." 

To  diagnose  for  this  objective,  one  needs  to  have  in  mind  a  set 
of  the  observable  behaviors  a  learner  would  display  if  he  has  acquired 
the  above  objective.  There  could  be  an  infinite  variety  of  specific 
behaviors  that  would  be  acceptable  as  indicators  of  the  objective's 
presence.  It  is  at  this  point  that  Bloom's  Taxonomy  is  especially 
useful  as  a  means  la'  expressing  these  behaviors  and  classifying  them 
by  well-defined  categorioo.  The  following  are  but  a  few  of  the  state- 
ments expressing  some  of  the  behaviors  that  could  indicate  the  above 
objective's  presence  in  the  learner  in  depth; 
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1.  Be  able  to  identify  or  reproduce  68  by  using  objects  (rods,  tongue 
depressors,  etc.)  and  by  using  counting  frames. 

2.  Be  able  to  translate  a  two-digit  numeral  representing  a  whole 
number  into  an  expression  of  so  many  tens  and  so  many  ones— 
for  example,  '^68"  means  ''six  ters  and  eight  ones." 

3.  Be  able  to  translate  a  three-digit  numeral  into  an  expression  of 
so  mnny  hundreds,  so  many  tens,  and  so  many  ones. 

4.  Be  able  to  translate  any  base-ten  numeral  representing  a  whole 
number  into  its  expanded  form— -for  example,  "346"  equals 
(3X  ICQ)     (4X  10)  +  (6X  1). 

Such  a  list  of  behavioral  indicators  could,  of  course,  be  increased 
greatly.  Each  in  turn  could  serve  as  a  guide  for  the  construction  of  a 
great  variety  of  specific  diagnostic  test  items  or  diagnostic  interview 
questions  that  would  elicit  samples  of  the  kinds  of  behaviors  stated. 
It  is  evident  also  that  all  Mie  above  behavioral  indicators  call  for 
the  same  general  class  of  i)ehaviors— -translation.  Hence,  as  behavioral 
statements,  all  would  be  in  the  same  category  of  Bloom's  Taxonomy, 
namely,  "2.10  comprehension:  translation."  One  of  the  great  values 
of  Bloom's  Taxonomy  is  that  it  suggests  higher-order  behaviors  that 
would  indicate  not  only  the  presence  of  the  given  content  objective 
but  its  level  of  maturity  and  transferability.  Hence,  to  the  same 
content  objective  cited  above  may  be  keyed  higher-order  behaviors 
such  as  the  following: 

5.  Be  able  to  analyze  a  set  of  numerals  from  nonspecified  base  sys- 
tems to  determine  the  face  values  and  place  values. 

6.  Be  able  to  construct  a  set  of  single  and  multidigit  numerals 
for  the  first  twenty  whole  numbers  by  using  unique  symbols 
and  any  base. 

These  two  behaviors  woald,  of  course,  be  classified  under  the 
Taxononuf^  ''4.00  Analysis"  and  "5  ^0  Synthesis." 

The  lesson  plans  for  Maria  i  .  the  fourth  part  of  this  chapter 
illustrate  both  the  specific  content  objectives  and  the  expected  be- 
haviors that  are  keyed  to  each  of  the  content  objectives. 

The  joint  use  of  both  taxonomies- content  and  behavioral— by 
themselves  is  not  sufficient  for  the  diagnosis  and  treatment.  Assume, 
for  example,  that  there  has  been  built  a  set  of  test  items  for  inter- 
view procedures  for  all  the  behavioral  indicators  listed  above  for  the 
content  objective  on  the  meaning  of  a  multidigit  numeral  Assume  also 
that  all  the  test  items  have  been  administered  to  a  child  and  that  all 
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his  behaviors  indicate  the  absence  of  that  content  objective.  To  what 
does  the  diagnostician  look  next?  The  content  taxonomy  may  indicate 
the  category  of  learning  products  that  must  be  diagnosed  next,  but 
it  does  not  indicate  by  itself  either  the  kinds  of  psychological  learn- 
ing products  or  which  specific  products  must  be  diagnosed  next.  It 
is  for  this  latter  and  most  crucial  task  that  the  learning-theory  com- 
ponent of  the  mode!  is  considered  next. 

The  kinds  of  psychological  learning  products 

Statements  of  the  learning  product  in  any  one  of  the  categories  of 
the  content  taxonon"iy  express  a  variety  of  psychologically  different 
kinds  of  learning  product  as  well  as  mathematically  different  cate- 
gories of  content.  Hence  the  model  should  eventually  be  able  to 
classify  each  of  the  mathematical  learning  products  expressed  in  the 
ccntent  taxonomy  according  to  its  psychological  type. 

Expecting  this  of  the  model  clearly  implies  allegiance  to  those  learn- 
ing psychologists  who  believe  that  there  are  not  one  or  two  but  sev- 
eral kinds  of  human  learning,  each  involving  different  laws  of  learning. 

There  are  a  number  of  unresolved  taxonomic  problems  facing  such 
learning  theorists.  An  attempt  at  resolution  offered  by  Gagne  (12), 
however,  seems  to  be  a  usable  component,  if  only  as  a  heuristic,  in 
the  construction  of  a  model  for  symptomatic  diagnosis  in  mathematics. 

In  his  book  The  Conditions  of  Learning,  Gagne  partitions  cognitive- 
learning  products  into  eight  different  types.  Each  type  differs  from  the 
others  by  reason  of  iho  different  conditions  of  learning  necessary  for 
its  acquisition.  Gagne  speaks  of  two  classes  of  conditions:  internal 
capabilities  of  the  learner  and  external,  or  situational,  conditions.  The 
internal  condition  necessary  for  the  acquisition  of  a  given  type  of 
learning  product  i^j  the  presence  in  tJie  learner  of  the  lower  types  of 
learning  products  prerequisite  to  the  desired  type.  The  external  con- 
ditions include  ail  the  stimuli,  the  sequence  of  the  stimuli,  and  the 
reinforcing  stimuli  essential  for  the  type  of  learning  to  ho  acquired. 
Both  internal  and  external  conciiUons  are  essential  to  the  acquisition 
of  any  given  type  of  learning  and  are  different  for  each  type  of 
learning. 

Gagne's  eight  types  of  learning  are:  type  1,  signal  learning;  type  2, 
stimulus-response  learning;  type  3,  chaining;  type  4,  verbal  associa- 
tion or  verbal  chaining;  type  5,  multiple  discrimination;  type  6, 
concept  learning;  type  7,  principle  learning;  and  type  8,  problem- 
solving  learning.^ 

1.  A  more  condensed  categorization  of  types  2-7  can  be  (omd  in  Browncll 
and  Hendrick.son  (8). 
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Perhaps  the  greatest  potential  of  Gagne's  theory  is  its  application 
to  the  construction  of  what  he  terms  "learning  structures."  The  learn- 
ing types  2-8  are  supposedly  related  to  one  another  i:^  a  truly  hier- 
archical order.  That  is,  problem  solving  (type  8)  has  as  its  pre- 
requisite, principles  (type  7),  which  has  as  its  prerequisite,  concepts 
(type  6),  and  so  on.  AVithin  the  types,  especially  principles  (type  7), 
there  arc  subhierarchies.  That  is,  simple  principles  arc  prerequisite 
to  higher-order  principles.  Theoretically,  then,  any  given  topic  can 
be  analyzed  into  the  general  types  and  the  specific  elements  of  each 
type  of  learning  which  are  prerequisite  to  its  acquisition. 

The  hnplication  of  Gagne's  work  for  diagnosis  and  prescription 
hardly  needs  to  be  stated.  Once  a  given  mathematical  learning  product 
in  any  one  of  the  content  categories  is  diagnosed  by  means  of  the 
behavioral  indicators  as  absent,  immature,  or  incorrect,  the  classifying 
of  the  learning  product  as  to  its  psychological  type  suggests  which 
prerequisite  types  of  learning  must  be  diagnosed  next.  This  could 
be  termed  "descending  diagnosis,"  that  is,  higher  to  lower.  "Ascend- 
ing diagnosis"  could  also  be  used.  For  example,  any  desired  learning 
product  could  be  analyzed  into  its  prerequisite  types.  One  could 
then  start  with  the  diagnosis  of  lower  types  and  proceed  until  the 
diagnosis  found  the  highest  type  that  was  absent,  immature,  or  in- 
correct. Prescriptive  or  remedial  procedures  would  be  directly  sug- 
gested by  the  findings  of  either  such  diagnosis.  For  those  children, 
then,  whose  underachievement  is  due  primarily  to  not  having  been 
taught  the  prerequisite  learning,  this  symptomatic  diagnosis  would 
also  be  etiologic.  Unfortunately,  far  too  fcv/  cases  of  underachieve- 
ment  are  this  simple. 

The  Gagne  classifications  and  the  precise  stating  of  the  content 
objectives,  together  with  the  keyed  behavioral  indicators,  should  all 
aid  the  diagnostician  in  identifying  both  the  types  of  prerequisite 
learning  products  and  the  specific  prerequisite  mathematical  learning 
products  to  be  diagnosed  next. 

Consider  again  the  content  objectives  used  in  the  illustration  above, 
"the  number  named  by  a  multidigit  numeral  is  the  sum  of  the  pro- 
ducts of  each  digit's  face  value  and  place  value."  The  statement  ex- 
presses an  objective  that  is  clearly  a  chain  of  two  or  more  concepts 
ant!  therefore  classified  as  Gagne's  type  7— principles.  Hence,  if  the 
behaviors  keyed  to  this  objective  indicate  that  it  is  not  present,  the 
diagnostician  is  guided  by  Gagne's  theory  to  diagnose  for  the  lower- 
order  prin<^iples  and  concepts  of  which  this  particular  principle  is  a 
chain.  Moreover,  the  precision  of  the  content  statement  suggests  which 
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of  the  particular  mathematical  concepts  and  principles  are  involved  in 
this  principle.  Hence  the  terms  used  in  the  statement— for  example, 
"digit,"  "face  value,"  '^plaee  value,"  "sum,"  and  "product "^quite 
clearly  indieate  which  speeific  mathematieal  concepts  are  eliained  to 
this  particular  principle.  With  a  working  knowledge  of  the  content 
taxonomy,  terms  sueli  as  "sum,"  "jiroduet,"  and  "plaec  value"  im- 
mediately isuggest  in  which  categories  statements  of  these  prerequisite 
concepts  would  be  found. 

For  example,  "sum"  refers  to  a  eoncept  under  the  operation  of 
addition.  Since  in  this  illustration  the  coneern  is  with  numerals  for 
whole  numbers,  the  pertinent  category  of  the  content  taxonomy  is 
IV  B-1  (whole  numbers,  operations  on,  addition).  The  term  "produet" 
suggests  IV  B-3  (whole  numbers,  operations,  nniltiplieation) ;  "place 
value,"  "digit,"  and  "faee  value"  suggest  IV  A-2-a.  Provided  the 
content  taxonomy  were  comprehensive,  statements  expressing  differ- 
ent levels  of  maturity  for  each  of  these  prerequisite  learnings  would 
be  found  in  these  categories.  Eaeh  statement  would  be  classified  as 
one  of  Gagnc's  types,  thereby  implying  what  its  prerequisite  types 
of  learning  are.  Each  would  be  precisely  stated  so  that  its  terms 
would  suggest  in  which  categories  and  in  which  specific  learning  pro- 
ducts statements  of  its  prerequisites  would  be  found.  Each  of  these 
statements  would  also  be  keyed  to  a  set  of  behavioral  indicators 
classified  according  to  Bloom's  Taxonomy. 

A  diagram  of  the  model 

A  diagram  can  now  be  constructed  to  help  concretize  the  seope  of 
the  theoretical  implications  of  the  model  produced  by  the  Cartesian 
set  of  the  content  taxonomy  and  Gagne's  and  Bloom's  taxonomies. 
For  simplicity,  the  diagram  will  be  restricted  to  just  one  number  sys- 
tem in  the  content  taxonomy— whole  numbers  (IV).  The  diagram 
will  also  be  restricted  to  the  major  subcategories  of  IV  (A-F)  and 
to  the  major  subcategories  of  Gagne  and  Bloom. 

On  one  dimension  one  can  represent  the  content  taxonomy's  cate- 
gories for  whole  numbers  (IV)  as  in  figure  9.5. 

On  a  second  dimension  one  can  represent  the  psychologically  differ- 
ent kinds  of  learning  Gagne  recognizes.  Connecting  the  segments 
gives  the  region  of  figure  9^6, 

Thus  far  the  region  suggests  that  in  eaeh  category  of  the  content 
taxonomy  there  arc  theoretically  a  vast  number  of  each  of  Gagne's 
eight  types  of  learning  products.  Eaeli  could  be  specified.  Each  might 
need  to  be  diagnosed. 
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CONTENT 
NuiDber  a  notation 

Operotions  

Laws  

Computotion  

Sentence  solving — 
Verbal  probfenos  — 


F/ 


Fig.  9  5 


Most  probably  some  of  Gagne's  simpler  types  of  learning  (1,  2,  and 
3)  would  not  be  as  significant  in  all  categories  of  content.  Gagne  him- 
self points  out  that  there  is  litile  evidence  to  support  the  essentiality 
of  type  1  (S-R)  as  basic  to  cognitive  learning.  However,  the  theoretical 
implications  of  the  diagram  thus  far  are  clearly  broad  in  scope. 


A  third  dimension  to  the  diagram  can  be  used  to  represent  the  variety 
of  behavioral  indicators  that  Bloom's  Tuxonomy  suggests  might  he 
used  to  infer  the  presence  of  the  learning  products.  The  result  is 
figure  9.7. 

The  diagram  helps  concretize  what  the  model  for  symptomatic  diag- 
nosis implies.  In  each  category  of  the  content  taxonomy  there  could 
be  a  vast  number  of  specific  mathematical  learnings  of  each  psycho- 
logically different  kind  of  learning.  To  each  of  the.<;e  there  could  be 
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keyed  a  variety  of  behaviors  that  would  indicate  its  prc.H'nco/ab.-encc, 
correctness/incorrectnes.s,  or  niaturity/iininaturity. 

It  .should  1)0  clear  that  the  whole  btructuro  eannot  bo  diagrammed 
into  a  simple  cubical  array  when  it  is  recalled  that  only  one  subsystem 
of  content  taxonomy  is  accounted  for— and  only  the  major  subcate- 
gories of  that.  One  can  only  mu>e  on  how  to  concretize  a  model  that 
will  need  to  account  for  all  the  other  subsystems  of  dimensions  of 
diagnosis:  elementaiy  school  matliomatics  (e.g.,  geometry) ;  other  types 
of  learning  (affeetive) ;  and  the  real  problem— -the  etiology  of  the 
symptoms. 
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Vertxjl  problems 
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Some  Procedures  for  Diagnostic-Prescriptive  Teaching 

The  coinmonly  used  procedures  for  diagnostic-prescriptive  teaching 
ean  be  divided,  according  to  Windelband's  distinction  (23),  into  two 
groups— the  nomothetic  and  the  idiographic  procedures.  The  former 
group  consists  of  procedures  that  permit  chissifying  and  generahzing. 
The  hatter  is  eoneernod  with  the  individual's  unique  and  idiosyncratic 
resi)onscs  and  reactions  to  a  given  situation. 
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Specifically,  it  is  one  thing  to  study  the  scores  made  by  a  large 
group  of  children  on  a  mathematics  test  in  order  to  be  able  to  state, 
say,  that  the  tncan  number  of  correct  responses  on  the  addition  lacts 
for  children  in  grades  1-6  increases  in  a  giren  pattern.  It  is  something 
else  again  to  be  able  to  say  that  Tilly  arrived  at  16  as  the  .^um  of  7 
and  9  by  counting  oii  his  fingers,  or  by  adding  9  and  9  and  subtracting 
2,  or  by  any  one  of  several  other  more  mature  or  less  mature  ways  of 
processing  the  numerals. 

Psychologist  Gordon  Allport  cites  a  well-known  passage  by  William 
James  whieh  contrasts  the  nomothetic  and  idiographic  procedures: 

Tlie  first  thing  the  intellect  does  with  an  object  is  to  class  it  along 
with  something  else.  But  any  object  that  is  mfinitely  important  to  us 
and  awakens  our  devotion  feels  to  us  also  as  if  it  must  be  sui  generis 
and  unique.  Probably  a  erab  would  be  filled  with  a  sense  of  personal 
outrage  if  it  eould  hear  us  elass  it  without  ado  or  apology  as  a  erustaeean, 
and  thus  dispose  of  it.  "I  am  no  sueh  thing,"  it  would  sav;  "I  am  mv.seif; 
myself  alone."  [1,  p.  53] 

Eaeh  of  the  two  classes  of  procct4tirc  is  necessary;  neither  is  sufficient. 
Of  the  two,  the  idiographic  ai)proach  is  the  more  relevant  and  the  more 
neglected  in  diagnostie-prescrii)tive  teaching. 

Nomothetic  procedures 

The  more  commonly  usi-d  nomothetic  procedures  include  the  stan- 
dardized achievement  tests,  the  teacher-made  informal  tests,  the 
standardized  diagnostic  tests,  the  tcaeher-made  diagnostic  tests,  the 
numerical  section  of  certain  mental-ability  tests,  and  the  tests  that 
accompany  the  basic  textbook  scries— both  achievement  and,  in  some 
instances,  diagnostic. 

The  use  of  these  nomothetic  procedures  rests  on  the  assumption  that 
the  teaching-learning  process  can  be  separated  from  the  evaluation 
process  with  no  loss  of- information  to  the  teacher,  and  with  consider- 
able gain.  When  used  in  a  diagnostic-prescriptive  situation,  any  or  all 
of  the  above  classes  of  instruments  provide  the  teacher  with  data  on 
a  group  of  students,  or  an  individual  student,  which  he  will  use  as  a 
basis  for  prescribing  future  learning  experiences  and  which  will  closely 
fit  the  student's  cognitive-development  pattern. 

Bloom  defends  this  assumption: 

The  evaluation  procedures  used  to  appraise  the  outcomes  of  instruc- 
tion (summativo  evaluation)  help  tlic  teacher  and  student  know  when 
instruction  has  been  effective. 
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Implicit  in  this  way  of  defining  the  outeomes  and  preparing  evahia- 
tion  instniments  is  a  distinetion  between  the  teaehing-learning  process 
and  the  evahiation  proeess.  At  some  point  in  time,  the  results  of  teaeh- 
ing  and  learning  ean  be  refleeted  in  the  evaluation  of  the  students.  But, 
these  are  separate  proeesses.  That  is,  teaehing  and  learning  are  intended 
to  prepare  the  student  in  an  area  v  learning,  while  evaluation  (sumina- 
tive)  is  intended  to  appraise  the  extent  to  which  the  student  has  de- 
veloped in  the  desired  ways.  [3,  p.  8] 

Admitting  that  the  kinds  of  noiiiotlietieally  oriented  proeedures 
above  have  some  overall  diagnostie-preseriptive  value  (perhaps  as 
inueli  value  as  a  patient's  above-normal  temperature  would  have  for 
a  physician), ^  a  more  edueationally  significant  approach  sees  the 
teaching-learning  and  diagnostic-evaluative  aspects  as  inseparable. 

IcUographic  procedures 

More  than  thirty  years  ago  Browncll  discussed  the  artificiality  of 
the  separation  and  the  need  for  integrating  instruction  and  evaluation 
—a  statement  as  good  today  as  when  it  was  written.  He  noted  that 
"some  test  technicians  have  not  felt  particularly  handicapped  by  their 
ignorance  of  the  purposes  of  arithmetic  instruction.  On  the  other  hand, 
teachers,  who  supposedly  know  the  nature  and  purposes  of  their  sub- 
ject matter,  arc  regarded  as  unable  to  evaluate  the  learning  they  have 
directed"  (6,  p.  225). 

He  cites  four  unfortunate  effects  of  the  separating  of  teaching- 
learning  from  evaluation: 

One  effect  .  .  .  has  been  to  remove  measurement  further  and  furthe" 
from  the  immediate  learning  situation.  Tests  to  be  used  for  diagnosis 
and  the  evaluation  of  achievement  have  been  standardized,  and  in  the 
proeess  of  standardization  have  lost  toueli  with  the  features  peculiar 
to  the  loeal  classroom.  .  .  . 

A  second  effect  .  .  .  has  been  to  limit  measurement  to  outcomes  that 
can  be  most  readily  assessed.  In  arithmetic  this  has  meant  concern 
almost  exclusively  with  "facts,"  \vitli  computational  skills,  and  with 
"problem-solving"  of  the  traditional  sort.  .  .  , 

A  third  ill  effect  .  .  .  has  been  to  limit  unduly  the  techniques  which 
are  serviceable  for  evaluation.  .  .  .  There  arc  other  procedures  which 
are  now  ignored.  These  other  procedures  .  .  .  arc  easily  managed  by 
teachers  and,  what  is  more  important,  they  uncover  kinds  of  learning 
processes  and  products  which  at  present  elude  paper-and-pcncil  [i.e., 
nomothetic]  tests. 

The  fourth  harmful  effect  .  .  .  has  been  to  create  confusion  with 
respect  to  the  purposes  of  evaluation.  Learning  may  be  evaluated  for 
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a  number  of  reasons.  One  may  be  the  diagnosis  of  failure;  another, 
the  measurement  of  progress  over  siiort  units  or  sections  of  content 
yet  another,  the  pre-tcsting  of  abilities  before  starting  a  now  topic, 
as  a  means  of  '^establishing  a  base  line."  [6,  pj).  225-27] 

Again,  the  important  if  limited  values  of  the  nomothctically  oriented 
measurement  instruments  are  recognized.  But  in  this  chapter  the 
authors  arc  concerned  with  i)roccdurcs  for  diagnostic-prescriptive 
teaching,  and  they  believe  that  for  this  jnirpose  the  idiographically 
oriented  procedures  are  more  effective. 

For  their  contributions  to  the  development  and  use  of  idiosyncratic 
procedures  in  mathematics  development,  two  scholars  are  preeminent— 
in  the  United  States,  William  A.  Brownell;  and  in  Switzerland,  Jean 
Piaget.  Each  has  spent  a  lifetime  in  the  development  and  use  of  idio- 
graphic  procedures  in  cognitive-development  situations  and  with  spe- 
cific relevance  to  elementary  school  and  preschool  mathematics. 

On  the  one  hand,  the  i)rocedures  developed  by  Piaget  for  study  of 
the  development  of  such  ideas  as  classifying,  conserving,  and  the 
identity  element  for  addition  are  more  relevant  to  very  young  children 
and  more  applicable  to  the  stages  that  precede  the  typical  mathe- 
matical program  for  grades  1-9.  On  the  other  hand,  the  creative  work 
of  Brownell  _(who  long  ago  recognized  and  cited  the  monumental 
contributions  of  both  his  teacher,  Charles  H.  Judd,  and  Piaget)  was 
developed  and  is  still  being  further  developed  by  him  in  more  real, 
less  clinical,  school  situations  (7).  Consequently,  his  procedures  can 
be  more  easily  understood  and  rcaciily  used  by  the  classroom  teacher, 
the  mathematics  education  specialist,  and  the  school  psychologist. 

The  interview  technique.  Until  such  time  as  educators  are  able  to 
learn  from  Krech's  "psychoneurobiochemcducationists"  just  how  leani- 
in^:^  takes  place  in  the  brain  and  is  retained,  they  will  be  restricted  to 
the  study  of  learning  as  the  outward,  observable  change.s  in  behavior 
The  most  powerful  technique  presently  available  to  us  is  the  interview. 
It  ean  yield,  as  Weaver  says,  *M)ig  dividends''  (20,  pi).  40-47). 

Broken,  in  the  study  cited  above,  as  well  as  in  most  of  his  prior 
classic  studies,  used  the  interview  to  gather  data  on  the  three  systems 
of  instruction  being  used  in  England  and  Scotland— the  Cuisenaire, 
the  Dienes,  and  the  conventional  programs.  For  effective  use  of  the 
interview  with  children,  ho  carefully  selected  the  teachers  and  cau- 
tioned them— 


1.  to  avoid  cues  and  leading  questions; 
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2.  to  refuse  to  stop  questioning  when  only  superficial  answers— 
anj^wers  that  could  not  reveal  what  was  wanted— were  given; 

3.  to  adapt  the  pace  of  interviewing  to  the  pace  at  which  each 
child  could  respond  comfortably; 

4.  to  vary  questions  when  responses  were  ambiguous,  in  order  to 
draw  children  out; 

5.  to  maintain  a  pleasant,  friendly,  warm  atmosphere; 

6.  to  Uop  interviews  (they  lasted  about,  an  hour  on  the  average) 
as  soon  as  any  child  showed  rebelliousness  or  boredom  or  anxiety, 
bringing  him  back  to  complete  the  interview  at  another  time  if 
this  was  possible;  otherwise,  rejecting  him  as  a  subject; 

7.  to  record  exactly  children's  answers  when  the  responses  were 
especially  interesting  or  resisted  categorization. 

The  caution.s  are  appropriate  for  all  teachers  who  wish  to  make  a 
serious  effort  to  collect  data  from  children  as  a  sound  basis  for 
prescribing  subbcquent  learning  experiences.^ 

Modes  of  response.  Over  the  years  the  autliors  have  viewed  the  re- 
sponses children  can  make  to  questions  as  being  of  three  modes— the 
concrete  mode,  the  pictorial  mode,  and  the  symbolic  mode.  More  re- 
cently, the  first  two  are  sometimes  referred  to  as  the  "enactive"  and 
the  "ikonic"  modes.  The  fir.^t  set  of  terms  seems  to  describe  more 
accurately  the  nature  and  purpose  of  each  mode;  the  latter  set  seems 
unnecessarily  "pcdagese."  ^T.nactive"  erroneously  implies  that  cogni- 
tive learning  is  the  result  of  merely  doing  something  with  objects.  No 
learning  takes  place  through  mere  doing.  How  many  times  has  a 
I)erson  dialed  a  telephone?— yet  how  rare  it'is  to  find  a  person  who  can 
draw  a  correct  picture  of  the  letters  and  numerals  as  they  are  posi- 
tioned on  the  dial!  Rather,  one  learns  by  thinking  about  what  he  is 
domg.  And  thinking  can  be  done  while  a  person  is  working  with 
concrete  things,  or  with  pictures  of  things  (e.g.,  the  picture  of  a  num- 
ber line) ,  or  with  symbols. 

All  three  modes  are  essential  to  diagnosis,  for  it  is  a  very  real 
possibility  that  a  child  can  respond  correctly  to  S^/o  -h  1%  =  n  on 


by 

questions.  Illustrative  questions  arc  presented  in  each  of  the  seven  Bloom  cate- 
gories: memory,  translation,  interpretation,  application,  analysis,  synthesis,  and 
evaluation.  .     »  . 
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the  symbolic  level,  using  the  conventional  algorithm,  but  be  unable 
to  do  so  on,  say,  the  pictorial-representational  level.  Such  overtly  **cor- 
rect"  behavior  would  not  represent  true  or  complete  understanding 
of  the  operation  performed  and  the  social  significance  of  the  work. 

By  way  of  a  second  illustration,  a  child  could  respond  correctly 
to  the  sentence  i/o  =  ?/4  by  using  the  concrete  mode  to  show  that 
one-half  of  a  disk  can  be  represented  by  two-fourths  of  the  same 
disk  (fig.  9.8).  Yet  that  same  child,  when  questioned  by  the  inter- 


viewer, might  be  unable  at  this  stage  of  his  development  to  use  the 
symbolic  mode  and  the  identity  element  for  multiplication: 


2     2  ^  ^ 

2  ^  2 
^  IX  2 

2X2 
^  2 

4 


One  could  say  that  this  child  has  some  partial  and  useful  under- 
standing of  the  equivalent  values  of  1/2  and  2/4  and  hence  is  on  Ihe 
way  to  some  more  complete  understanding.  The  prescription  for  him 
would  be  that  at  some  appropriate  time  he,  as  a  slow  learner,  might 
further  develop  his  understanding  by  working  on  the  pictorial  (num- 
ber line  or  ruler)  level.  But  it  might  be  some  long  time  later,  if  at  all, 
that  the  teacher  would  prescribe  that  this  slow  learner  should  pro- 
gress to  the  symbolic  level  by  using  the  identity  element  for  multi- 
plication in  the  algorithm  above. 

Diagnosing  process.  The  above  two  situations  point  up  the  differ- 
ence between  product  and  process  in  diagnostic-prescriptive  teaching— 
a  difference  that  must  be  kept  in  mind  by  the  person  working  with 
children  and  youth.  By  and  large,  diagnosis  has,  unfortunately,  been 
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limited  to  the  product  type  of  learnings,  as  Brownell  has  pointed 
out  many  times  over  many  years  (7). 

The  importanee  of  process  is  presently  being  rediseovered,  ai.d 
with  variations  under  sueh  names  as  ^'learning  to  learn."  "heuristie 
methods,"  ^'inquiry  training,"  ^'proeess  is  the  product,"  and  others. 
The  proeess  by  whieh  a  child  arrives  at  the  solution  to  a  problem 
is  at  least  as  important  as  the  product  itself,  if  not  more  so.  The 
reeent  renaisranee  of  the  ^'project  method"  of  the  1910s,  1920s,  and 
1930s,  which  is  eurrent  under  the  name  of  the  "laboratory  method" 
(the  math  lab),  rests  on  the  assumption  that  the  development  of 
learning  strategies  through  solving  unique  problems  is  a  more  im- 
portant outeome  than  the  solutions  themselves. 

The  audio  tape  and  video  tape  in  diagnosing  process.  As  noted 
above,  the  use  of  the  idiographic  procedures  in  general  and  the 
interview  in  particular  is  not  new  in  diagnostic-prescriptive  teaching. 
However,  the  invention  and  widespread  availability  of  the  audio-tape 
and  video-tape  hardware  now  make  it  possible  for  the  teacher  to 
record  and  study  more  carefully  children's  responses.  The  former 
is  useful  when  working  and  talking  on  the  verbal-symbolie  level. 
The  latter  adds  a  substantial  diagnostic  capability  by  making  it 
possible  to  record  and  study  behavior  (levels  of  maturity)  while 
workmg  and  talking  on  the  concrete  and  pictorial-representational 
levels  as  well  as  the  verbal-symbolie  level.  (See  Appendix  B,  sample 
lesson  7,  as  an  illustration.) 

Levels  of  processing  addition  whole  nwnbers.  It  may  help  to 
clarify  what  is  meant  by  "diagnosing  process"  if  a  common  class- 
room situation  is  used.  Assume  that  the  child's  ability  to  tind  the 
sum  of  a  pair  of  numbers  of  the  form  17  and  25  (i.e.,  when  renaming 
of  o^-cs  is  required)  is  being  diagnosed.  Also,  assume  that  these 
prrrcquisite  abilities  have  been  acquired: 

1.  The  child  can  count  rationally  by  ones  to  at  least  42. 

2.  He  can  rename  17  as  1  ten  and  7  ones;  25  as  2  tens  and  5  ones; 
12  as  1  ten  and  2  ones.  In  general,  he  "understands"  two-digit 
numerals  and  plaec  values. 

3.  He  ean  respond  accurately  to  the  addition  facts— in  this  case, 
7  +  5;  1  -f  1;  and  2  -f  1. 

One  would  begin  to  study  the  child's  ability  to  find  the  sum  on 
the  concrete  level  (using  objects),  then  move  to  the  pictorial  level, 
then  to  the  symbolic  level. 
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Table  9.2  illustrates  some,  but  not  all,  of  the  ways  a  ehild  could 
process  the  numerals  17  and  25  under  the  operation  addition.  This 
kind  of  diagnostic-prescriptive  teaching  permits  the  teacher  to  loeate 
the  level  of  thinking  the  child  is  using,  and  it  suggests  to  the  teacher 
the  next  level  of  ability  that  should  be  preseribed  and  achieved. 


TABLE  9.2 


CiiiLu's  MoDKSOP  Rksponseto  Addition  Problkm:  17  +  2."3 
(Maturity  level  increases  from  level  1  to  level  4) 


Maturity 
of  response 


Concrete  level 


Pictorial  level 


Symbolic  level 


Level  1        Child  counts  17 
sticks.  Counts  2,') 
sticks.  Puts  them 
together.  Begins 
at  1  and  counts 
to  42. 


Level  2       Same  as  above, 
but  begins  count- 
ing at  18  or  at  26. 


On  a  number  line, 
child  counta  from 
1  to  17.  Looks  at 
18  and  says,  "1." 
Counts  by  ones 
until  he  says,  "25." 
Looks  at  sum,  42. 

Same  as  above, 
but  begins  with  26 
and  says,  "1." 


Using  an  algorithm, 
child  says,  "7  plus  5 
is  12,"  Writes  "12." 
Writes  "3"  in  tens 
place.  Adds. 


17 
+25 

12 
42 

Says,  "7  plus  5  is  i 
12."  Writes  "1."  Adds  17 
tens.  Writes  "4.  +25 


42 


Level  3        Counts  by  twos  or 
by  fives. 


Level  4        Groups  by  tens. 

Say?,  "10,  20,30, 
40,  42." 


Counts  tens  to  30. 
Renames  12  as 
10  +  2.  Associates 
30  +  10.  Says,  "40, 
42." 


Says,  "7  plus  5  is 
12."  Renames  12.  Adds 
tens  without  need  of 
helping  figure.  Pro- 
cessing is  quick, 
accurate,  and  mature. 


The  following  section  presents  some  lesson  plans  that  set  out  in 
considei  ;hle  detail,  and  from  actual  clinical  situations,  the  procedure 
used  to  overcome  identified  disabilities. 


Lesson  Plans  for  Maria 

IQ  80 

SDAT  Pretest  5.4 
Post  test  6.4 

Case:   Maria  Summary  Report 

Clinician: Hoover 

Maria  is  in  the  seventh  grade.  She  has  six  brothers,  four  of  them  older. 
Her  hobbies  include  cooking  and  sewing.  She  comes  from  a  home  on  the 
lower  socioeconomic  level. 
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Maria  is  rather  quiet.  She  seems  willing  to  cooperate  in  the  sessions  but 
takes  little  responsibility  for  being  at  the  sessions.  If  anything  else  eomes 
up,  she  simply  doesn't  show  up. 

Maria  has  a  pleasant  sense  of  humor.  She  seems  rather  eager  at  times  to 
learn  new  ideas,  and  at  other  times  she  seems  frustrated  by  having  to  think 
through  problems  to  gain  new  insights.  She  needs  patient  and  friendly  under- 
standing. 

Case:    Maria  Session:  3 

^r«fJe:  7  Clinician: Hoover 

I.  Planned  objectives 
A.  To  leview: 

1.  (IV  A-2a)»  Plftce  value'?  in  the  Hindu-Arabic  systen  are  special  products 
of  ten. 

2.  (IV  A-2a)   Each  place  value  in  the  Hindu-Arabic  system  is  a  power  of  ten. 

3.  (IV  A-2a)   The  e.xponent  tells  how  many  times  the  base  is  used  a^^  factor. 

4.  (IV  A-2a)  A  muitidigit  numeral  names  a  mimber  that  is  the  sum  of  the 
products  of  each  digit's  face  vaiue  and  place  value. 

Expected  behaviors: 

1.  v2.10  translation)^   Able  to  translate  each  place  vahie  as  a  pioduct  of  ten. 

2.  (2.10  translation)   Able  to  translate  each  place  value  as  a  power  of  ten. 

3.  (2.10  translation)    Able  to  translate  an  exponential  numeral  to  a  product. 

4.  (2.10  translation)  Able  to  translate  a  base-ten  numeral  for  a  whole  number 
to  its  expanded  form.  Able  to  traitslate  a  disarranged  expanded  base-ten 
numeral  for  a  whole  number  to  its  standard  form.  Al  'e  to  translate  a  base- 
ten  numeral  for  a  whole  number  to  an  e.xponent ial  form, 

Procedure: 

1.  I  linked  her  to  assign  the  place  valuer-  and  then  to  e.xpress  products.  She 
assigned  the  place  values  correctly  and  then  expressed  ten  as  10  X  1,  a 
hundred  as  10  X  10,  a  thousand  as  10  X  100.  When  asked  if  she  could 
e.xpand  10  X  100  further,  she  expressed  it  as  10  X  10  X  10.  We  continued 
in  like  manner. 

2.  I  asked  her  to  express  the  place  values  as  powers.  She  did  this  correctly. 

3.  I  asked  her  the  meaning  of  10*.  At  first  she  said  "10  X  4'';  but  when  I  asked 
what  10  X  4  was,  she  leplied,  "40,"  and  said  that  her  previous  answer  was 
incorrect.  She  then  gave  10  X  10  X  10  X  10.  We  did  several  others  in  like 
manner.  (She  had  to  be  reminded  that  any  number  to  the  zero  power  is  1.) 

4.  I  gave  her  a  decimal  number  and  asked  her  to  give  it  in  expanded  form, 
which  she  was  able  to  do.  Then  I  gave  her  a  disarranged  e.xpanded  base-ten 
numeral  and  asked  for  the  standard  numeral.  She  wrote  the  digits  in  the 
order  in  which  they  appeared.  When  I  asked  if  the  values  were  the  same 


3  For  the  meaning  of  IV  A-2a,  see  the  content  ta.xonomy  in  table  9,1  above.  The  IV 
refers  to  the  set  of  whol  inbers ;  the  A  refers  to  the  subcategory  "number  and 
notation."  The  name  2a  re     .  to  "notational  systems  for  positional  systems." 

4.  The  numeral  2.10  refer->  in  tht  Bloom  Taxonomy  to  the  subcategory  "translation" 
under  the  main  category  "comprehension." 


314 


THK  SLOW  LEAUNKU  IN  MATHEMATICS 


.she  said,  "I  have  mine  mixed  up."  Wiien  I  asked  what  she  should  do  about 
that,  she  did  the  example  correctly.  Then  I  had  her  check  her  answer  by 
multiplying  and  adding  the  expanded  form.  She  had  suggested  this  method 
of  checking. 

Inferences: 

Maria  is  not  quite  sure  about  powers  (e.\poncnts) ;  so  I  will  want  to  do 
some  additional  work  in  this  area.  She  forgets  to  check  what  an  e.\pandcd 
numeral  says  ai  us  makes  mistakes.  I'll  give  her  one  or  two  each  time 
for  a  while  to  he.,  her  get  in  the  habit  of  checking  e.\actly  what  is  e.\- 
nressed.  She  seeins  somewhat  mixed  up  on  the  terms  jyroduct  and  factor, 
1  want  to  work  on  these  next  time, 

II.  Planned  objectives: 
B.  To  review: 

1.  (IV  A-2a)  A  numeral  based  on  gronpmg  by  tens  is  a  base-ten  numeral. 
Base-tej.  numerals  aic  also  called  decimal  numerals. 

2.  (IV  A-2a)  The  base  of  a  notation  system  is  a  whole  number,  gi eater 
than  one,  multiples  of  which  are  used  to  yield  place  vahies. 

K.vpected  behaviors: 

1,  (2.30  extrapolation)  Can  tell  the  base  of  our  number  system— also  call 
it  a  decimal  system.  Can  give  the  base  of  other  immber  systems  when 
shown  the  grouping  process. 

2.  (2.10  translation)  Able  to  translate  a  three-digit  base-five  numeral 
for  a  whole  number  into  an  expression  of  .so  many  twenty-fives,  so  many 
fives,  and  so  many  ones. 

Procedure: 

1.  I  asked  her  the  base  of  our  number  ,system;  she  was  un.sure.  Then  I  asked 
her  what  number  she  had  used  when  we  had  talked  about  place  value 
in  terms  of  products  and  poweis,  and  she  said,  "Ten."  I  asked  her  how 
many  symbols  we  had  in  our  number  system,  and  she  said,  "Ten."  I 
asked  her  if  sho  knew  another  name  for  our  number  sy.stem;'she  didn't. 
I  asked  her  if  she  had  ever  heard  it  referred  to  as  a  decimal  system;  she 
had.  We  talked  about  dcci-  meaning  ten.  Then  I  gave  her  some  examples 
of  other  number  systems,  showing  the  grouping,  process,  and  asked  her 
to  tell  me  the  base  of  each  one.  She  could  do  this. 

2,  We  developed  an  imaginary  base-five  numeiatioii  ,Hystfcir.  u«ing  invented 
symbols.  After  carrying  out  our  numeration  to  35,  I  gave  he/  a  numeral 
and  itsked  her  for  the  next  one,  making  hops  to  get  quickly  to  12,5.  From 
time  to  time  I  had  her  tell  me  the  vahie  of  the  numeral  and  how  she  knew. 
At  first  «he  had  trouble,  but  once  she  got  the  pattern  going  she  was  able 
to  move  along  quickly.  I  then  gave  her  a  numeral  in  our  imaginary  numera- 
tion system  and  asked  her  to  expand  it  in  our  base-ten  system  and  find 
its  standard  name.  She  was  able  to  do  this  (juickly  for  thtee-digit  iiumeials 
but  had  trouble  with  four-digit  numerals. 

Inferences: 

Maria  seems  to  understand  the  grouping  process  fairly  well.  She  seemed 
to  enjoy  inventing  our  own  numeration  system,  I  will  use  this  system  in 
working  on  other  aspects  when  it  is  applicable.  She  will  need  to  review  this 
a  little  later  to  make  sure  she  knows  it. 
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Case:    Maria  Session:  4 

<^^^^^^'^  Clinician:  Hoover 

1  Planned  objectives' 

A.  To  review: 

1.  (IV  A-2/  )  The  exponertt  tells  how  many  times  the  base  is  used  as  a  factor. 
?..  (IV  A-2a)   A  multidigit  nunieial  names  a  number  that  is  the  sum  of  the 

»^  od.i    of  each  digit's  face  value  and  place  value. 
Expected  beii  vrors: 

1   <2.10  trar.j^iation)    Able  to  translate  an  exponential  numeral  to  a  pioduct. 

2.  :2.10  uanslation)  Able  to  translate  a  disarranged  expanded  base-ten 
numeial  for  a  whole  number  to  its  standard  form. 

Proredun*. 

1.  I  gave  her  several  exponential  expressions,  which  she  was  able  to  translate 
as  pioducts.  When  I  gave  l.jr  9^  she  answered,  '^Zero.'^  We  then  went 
back  to  quickly  making  a  place-value  chart  using  both  products  of  10  and 
exponentb  of  10.  From  thib  she  recognized  that  a  number  raised  to  the  zero 
power  was  1.  She  was  able  to  respond  correctly  to  suosequent  examples. 

2.  I  gave  her  several  disarranged  expanded  base-ten  numerals,  including 
some  in  exponential  form,  and  asked  her  to  give  me  their  standard  name. 
She  did  the  first  one  by  multiplying  and  then  adding.  I  asked  her  if  there 
was  a  quicker  way  for  her  to  get  the  answer,  and  she  said  ye.s,  she  could 
look  for  the  one  with  the  highest  place  value  and  then  work  from  there. 
She  did  the  others  quickly,  m    ing  use  of  place-value  knowledge. 

Inferences: 

Maria  seems  to  comprehend  the  meaning  of  place  value.  She  is  b'.'gmning 
to  be  more  careful  in  making  sure  she  knows  what  the  problem  is.  Slie  seems 
to  grasp  exponentials,  although  she  is  a  little  unsure  of  the  zero  power. 

II.  Planned  objectives: 

B.  To  diagnose: 

1.  (IV  C-lb)   Addition  is  commutative. 

2.  (IV  C-lc)   Addition  is  associative. 

3.  (IV  C-ld)   The  identity  element  for  addition  is  zero. 
Expected  behaviors: 

1.  (2.20  interpretation)  Illustrates  the  commutative  property  of  addition 
on  a  number  line.  Uses  the  commutative  property  of  addition  to  deduct 
a  second  addition  expression  from  a  given  addition  expression. 

2.  (2.20  interpretation)  Shows  a  set  representation  of  the  associative 
property  of  addition  for  a  given  group  of  addends.  Uses  the  associative 
property  of  addition  to  deduct  a  second  addition  from  a  given  addition 
expression. 

3.  (2  20  in^ci-pretation)  Uses  the  identity  property  to  deduct  a  second 
addition  from  a  given  addition  expression. 

Procedure: 

1.  I  gave  her  an  addition  expression  and  asked  her  to  give  me  another  that 
expressed  the  same  idea;  she  responded  by  commuting  the  two  addends. 
I  asked  her  to  show  me  on  a  munber  line  that  these  two  expressions  named 
the  same  sum.  She  was  unfamiliar  with  the  number  line  but  quickly  saw 
how  to  use  it  when  I  showed  her.  Then  she  showed  that  her  answer  was 


316 


THE  HLOW  LEAUNKK  IX  MATHEMATICS 


correct  and  also  stated  that  this  vorked  hecau^e  addition  was  coniinuu-t- 
tivc. 

2.  I  gave  her  an  expression  involving  addition  and  a,sked  her  to  exprc  s  the 
same  idea  another  way.  S}ie  wa.s  able  to  give  several  diffeient  ways  of 
associating  the  addends  and  stated  that  this  worked  because  addition 
was  associative.  I  asked  her  to  show  mo  it  was  true  by  using  set^,  wliich 
she  did. 

3.  I  gave  her  an  addition  example  with  a  missing  addend,  which  she  sopplicd. 
I  gave  her  several  different  examples  using  the  identity  property.  Slie 
stated  that  if  you  add  zero  to  any  number,  you  get  that  number.  For  all 
the  examples  in  this  gioup,  we  did  some  using  unknown  vaiiables,  and 
she  was  able  to  use  the  properties  to  deduct  the  correct  answers. 

Inferences: 

Maria  seems  to  have  a  good  grasp  of  the  properties  for  addition.  She  is 
able  to  use  the  properties  and  also  has  labels  for  them. 

III.  Planned  objectives: 
C.  To  diagnose: 

1.  (IV  B-1)    The  number  obtained  by  addition  is  called  a  bum. 

2.  (IV  B-1)   The  numbers  to  be  added  are  called  addends. 

3.  (IV  B-1)   Subtraction  is  the  inverse  of  addition. 

4.  (IV  B-1)  Parentheses  indicate  that  an  expression  is  to  i)e  legarded 
as  a  number. 

0.  (ly  B)  In  working  examples,  you  lusually  carry  out  the  operalioii 
within  the  parentheses  first. 

Expected  behaviors: 

1.  (2.10)    Can  name  the  mimeral  that  represents  the  sum. 

2.  (2.10  translation)    Can  name  the  numerals  that  represent  the  addends. 

3.  (2.10  translation)  Expresses  the  number  for  the  complement  set  as  the 
number  for  the  total  set  minus  the  number  for  the  subset.  Translates  a 
given  '^addend  plus  addend  eciuals  sum"  expression  into  the  appropriate 
"sum  minus  one  addend  equals  other  addend"  expression. 

4.  (2.10  translation)  Recognizes  the  number  named  in  i)arenthescs.  Treats 
an  expression  in  parentheses  as  a  single  number. 

5.  (2,10  translation)  Performs  oi)eration  in  i)areiithcsos  fii-st,  before 
working  with  rest  of  problem. 

Procedure: 

1.  I  gave  her  several  addition  examples  and  asked  her  to  name  the  sum 
and  addends  in  each  one.  At  first  she  had  difficult  v,  but  when  I  .showed 
her  that  the  numbers  to  be  added  weie  called  addends,  she  was  con- 
Msteiitly  able  to  respond  correctly. 

2.  I  gave  her  a  partitioned  .set.  I  asked  her  if  she  could  give  me  an  expression 
for  the  complement  set  in  terms  of  the  total  and  the  subset.  She  gave 
me  a  subtraction  expression.  I  gave  her  an  ''addend  plus  addend  equals 
sum"  expression  and  asked  her  to  express  it  as  a  subtraction  expression. 
She  was  able  to  respond  correctly.  I  asked  her  in  each  of  these  expicssions 
to  name  the  sums  and  addends.  A  few  times  she  got  confused  but  was 
making  good  progress. 

3.  I  gave  her  a  number  of  examples  to  work  using  parentheses.  In  some  of 
them  I  provided  for  her  to  name  the  number  expressed  in  pare-ithcses. 
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Slic  was  able  to  do  tliL  and,  in  all  the  examples,  worked  the  operation 
in  parentheses  before  proceeding  with  the  rest,  of  the  problem. 

Inferences: 

Maria  had  not  learned  the  labels  "sum"  and  ''addend"  and  seemed  to  need 
these  handles  for  adequately  determining  what  was  being  asked  '^f  her.  She 
Beems  to  be  quickly  catching  on  to  these. 
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Classroom  and  School 
Admmijstration 

PAUL  V.  ROGLER 


q£  EACHERS  will  find  slow  learners  assigned  to  them  in  many  different 
kinds  and  sizes  of  groups:  some  as  a  result  of  regrouping  within  their 
own  elasses,  some  as  a  result  of  regrouping  within  multigrading  plans, 
some  as  a  result  of  homogeneous  grouping  that  tries  to  group  whole 
elass  seetioiis  of  slow  learners  together,  and  some  as  small  remedial 
elasses.  This  ehapter  reviews  a  number  of  prineiples  and  praetiees 
that  have  been  found  effeetive  in  managing  slow-learner  mathematies 
elasses,  in  working  with  small  groups  within  elasses,  and  in  evaluating 
student  progress.  Also  ineluded  are  points  that  administrators  might 
eonsider  in  planning  for  slow-learner  mathematies  elasses.  Good  gen- 
eral prineiples  of  elass  management  hold,  naturally,  for  working 
with  slow-learner  groups  as  well  as  with  all  other  students;  and 
many  instruetional  teehniques  are  allied  to  good  elassroom  man- 
agement. If  the  discussion  here  ineludes,  in  part,  some  teehniques, 
it  is  in  relation  to  their  value  to  elassroom  management  that  they 
are  ineluded. 
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Classroom  Management 

Organization  of  the  class 

A  first  step  is  to  know  each  student  as  well  as  possible.  The  teacher 
will  find  it  helpful  to  consult  guidance  records  and  be  aware  of  all 
nnportant  facets  of  each  student's  personality,  his  school  develop- 
ment, and  any  special  physical  characteristics.  Many  teachers  of  slow 
learners  keep  a  folder  on  each  student  in  which  are  kept  guidance  data 
diagnostic  and  achievement  test  data,  parental  reporting  data,  notes' 
from  other  teachers,  individual  progress  charts,  and  inventories  of  skills 
attamed  (for  review  by  the  student  and  his  tc^acher^not  to  be  made 
pubhc). 

The  teacher  may  want  to  make  a  seating  chart  early,  for  it  can 
help  hnn  to  learn  names  quickly.  This  does  not  imply  that  seating 
must  be  static.  Altering  seating  arrangements  to  permit  varied 
mteractions  between  students  according  to  the  activities  being 
planned  can  be  a  resourceful  way  to  manage  productive  learning 
situations.  Seathig  changes  help  to  assure  that  all  students  have 
equal  opportunities,  by  the  regrouping  of  social  contacts,  to  develop 
friendships— as  well  as  equal  access  to  various  preferred  areas  of 
the  classroom.  The  chart  should  be  kept  up  to  date,  of  course,  for 
use  by  substitute  teachers. 

Slow  learners  work  best  in  an  uncluttered  environment  where 
routines,  established  early  in  the  year,  are  seldom  varied.  It  is  well 
known  that  when  the  slow  learner  understands  what  is  expected  of 
him,  where  materials  may  be  found,  and  how  they  should  be  used, 
his  i)crformance  is  more  likely  to  approach  his  potential.  Such  chil- 
dren i)erforin  best,  therefore,  in  a  somewhat  structured  environment. 
This  does  not  mean  that  they  require  a  ela.ssroom  with  a  dictator 
in  charge;  it  docs  mean  that  the  children  and  the  teacher,  working 
together,  establish  rules  and  regulations  for  the  smooth  running  of  the 
classroom.  In  an  elementary  classroom  these  will  include  such  de- 
tails as  the  following: 

Operiing  exercises:  the  time,  the  type,  the  person  in  charge 
Recording  attendance:  how  it  should  be  done  and  who  should  do  it 
Recording  lunch  money:  how  it  should  be  done  and  who  should  do  it 
Handling  supplies:  how  it  should  be  done  and  who  should  do  it 
(One  teacher  gave  each  child  strips  of  colored  construction 
l)ai)er.  When  a  child  needed  a  compass,  he  wrote  his  name— 
his  lOU— on  red  construction  paper.  The  person  in  charge  of 
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compasses  picked  up  the  red  paper  and  gave  the  child  a  compass. 
At  the  end  of  the  period,  when  the  compass  was  retrieved,  the 
red  paper  was  returned  to  the  owner.  Orange  paper  was  used 
for  scissors,  yellow  paper  for  rulers,  blue  paper  for  pencils,  pink 
paper  for  protractors,  and  so  on.  Each  month  the  person  and 
his  assistant  in  charge  of  each  material  were  changed.) 
Higher-level  classes  can  have  a  structure  provided  by  a  short 
written  list  of  activities  to  which  the  student's  attention  is  invited 
as  he  enters  the  classroom.  The  activities  are  planned  so  that  doing 
them  provides  review  and  preparation  for  the  principal  work  of  the 
day.  Students  may  participate  in  planning  class  routines;  and,  as  a 
general  rule,  any  learning  activity  should  be  organized  so  as  to 
involve  students  in  its  planning  and  in  participating  physically  in 
the  activity.  Many  ways  can  be  devised  for  using  students  to  take 
care  of  physical  needs  in  the  room— distributing  materials,  cleaning 
chalkboards,  planning  bulletin-board  materials,  displaying  projects, 
collecting  papers,  checking  attendance,  arranging  desks,  and  so 
forth.  These  jobs  should  not  be  assigned  as  punishment.  The  class 
plan  for  handling  equipment  must  be  carefully  explained  (and  re- 
viewed as  necessary)  and  should  be  consistently  carried  out.  Many 
teachers  have  a  plan  for  supplying  pencils  to  those  who  forget.  One 
teacher  buys  them  in  quantity  and  sells  them  at  cost;  another 
teacher  keeps  a  box  of  stubs,  which  have  been  left  behind  in  other 
classes,  so  that  lax  students  may  borrow  a  pencil  for  the  day.  Some- 
times students  can  share  instructional  materials  and  benefit  from 
sharhig  ideas  about  using  the  materials.  In  one  class,  on  the  day 
after  students  had  prepared  a  number  of  sheets  of  folded  paper  to 
represent  halves,  fourths,  and  eighths,  some  students  who  had  been 
absent  or  who  had  lost  the  materials  were  paired  up  with  other  stu- 
dents who  did  have  the  materials.  Mutual  discussion  helped  instill 
ideas  of  equivalent  fractions.  The  class  can  sometimes  be  organized 
so  that  better  students,  from  that  class  or  other  classes,  can  be  as- 
signed to  help  slow  students  work  through  a  lesson  or  a  project. 

Classroom  routine  should  include,  each  day,  some  way  of  allowing 
students  to  use  large  as  well  as  small  muscles.  In  elementary  classes 
24  children  might  get  up  and  form  4  groups  of  6  children,  then  6 
groups  of  4  children.  In  higher-level  groups,  moving  to  one  side  of 
the  room  or  the  other  for  a  short  mathematics  game  or  contest  can 
accomplish  thi.'^.  In  a  classroom  whore  the  laboratory  type  of  work 
is  going  on,  noise  connected  with  the  work  is  likely  to  be  a  necessary 
concomitant  and,  as  such,  is  allowable. 
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Since  slow  learners  tend  to  learn  best  by  doing  and  seeing,  rather 
than  by  listening,  activities  of  a  manipulative  nature  are  suggested. 
These  students  must  be  completely  involved  if  they  are  to  under- 
stand the  various  arithmetic  processes.  For  this  reason  it  is  important 
that  the  classroom  provide  a  place  for  motor  activity  as  well  as  a 
place  for  the  storage  and  use  of  many  visual  materials.  Here  is  the 
way  one  teacher  helps  students  who  are  doing  an  example  such  as 

921 
-  187 

to  understand  why  regrouping  is  necessary: 

The  teacher  has  a  child  take  a  desk  at  one  corner  of  the  room  and  label 
it  ''Banker."  The  teacher  then  gives  him  a  supply  of  paper  monev  in  the 
form  of  SlOO,  SlO,  and  Si  bills.  Anolhcr  child  at  a  desk  nearbv  (but  not 
too  near)  labels  his  desk  "Clerk."  A  third  child— the  "purchaser"— is 
given  nine  $100  bills,  two  SlO  bills,  and  one  $1  bill.  He  deposits  this  with 
the  clerk,  who  records  it  as  a  fourth  child  records  it  on  the  board  and 
the  others,  remaining  at  their  desks,  record  it  on  paper.  The  purchaser 
picks  up  a  package  that  costs  S187  (or  several  packages  adding  up  to 
that  amount  if  he  is  able  to  do  the  more  complicated  work)  and  takes  it 
to  the  clerk,  who  tries  to  give  him  his  balance.  The  clerk  cannot  give 
the  proper  change,  so  he  takes  a  SlO  bill  to  the  banker  and  changes  it  for 
ten  SI  bills.  Later  he  takes  a  SlOO  bill  and  changes  it  for  ten  SiO  bills. 
While  (his  is  hanpening,  the  child  at  the  board  and  the  children  in  their 
seats  are  also  working  on  the  problem.  When  one  example  is  completed, 
other  children  become  banker,  clerk,  and  purchaser  in  turn. 

Whatever  the  activity  may  be,  it  should  be  structured  in  advance, 
it  should  be  carefully  outlined  to  the  students,  and  it  should  be 
consistently  implemented. 

If  slow-learner  groups  are  to  work  well,  they  must  be  helped  in 
learning  how  to  study— to  organize  materials  and  to  follow  directions 
and  to  check  their  work.  Some  elementary  teachers  use  a  shoe  box 
for  each  student.  The  student  decorates  it  and  then  uses  it  to  hold 
ruler,  compass,  game  counters,  magic  markers,  and  so  forth.  A  good 
practice  is  to  wrte  assignments  in  concise,  simple  language  on  the 
chalkboard,  using  the  same  eorner  of  the  board  every  day.  The 
teacher  QbonlH  be  sure  that  each  student  understands  what  is  ex- 
pected of  him.  and  he  should  give  students  sufficient  time  to  complete 
assignments  with  success.  It  is  often  helpful  to  discuss  what  is  to 
be  done,  including  its  purpose  and  a  step-by-step  interpretation  of 
the  work  outlined  on  the  chalkboard  or  on  an  assignment  sheet. 
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There  should  be  some  aetivity  every  day  that  ean  be  carried  out 
wr.h  sueeess  by  every  student.  Each  should  feel  aeeepted  no  matter 
what  limitations  there  may  be  on  his  appearanee,  or  his  elothing, 
or  his  ability  to  contribute  to  a  diseussion.  The  activity  for  the  day 
might  include  a  number  of  ehoiees,  so  that  each  student  ean  surely 
find  one  at  which  he  ean  sueeeed.  When  a  question  in  „  develop- 
mental lesson  is  asked  of  students,  a  '^guessing  is  allowed"  situation 
should  be  instituted  to  encourage  hesitant  students  who  are  reluetant 
to  partieipate  beeause  they  are  often  wrong.  The  teaelier  needs  to 
support  sueh  students  by  an  attitude  that  shows  it  is  not  bad  to  be 
wrong  as  long  as  you  make  a  legitimate  try.  He  also  needs  to  be 
alert  to  ways  of  rewording  student  answers  so  that  they  still  sound 
like  the  student's  ideas  yet  point  more  direetly  to  the  correet  de- 
velopment of  the  topic  the  teacher  has  in  mind. 

An  oceasional  elass  party  or  class  trip  ean  help  elassroom  rappoi 
It  ean  also  serve  edueational  purposes.  Planning  a  Christmas  party 
involves  praetiee  in  number  work  when  eosts  are  being  eonsiderod, 
and  it  ean  involve  informal  geometry  in  the  making  of  decorations. 
One  elass  visited  a  hospital,  where  a  nurse  showed  the  many  ex- 
amples of  measurement  that  she  used.  This  led,  naturally,  to  a 
follow-up  diseussion  of  metrie  measures. 

The  mathematics  clossroom 

A  mathematies  elassroom  should  look  like  a  niathematies  class- 
room. "Materials  for  elassroom  demonstration  and  materials  for 
pupil  manipulation  were  in  display.  .  .  .  Bulletin  boards  were  kept 
attraetive,  instruetive,  and  interesting."  (28,  p.  120.)  Student  com- 
mittees can  be  organized  for  this  purpose.  The  teacher  might  build 
up  a  store  of  immediately  available  books  and  references.  Storage 
spaee  should  be  provided  for  student  texts  whenever  these  are  to  be 
kept  in  the  elassroom.  A  self-help  eorner  might  hold  a  variety  of 
materials  for  manipulating,  eolleeting,  distributing,  eounting,  classify- 
ing, arranging,  and  measuring.  In  another  area  within  the  room  a 
number  of  mathematical  games  ean  be  provided.  An  area  set  aside 
for  small-group  work  ean  be  helpful,  especially  if  a  teaeher  aide 
is  available. 

The  prineiple  that  every  mathematies  elassroom  should  be  a 
mathematies  laboratory  is  being  aeeepted  in  many  seeondary  sehools. 
Others  are  providing  mathematies  laboratory  rooms,  staffed  by 
aides,  in  whieh  mathematics  aetivities  ean  be  organized.  Still  others 
arrange  a  large  room  as  a  laboratory  for  reading  and  language  study 
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as  well  as  inathoinatics  so  that  the  use  aides  and  audiovisual  equip- 
ment ean  be  efficiently  handled.  Commercial  companies  are  now 
producing  tables  in  a  trapezoidal  shape,  thus  permitting  a  variety 
of  seating  arrangements  and  orderings. 

Silberman  reports  that  many  elementary  classrooms  today  are 
organized  to  include  a  mathematics  area,  a  science  area,  a  reading 
area,  and  a  social  science  area.  Small  groui)s  work  on  assigned  work 
or  independent  study  in  each  area,  and  the  teacher  works  with  one 
small  group  at  a  time.  All  these  plans  are  especially  valuable  for 
the  instruction  of  slow  learners  in  that  they  are  aetivity-oriented 
and  tend  to  aid  the  individualizing  of  inslructioiu  (35,  pp.  291-97.) 
Planning  for  the  substitute 

In  preparation  for  the  day  when  he  will  not  be  present,  the  teacher 
should  provide,  in  a  place  where  the  substitute  will  be  sure  to  find 
it,  such  information  and  suggestions  as  the  following: 

Time  children  enter  the  school 
Time  children  enter  the  room 

Responsibility  of  the  teacher  before  children  enter  the  room 

What  children  do  between  the  time  they  enter  the  room  and  the  time 

school  starts 
What  is  (lone  about  opening  e.\erci^es 
Time  each  class  period  starts  and  ends  (a  schedule  of  classes) 
Time  for  recess,  lunch,  and  other  activities 
Directions  for  fire  drills  and  air-raid  drills 
OflTice  signals  if  no  public  address  system 
Time  of  announcements 

Directions  for  collection  of  money  and  what  is  to  be  done  with  receipts 
Directions  for  taking  attendance  and  reporting  it 
Location  of  necessary  book>  and  >upplies 

Routines  that  have  been  established  for  using  supplies,  usinj;  the  pencil 

sharpener,  leaving  the  room,  etc. 
Location  of  ])lan  book 
Grouping  used  and  students  in  each  group 

Xame;>  of  ehiklren  who  can  be  truMed  to  give  accurate  information  about 
assignments,  time  for  lunch,  etc. 

Names  of  children  who  may  he  trou!)lesome  and  ways  in  which  their  co- 
operation may  he  obtained 

Names  of  children  who  need  special  help 

Names  of  children  who  will  help  witi)  routines  such  as  distributing  rulers, 
pencils.  comj)a>-es,  etc. 

A  list  of  independent  activities  that  children  may  perform  when  as^i<^ned 
work  is  finished 
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A  plan  worked  out  with  one  student  to  lielp  a  substitute  teacher  n\  naminp; 
the  students  in  the  class. 

One  plan  might  be  to  provide  the  teacher  witli  a  name-tag  holder 
(the  plastic  pin-on  type  in  winch  a  card  containing  the  child's  name  may 
be  placed)  for  every  child  who  attends  class  in  his  room  As  the  sub- 
stitute presents  the  child  with  his  name  tag  he  has  an  opportunity  to 
study  the  child  and  note  where  he  sits.  He  also  has  the  advantage  of 
being  able  to  call  the  child  by  name. 

Homework 

It  is  best  to  assign  homework  only  when  there  is  a  specific  purpose 
in  mind,  and  after  the  activities  that  are  des'^ribed  are  well  under- 
stood. The  homework  assignment  should  be  written  elearly  on  the 
chalkboard,  or  printed  on  a  worksheet,  or  carefully  outlined  in  some 
other  way.  If  slow  learners  have  problems  about  taking  books  home, 
the  books  may  be  kept  in  some  orderly  fashion  in  the  classroom! 
vStudents  fail  to  take  books  home  for  various  reasons:  perhaps  they 
just  forget;  or  their  friends  make  fun  of  taking  books  home;  or  they 
play  aiong  the  way  home  and  mislay  the  books;  or  they  have  no 
plaee  at  home  for  their  books.  In  some  cases,  then,  students  might 
be  provided  with  paper  sheets  of  homework 'problems  or  activities. 
The  slow  learner  may  well  take  home  a  sheet  of  paper  when  he 
wouldn^t  take  home  a  book.  A  boy  ean  put  the  paper  in  a  folder, 
and  a  girl  can  put  it  in  hor  pooketbook. 

Homework  should  be  cheeked  and  returned  promptly.  Its  treatment 
will  vary  with  its  purpose.  In  all  eases  some  form  of  reward  is  suit- 
able. If  it  is  drill  work,  the  neatest  or  most  aeeurate  or  most  im- 
proved work  might  go  on  a  bulletin  board.  If  its  purpose  is  develop- 
mental, refer  to  it  and  build  on  it  for  the  lesson.  Sometimes  it  may 
just  be  collected  and  then  one  or  two  of  its  problems  given  as  a  quick 
quiz.  The  teacher  should  not  assume  that  a  student  knows  the  work 
just  because  he  hands  in  his  homework. 

The  continaency-imnaged  classroom 

A  rather  specialized  plan  for  classroom  organization  is  called  the 
eontingcncy-inanagcd  classroom.  With  this  plan  the  teacher  applies 
the  principles  of  ^'operant  conditioning."  In  brief  terms,  behavior 
patterns  that  arc  deemed  acceptable  arc  immediately  reinforced;  and 
behavior  patterns  that  interfere  are  not  reinforced  and  through  non- 
reinforcement  are  extinguished.  A  contingency  table  lists  acceptable 
activities,  and  children  receive  certain  units  of  reinforcement  con- 
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tingent  upon  certain  perfonnances'.  For  exainple,  a  credit  system  is 
set  up  based  on  listed  academic  or  social  tasks.  A  part  of  the  con- 
tingency table  used  in  a  sixth-grade  class  might  look  like  this  (20 
p.  118): 

Academic  Tasks  Nxmheroj  Credits 

1.  One  math  assignment  of  5  problems  5-10 

2.  One  outside  reading  25 

3.  Homework  signed  by  parent  25 

Social  Tasks 

1 .  Neatness  in  class  assignment  5 

2.  Courtesy  to  teacher  5 

3.  Books  properly  covered  10 

The  credits  can  then  be  used  to  buy  the  reinforcements  that  the 
student  desires.  Some  are  material  rewards.  Some  are  long-term 
rewards.  Some  examples  of  reinforcement  items  are  shown  below 
(20,  p.  120) : 

1.  "A"  in  mathematics  500  credits 

17.  Field  trip' 0 museum  75  credits 

20.  Go  for  drink  of  water  5  credits 

21.  Go  to  reinforcement  area  duringactivity  period      10  credits 

(The  reinforcement  area  is  a  separate  room  where  game  activities 
are  allowed  during  assigned  times.) 

A  self-contained  classroom  can  be  divided  into  functional  areas  as 
diagramed  in  figure  10.1. 

Key  to  Diagram 

1.  Credit  Desk:  Assignments  are  given  to  students;  credits  for  assign- 
ment completion  are  recorded  by  teacher's  aide. 

2.  Teoxihefs  Desk:  Papers  are  corrected  and  student's  progress  is  noted 
by  the  teacher. 

3.  Materials  Area:  Necessary  student  materials  are  kept  in  folders; 
reference  materials  and  other  instructions  are  kept  in  this  area. 

4.  Task  Area:  Suidents  work  on  individual  assignments  at  their  desks. 

5.  Special  Project:  Independent  study  area. 

6.  SttwII  Group  Area. 

7.  Blackboard:  Psychedelic  wall  used  for  reinforcement. 

8.  Blackboard:  The  Mod  Corner  used  for  reinf'>rcement. 

9.  Time-out  Area. 

This  division  helps  to  organize  the  instruction.  Cards  are  kept  on 
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Fig.  10.1.  Self-contained  classroom.  Reprinted,  by  permission,  from  David  H 
Moyer  (20,  p.  108). 


each  student  to  record  credits.  No  credit  is  given  for  an  assignment 
until  errors  are  checked  and  corrected,  but  a  way  is  always  provided 
to  get  this  done.  To  keep  all  these  records,  it  is  necessary  to  have  a 
teacher  aide. 

Class  control 

A  teacher's  attitude  toward  his  students  is  an  important  aspect  of 
classroom  management.  He  must  be  fair,  firm,  considerate,  and  con- 
sistent. An  air  of  positive  expectancy  helps  to  produce  positive  stu- 
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dent  orientation  to  classwork.  Tlic  tcaclicr  sliould  meet  every  class 
witli  cntliusiasni  and  a  innposc.  In  aDDlying  rules  of  behavior,  the 
teacher's  ponit  of  view  is  inii)ortant;  a  businesslike  but  pleasant  ap- 
l)roach  can  hel])  to  dcvelo])  a  relaxed  atniosi)hcrc  in  which  each  stu- 
dent feels  secure  that  he  is  not  being  too  tightly  controlled  hut,  rather, 
IS  worknig  in  a  setting  of  freedom  with  resi)onsibility. 

Class  control  may  become  a  i)roblem  for  the  teacher  in  some  situa- 
tions. Basically  the  expectation  is  that  good  class  control  will  result 
from  the  use  of  positive  classroom  management  i)rocedurcs  and  i)ro- 
gram  planning  along  the  lines  suggested  in  this  book.  Where  the«e 
practices  are  ineffective,  possibly  because  of  influences  and  situations 
outside  the  control  of  the  individual  teacher,  some  Si)ecific  stei)s  may 
be  necessary  to  implement  class  control.  As  a  starter,  an  ail-school 
effort  should  be  made  to  establish  guidelines  of  aecei)ted  student  be- 
havior in  school  and  society.  General  in-class  rules  should  be  add.  d 
These  lu.ed  to  be  worked  out  with  the  children  so  that  they  uneer- 
.stand  the  reasons  for  the  limitations  on  their  actions  and  the  po.«sible 
variations  that  may  apply  according  to  the  current  activity  of  the 
class.  Some  of  the  most  helpfu'  i)roccdures  are  those  that  work 
toward  prcventinit  discii)linary  prnbleins  from  arising  and  handle 
i)roblem.>^  in  a  '  utinc,  impartial  manner  that  indicates  genuine  interest 
in  the  student.'  social  dcveloiunent.  Teachers  u.-e  some  of  the  follow- 
ing prmciples  as  a  guide: 

1.  Be  sure  that  requests  of  students  are  understood  by  all. 

2.  Be  aware  of  preserving  the  students'  dignity  and  try  to  use  ex- 
periences to  help  students  learn  self-discii)line. 

3.  Show  interest  in  all  aspects  of  student/  lives. 

4.  Grou])  children  in  many  different  ways  for  various  activities. 
If  students  are  used  to  bein-  groujjed  in  various  ways,  regroup- 
ing at  a  particular  time  to  &eparace  certain  children  will  be  more 
readily  accepted  without  exiggcrating  a  disruptive  incident. 

5.  Be  aware  of  all  that  goes  on  in  the  classroom. 

6.  Follow  throug'  on  requests  made  to  students. 

7.  Deal  with  disrui)tive  ei)isodes  quickly,  positively,  and  in  a  man- 
ner that  is  consistent  and  impartial. 

8.  Be  willing  to  listen  to  students  tell  what  they  felt  hapi)ened  in 
disrupting  ei)isodes. 

9.  Follow  through  on  whatever  corrective  procedure  has  been 
worked  out  with  the  students. 
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Where  there  is  a  guidance  counselor  for  his  students,  the  teacher 
can  get  much  help  from  him  in  understanding  the  student  and  in 
working  out  disciplinary  problems  as  they  are  foreseen.  When  a  child 
indicates  upsetting  tendencies,  the  teacher  can  make  the  guidance 
coun>elor  aware  of  overt  actions  that  indicate  this.  The  counselor  can 
help  by  checking  all  personnel  who  work  with  the  student  and  by 
finding  an  opportunity  to  talk  with  the  student  to  draw  him  out. 

Mary  Potter  writes:  ''Don't  act  bothered.  Believe  that  you  can 
control  them  and  you  can."  (26,  p.  31.)  If  a  student  disobeys  a  rule, 
speak  to  him  unobtrusively,  without  involving  the  whole  clas>.  One 
student  should  not  be  allowed  to  become  a  center  of  attention.  It  is 
better  if  in.structions  and  direction  of  activity  come  from  the  teacher, 
not  from  students  (this  does  not  preclude  having  organized  student- 
teacher  planning).  It  is  not  a  good  practice  to  use  ridicule  and  em- 
barrassment of  a  pupil.  Langworthy  writes  that  this  will  "only 
widen  the  gulf  between  the  student  and  the  teacher,  thus  making 
objectives  almost  impos.^ible  to  achieve.  Even  if  these  methods  are 
used  with  only  one  student  in  the  class,  the  remaining  members  of 
the  class  will  identify  themselves  with  him  and  the  damage  has  been 
done  to  all  and  not  only  to  one."  (24,  p.  74.)  A  firm,  steady  voice 
that  a>sumes  compliance  and  requests  action  in  a  kindly  yet  au- 
thoritative way  is  a  helpful  tool  for  the  teacher  i:i  establishing  a 
good  classroom  climate,  thus  fostering  good  discipl^ic  Mary  Potter 
also  suggests:  ''If  it  is  necessary  to  ask  someone  to  do  something, 
call  on  a  pupil  that  you  know  will  comply  with  jour  request  first, 
choosing  if  possible  a  pupil  with  leadership.  After  this  pupil  does 
it,  the  others  will  follow  his  example."  (26,  p.  31.) 

F.v(Ty  student  is  uniciue,  and  so  is  every  series  of  offenses.  The 
teacher  needs  to  use  judgment  in  being  con.^i.^tent,  firm,  and  fair  in 
all  these  procedures.  The  in)i)lication  throughout  that  the  teacher 
cares  for  the  student  and  that  these  steps  are  part  of  the  process  of 
helping  him  to  learn  how  to  act  in  school  and  in  society  will  help 
teacher-student  relationships.  In  considering  this  problem  it  is  rec- 
ognized that  having  a  class  under  control  is  not  the  ultimate  goal  of 
teaching.  But  this  is  a  necessary  step  toward  tluj  >5oal  of  teaching 
accepted  behavior. 

With  many  students  the  great  problem  is  getting  them  to  par- 
ticipate in  class  diseu.^sions  and  activities.  If  careful  planning  is 
being  done  to  assure  that  the  teaching  is  relevant,  purposeful,  and 
as  varied  as  needed  for  individuals  and  topics,  then  a  series  of  steps 
niighi  serve  to  lead  the  students  into  participating. 
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It  is  helpful  for  the  teacher  to  be  e^peeially  aware  of  the  interests 
and  abilities  of  students  who  tend  to  be  introverted.  He  can  call  on 
them  by  name  with  questions  they  can  probably  answer.  He  can 
ask  each  of  them,  at  one  time  or  another,  to  explain  some  ."special  inter- 
est or  some  method  of  doing  a  problem.  Or  he  can  involve  them 
with  students  who  are  more  outgoing  but  not  domineering  Iiitroverteci 
students  need  support  of  this  kind.  They  also  need  extra  praise  for 
any  good  attempts  they  make. 

Evaluation 

Objectives 

Evaluation  is  an  ongoing  activity.  An  important  aspect  of  evalua- 
tion IS  the  stating  of  realistic  objectives  in  behavioral  terms.  These 
will  give  proper  direction  to  the  teacher's  planning  and  will  allow  for 
meaningful  evaluation.  Evaluation  of  a  student's  progress  can  be  made 
with  reference  to  these  behavioral  objectives  and  with  consideration 
given  to  the  student's  mathematics  aptitude.  The  evaluation  indicates 
what  growth  has  occurred  and  what  levels  of  achievement  have  been 
reached.  Setting  reasonable  goals  for  a  student  will  allow  him  to 
attain  success.  Diagnostic  tcsthig  will  show  where  the  student  is  and 
help  to  set,  within  reason,  where  he  can  be  expected  to  go. 

Students'  daily  work 

Students  like  to  have  written  work  returned  to  them  promptly  after 
It  is  evaluated.  Using  a  bulletin  board  to  show  off  good  homework 
or  classwork  promotes  interest  and  indicates  what  papers  seem  to 
be  closest  to  meeting  stated  objectives.  The  teacher  may  want  to 
find  way.s  of  varying  the  criteria  for  bulletin-board  presentations  so 
that  each  student  can  see  his  work  posted  occasionally.  To  keep 
parents  aware  of  progress,  some  papers  might  be  sent  home  (mailed  if 
necessary)  for  a  parent  to  sign  and  return  to  school. 

It  is  helpful  if  the  teacher  finds  something  positive  to  say  about 
each  day's  work.  For  example,  although  John  has  every  answer 
wrong.  Ins  work  is  neat  and  he  shows  increased  understanding  of  the 
concept;  what  he  needs  is  to  learn  his  multiplication  combinations. 
Rewards  for  slow  learners  arc  a  form  of  evaluation.  They  are  im- 
portant and  arc  most  cfTcctivc  if  given  immediately— perhaps  a  per- 
sonal remark,  or  being  among  the  first  to  be  dismissed,  or  receiving 
a  badge.  Some  teachers  have  cookies  or  candies  to  distribute  in  small 
amounts  as  rewards. 
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One  way  to  reward  the  student  is  to  give  immediate  acknowledg- 
ment of  successful  work.  Another  is  to  post  answers  where  the  stu- 
dent can  see  them  and  check  his  work  by  them,  thus  gaining  his  own 
reward.  Many  variations  of  the  old  system  of  a  "star"  still  work 
for  many  teachers.  As  described  above,  contingency  management 
techniques  can  contain  built-in  evaluation  plans.  They  establish  points 
for  various  activities,  and  students  are  given  many  ways  of  gaining 
points,  knowing  that  a  certain  number  of  points  means  that  they  will 
receive  some  reward  or  some  "grade."  Many  slow  learners  come  from 
homes  where  there  is  no  known  activity  they  can  perform  that  wiil 
bring  them  a  reward  without  fail  (like  being  allowed  to  watch  TV 
if  homework  is  finished  I.  There  sometimes  is  just  not  that  much  inter- 
est in  the  children  in  the  home.  These  students,  especially,  may  respond 
favorably  to  a  reward  .<?ystem  that  'n,  very  specific. 

Once  again,  the  teacher's  folder  on  each  student  will  include  ma- 
terial on  his  evaluation.  Frequent  short  quizzes  help  the  student  keep 
a  high  level  of  success  on  his  record.  A  diagnostic  checklist  kept  in 
the  folder  can  be  checked  off  and  rechecked  as  a  way  of  assuring 
that  behavioral  objectives  are  being  attained  and  sustained. 

Testing 

Where  within-the-class  regrouping  for  mathematics  instruction  is 
done,  diagnostic  testing  can  be  done  weekly,  or  more  often,  so  that 
children  can  be  regrouped  to  receive  the  help  they  need.  Students 
may  check  their  own  progress-record  sheets  and  work  on  their  own 
deficiencies.  Initial  tests  can  be  oversimplified  to  provide  some  suc- 
cesses. 

Before  any  new  topic  is  introduced,  it  is  helpful  to  give  a  brief 
pretest  and  to  inform  students  that  they  are  not  being  graded  on  the 
test  (that  it  is  merely  help  for  the  teacher) . 

Some  teachers  make  a  careful  analysis  of  errors  on  student  work. 
When  student.^  show  all  their  work,  including  the  intermediate  steps, 
errors  can  be  more  easily  identified.  The  student  might  be  encouraged 
to  try  to  find  his  own  error;  if  he  can't  find  it,  the  teacher  can  help 
him  and  give  him  a  related  examjMO  for  practice. 

In  correcting  papers  it  is  good  practice  for  the  teacher  to  draw  a 
circle  around  an  error  and  indicate  the  correct  p»^ocedure  next  to  the 
student's  work.  If  a  number  fact  has  been  missed,  the  student  can 
practice  this  fact.  Students  may  be  encouraged  to  make  private  sets 
of  flash  cards  for  the  number  facts  they  do  not  know.  This  identifymg 
of  individual  difficulties  helps  with  motivation.  When  the  teacher 
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r('C'o<rni/.r-  iho  need  to  dovolop  a  concept  or  tcTlniiquo,  he  \mi>\  toach 
it— not  ju:>t  tell  it.  Tlie  words  ''move  the  decimal  point  two  places 
to  the  left"  tell  the  student  only  what  he  must  do;  they  do  not  help 
much  in  understanding. 

Two  important  steps  for  the  teacher,  then,  are  (1)  to  analyze  the 
error  and  (2)  to  teach  the  concept. 

Teacher-made  achievement  tests  should  cover  only  small  units  of 
work.  Rcteaching  and  retesting  at  various  levels  on  tiie  mathematics 
sequence  will  help  the  teacher  know  where  his  students  are.  Many 
schools  have  a  program  that  provides  for  standardized  testing  of 
>ome  >ort  every  year  or  two.  Tho>o  suffice  for  Ihc  long-term  testing 
needs  of  slow  learners. 

Reporting  to  parents 

In  jjome  schools  methods  of  reporting  to  parents  of  slow  learners 
are  developed  by  teachers,  principals,  and  parents  a.s  a  joint  efiort. 
:\Iany  specific  ways  of  working  together  are  possible.  Some  v.'ays  are 
well  suited  to  one  situation  but  do  not  seem  usable  in  another.  The 
number  of  pupils  for  whom  the  teacher  is  responsible,  the  ease  or 
difficulty  with  which  parents  can  get  to  school  (because  of  distance 
or  work  schedules),  the  extent  to  which  ways  of  doing  things  (such 
as  form  or  frequency  of  reports)  are  held  inviolate—these  and  other 
factors  in  the  situation  itself  influence  ways  of  working  together. 
Personality  differences  may  also  ha\'e  an  influence.  People— parents 
as  well  as  teachers— vary  in  the  ways  of  working  together  that  they 
find  n^.ost  satisfactory.  At  any  rate,  parents  need  to  be  aware  of  the 
reporting  method  being  used,  its  philosophy,  and  its  details.  .Johnson 
states;  "The  purpose  of  reporting  is  to  inform  parents  clearly,  con- 
cisely, and  accurately  how  well  their  children  are  performing  in 
schoor-  1 10,  p  983).  Where  reporting  is  realistic,  realistic  programs 
and  expectations  can  be  developed  lur  si,uui;ii(."5. 

In  the  primary  grades,  two  or  three  conferences,  or  anecdotal  writ- 
ten reports  per  year  can  probably  best  achieve  the  reporting  goals. 
In  grades  4  and  above,  as  sin)ple  a  report  form  as  can  l)e  worked  out 
is  probably  the  best  mean^  nf  reporting.  One  part  of  the  report 
should  indicate  the  level  of  the  student ^s  performance  in  relation  to 
that  of  children  of  his  age.  If  A,  B,  C,  and  D  categories  are  used  on 
this  part  of  the  report,  the  slow  learner  will  probably  be  graded  only 
B  with  unusually  good  work,  and  A  with  outstandingly  fine  achieve- 
ment. If  groups  are  being  delineated  according  to  mathematics  achieve- 
ment, a  B  or  an  A  grade  would  indicate  that  consideration  should 
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he  given  to  moving  the  student  into  a  group  that  is  donig  a  higher 
level  of  work. 

The  report  form  should  rdso  show  the  student's  i)rogress  as  it  re- 
lates to  his  ability.  On  this  part  of"  the  form,  the  hard-working  slow 
learner  will  be  rewarded  with  an  A,  or  a  B,  or  whatever  means  is 
being  used  to  show  maximum  effort. 

Parents  are  not  likely  to  read  a  long  report  that  is  hard  to  under- 
stand. They  are  often  unfamiliar  with  the  mode  of  marking  and 
need  help  to  interjiret  the  rei)ort  correctly.  In  sjiite  of  the  need  for 
brevity,  however,  many  .systems  find  that  a  place  for  comments  is 
useful.  This  can  i)rovide  a  means  for  the  teaeher  to  add  an  encourag- 
ing note  by  indicating  the  most  positive  i)art  of  the  student's  class 
work.  Crowley  makes  the  following  suggestion  to  the  teacher: 

Adjust  your  own  goals  rcalistieaily.  Don't  expect  to  make  wa\es— be 
satisfied  with  an  occasional  nppic  Success  with  the  .^luw  learner  best 
measured  in  terms  of  improvement  in  his  attitude,  and  thi-^  cannot  take 
place  overnight. 

While  fi.xing  realistic  jroals  for  yourself,  you  can  be  of  jrreat  help  to 
the  parents  of  the  slow  learner.  In  this  competitive  world,  most  parents 
want  for  their  children  the  education  that  they  themselves  may  not 
have  had.  The  child  we  are  discussing  here  is  not  likely  to  .Miccecd  in 
senior  high  sehool  or  more  advanced  education.  You  can  often  lead  his 
parents  to  an  understanding  that  tlii<  child  has  his  own  qtialities  to 
develop  and  that  pressuring  him  to  attain  impossible  goals  is  leading 
him  to  frustration  and,  perhaps,  rebellion.  You  can  help  the  parents 
of  a  slow  learner  to  accept  their  child,  and  you  can  encourage  them  to 
encourage  him  to  develop  his  own  potential.  [7,  p.  49] 

Grouping  for  Instruction 

Settiruj  up  groups 

If  grouping  is  to  work  in  the  classroom,  groujis  must  be  i)urposeful 
and  each  student  should  understand  why  he  is  in  a  jiarticular  group. 
Slow-learner  mathematics  grouj^s  that  are  5^et  up  within  an  elementary 
classroom  should  be  made  uj)  on  the  bas'is  of  an  analysis  of  needs. 

Instruction  in  the  skills  should  be  based  on  the  results  of  diagnostic 
tests,  and  a  child  should  be  allowed  to  transfer  from  one  grouj)  to 
another  to  get  the  help  he  needs.  Intraclass  ability  grou])ing  can  be 
worked  out  by  starting  the  whole  class  together  on  a  unit  and  then, 
after  a  short  time,  dividing  the  class  into  two  groups— one  composed 
of  those  who  ap])ear  to  learn  more  easily,  the  other  of  those  who  are 
having  difTicuIties.  Many  initial  doveloimients  can  be  worked  out  with 
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a  whole  class  group  as  various  topics  arc  considered,  and  then  dif- 
ferent levels  of  satisfactory  operation  can  he  established  for  different 
groups. 

Operation  of  groups 

Grouping  should  be  flexible.  One  group  might  be  composed  of  those 
needing  drill  on  the  nuiltiplication  combinations;  another,  of  those 
learning  to  add  unlike  fractions;  still  another,  of  those  learning  sub- 
tractive  division.  At  no  time  should  a  child  be  refused  admittance  to 
any  group  as  long  as  ho  can  receive  the  help  he  needs  there.  The  names 
of  those  in  each  group  should  be  po>ted  after  each  diagnostic  test, 
and  the  group  should  be  designated,  not  as  group  1  or  group  2,  but 
as  James's  group  or  the  multiplication  group,  the  division  group  or 
the  fraction  group. 

Planning  for  the  group  work  should  be  done  with  the  children  so 
they  ean  know  exactly  when  they  should  work  with  the  teacher  and 
what  they  should  do  while  the  teacher  is  working  with  another  group. 
A  teacher's  board  outline  might  look  like  the  one  shown  in  figure  10.2. 

10:00-11:30 


^f  uiaph'calion  Group 

1.  Do  the  examples  on 
the  hoard,  usinp 
e.\pando{l  notation. 


Woik  with  the  toachei. 
Use  the  footl)all  j^jiine 
for  a  drill  on  G  X  4, 
7  X  \),  7  X  7,  9  X  6, 
etc.  Use  these  {-ombi na- 
tions to  work  on 
890   948  704 
X7    XG  XO,etc. 


Division  Group 

.  Work  with  the 
teacher  on  multipH- 
cation  of  0  X  8, 
()00  X  8,  oO  X  0, 
10  X9,et{'. 

,  Do  the  work  itssigaed 
on  the  hoard,  begin- 
ning with  9  X  ?  = 
2,700  (or  9  X  ?  = 
nearly  8,000). 


Inaction  Group 

1.  Do  addition  of  fractions 
on  p.8G,  l-IO. 


Continue  working  on  p. 
30.  For  extra  credit, 
dop  37,  l-IO. 


3.  Continue  woikiijg  on 
muhiplieation 
examples. 


3.  Cojitinue  woikingon 
the  examples  on  the 
})oard. 


Fig.  10,2 


3.  vVoik  with  the  teacher 
on  adding  indike  frac- 
tions, u^ing  new.spaper, 
fractional  pies  etc. 


Secondary  presentations  for  small  groups  of  slow  learners  can 
allow  for  concrete,  short-time,  small-concept  learnings.  For  example, 
a  group  of  seven  students  might  be  set  up  because  all  within  it  are 
in  need  of  reviewing  one  aspect  of  the  division  process.  Where  better 
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Students  have  progressed  from  long  division  to  short  division— that  is, 

65  R  3  65  R  3  65  R  3 

from        7  [458  to      7  [458  to      7  fi^S 

420  60  42 
38  38 
35J5  35 
3  65  3 

—the  slow  learners  may  need  to  see  again,  in  a  different  way  from 
that  first  presented,  the  suhtractive  aspect  of  division.  They  might 
be  allowed  to  stay  with  the  level  of  work  at  which  they  can  success- 
fully perform,  and  to  interrelate  some  manipulative  method  with 
the  written  algorism. 

In  speaking  of  individualized  instruction,  Wolfson  writes:  "For 
real  learning  to  occur,  the  learner  must  see  a  purpose  and  meaning  in 
the  learning  experience"  (41,  p.  33).  To  implement  this,  the  teacher 
should  meet  with  individuals  and  small  groups  for  pupil-teacher 
planning  and  evaluation  and  for  teacher  assistance  when  it  is  needed. 
Also,  students  should  be  allowed  to  select  from  various  alternative 
resources  (human,  material,  and  audiovisual).  With  regard  to  class- 
room procedures  and  organization,  Wolfson  prescribes  "grouping  for 
diversity  (multi-age,  nongraded)  with  opportunities  for  temporary 
subgroups  to  pursue  special  interests  and  competencies''  (41,  p.  33). 

Team  teaching 

One  organizational  structure  that  allows  great  flexibility  in  the 
grouping  of  students  is  called  team  teaching.  "Team  teaching  is  an 
organizational  procedure  whereby  a  group  of  teachers  pool  their 
knowledge  and  talent  to  provide  superior  instruction  for  a  larger 
number  of  .students  than  one  teacher  could  handle.  They  jointly  share 
the  responsibility  for  the  planning,  execution,  and  evaluation  of  the 
educational  program  for  this  group."  (17,  p.  50.)  One  advantage 
gained  by  this  plan  is  that  "team  teaching  utilizes  teachers  in  differ- 
ent functions  in  accordance  with  their  own  special  abilities,  interests, 
and  education  and  in  keeping  with  the  variety  of  the  curriculum  and 
the  needs  of  individual  students"  (30,  p.  39).  Many  types  of  team- 
teaching  structure  are  used.  "Although  few  plans  are  exactly  alike, 
three  patterns  are  emerging  from  activity  across  the  country.  These 
patterns  might  be  termed  the  single-discipline  team,  the  interdiscipli- 
nary team  and  the  school-within-school  team."  (36,  p.  16.)  However 
the  groups  are  formed,  team  teachers  can  organize  the  instruction  so 
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that  slow  learners  in  iiiatlieniatics  are  grouped  together  for  mstruc- 
tion  at  their  proper  level.  Often  one  member  of  the  team  is  designated 
team  leader,  responsible  for  organizing  the  planning.  Together  they 
plan  ways  to  use  the  ])est  a])ilities  of  each  individual  teacher.  Sister 
Mary  Eorb  observes  that  "team  teaching  is  an  educational  innova- 
tion that  offers  a  different  perspective  for  the  teaching  personnel— 
namely,  that  the  team  members,  not  the  administrator,  make  deci- 
sions concerning  the  program  based  upon  their  joint  observations 
and  evaluations"  (17,  p.  53).  No  matter  what  the  structure  of  the 
teams,  'Hhe  diagnostic,  planning,  and  evaluative  procedures  employed 
in  the  teaching-learning  process,  when  developed  by  a  team  of  teach- 
ers, are  generally  superior  to  those  developed  by  a  single  teacher" 
(3,  p.  12). 

Individualizing  Instruction 

Individually  prescribed  imtru-ction 

In  addition  to  the  use  of  grouping  methods,  a  number  of  other  in- 
novative ways  of  individualizing  instruction  have  been  developed 
recently.  Some  schools  are  now  using  a  system  called  "Individually 
Prescribed  Instruction,"  developed  in  the  Learning  Research  and  De- 
velopment Center  at  the  University  of  Pittsburgh.  IPI,  as  this  sys- 
tem is  called,  "consists  of  planning  and  conducting  with  each  student 
a  program  of  studies  that  is  tailored  to  his  learnmg  need«  and  to 
his  characteristics  as  a  learner"  (31,  p.  2).  It  is  a  nongraded  pro- 
gram that  is  used  with  students  at  elementary  school  levels. 

Materials  consist  of  (1)  pretests  for  each  unit  to  aid  in  determin- 
ing the  program  for  the  individual  child  and  to  identify  individual 
strengths  and  weaknesses  among  students;  (2)  a  written  prescription 
made  by  the  teacher  on  the  basis  of  the  pretests;  (3)  a  series  of 
individual  instruction  lessons  in  worksheet  form  at  all  levels  in  grades 
1  through  6  (these  worksheets  are  arranged  in  a  seciuential  order 
called  a  continuum,  and  each  student's  prescription  tells  him  what 
worksheets  he  will  work  on) ;  (4)  a  series  of  curriculum-embedded 
tests  to  assess  the  mastery  of  each  skill  after  it  has  been  worked  on; 
and  (5)  a  series  of  posttests  to  determine  when  and  where  a  student 
moves  ahead  in  the  continuum. 

Teachers  analyze  progress  and  write  the  prescriptions.  They  also 
meet  groups  of  students  to  discuss  topics  with  them  as  the  groups 
show  that  they  have  similar  problems  relating  to  some  common  skill 
or  unit. 

Teacher  aides  help  keep  records  and  score  and  check  information. 
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Computer-assisted  instruction 

Another  innovative  approach  to  individualing  instruction  is  called 
''Computer-assisted  Instruction.''  In  using  it  a  student  sits  before  a 
computer  terminal.  He  identifies  hinL^^cif  by  typing  his  name  or  in 
some  other  established  way.  Then  the  computer  presents  him  with 
information  and  questions,  either  by  means  of  a  di.^play  tube  or  on 
a  printed  output.  The  student  responds  by  use  of  a  ligiit  pen  or  by 
typing  an  answer.  'The  computer  can  a.^sign  each  student  to  his  level 
of  ability  based  on  previous  performance  and  current  progress.  It 
automatically  adjusts  to  the  student's  ability  level  and  constantly 
leads  him  to  more  advanced  problems  as  he  progresses."  (9,  p.  47.) 

Present  CAI  prograni.s  are  expensive,  noisy,  slow,  and  undependable, 
but  they  still  show  much  promise,  especially  when  used  with  di.sad- 
vantaged  children.  Experience  in  using  a  mathematics  drill-and- 
practice  program  for  elementary  grades  developed  by  Patrick  Suppes 
at  Stanford  University  indicates  that  "there  is  little  .significance  be- 
tween groups  of  high  income,  high  I.Q.  children  on  CAI  and  regular 
instruction  (if  teachers  are  comparable  in  ability)  but  startling  re- 
sults are  obtained  in  favor  of  CAI  in  Negro  and  low-income  groups 
regardless  of  teacher  ability''  (27,  p.  2) . 

Mendelsolm  reports  that  "an  impartial  evaluation  of  the  New  York 
City  CAI  program  prepared  by  the  City  University  of  New  York 
confirms  that  students  using  CAI  learn  more  than  students  not  using 
CAP'  (19,  p.  4)  and  that  "CAI  is  extremely  effective  with  di.sad- 
vantaged  children  through  the  fourth  grade"  (19,  p.  8).  If  costs  can 
be  brought  down  and  inoiT  programs  can  be  developed  for  slow  learn- 
ers, CAI  shows  much  promise  for  the  future. 

Learning  activities  adaptable  to  individual  instruction  include 
using  programmed  materials;,  using  IPI  materials;  u.sing  CAI  mate- 
rials; doing  puzzles;  individual  fla.sh-card  revic\\ ;  problem  solving; 
paper  folding;  geoboard  exercises;  research  reading;  preparing  re- 
ports; and  one-to-one  teaelier-to-student  explanations,  cheeking  .skills, 
and  counseling. 

Learning  activities  adaptable  to  small-group  instruction  include 
designing  bulletin-board  displays;  playing  games;  measuring  and 
comparing  geometric  objects;  working  with  beads  or  blocks  to  show 
relationships;  following  tape-recorded  instructions;  chip  trading;  ele- 
mentary surveying;  and  making  and  handling  geometric  models. 

Learning  activities  adaptable  to  whole-class  instruction  include 
developmental  learning  presentations;  ela.ss  demonstrations  by  stu- 
dents; oral  number  games;  guessing  games;  contests;  siniple  paper 
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folding  or  iniinbcr-linc  work  to  .-how  arithmetic  relationships;  "What's 
My  Rule?"  games;  film  ami  filmstrip  presentation;  testnig;  work- 
sheet drills;  flash-card  drills;  and  class  trips. 

Administrative  Responsibility 

Grouping 

An  important  administrative  responsibility  is  to  provide  a  pro- 
ductive pattern  of  grouping  students  for  learning.  There  arc  many 
facets  to  the  use  of  grouping.  The  administrator  should  be  familiar 
with  the  many  possibilities  for  the  use  of  grouping  and  should  plan 
for  the  grouping  organization  that  best  benefits  the  slow  learner  in 
his  school.  Goodlad  indicates  that  ''research  into  the  merits  of  various 
patterns  of  interclass  grouping  is  inconclusive,  controversial,  and 
misleading"  (23,  p.  71).  And  Miller  says  that  ^'efforts  to  set  up  groups 
in  terms  of  ability  and/or  achievement  do  little  to  reduce  the  over-all 
range  of  pupil  variability  with  which  to  chers  must  deal.  However, 
selective  grouping  and  regrouping  by  achievement  sometimes  is  use- 
ful, particularly  at  the  secondary  level."  (22,  p.  141.)  Johnson  and 
Rising  recommend  that  ability  grouping  ''be  established  wherever 
possible"  as  an  aid  in  considering  individual  differences  among  stu- 
dents (15,  p.  185). 

G.  0.  Johnson  also  reeommends  some  form  of  homogeneous  group- 
ing as  an  aid  to  organizing  the  teachi;ig  of  slow  learner.s.  He  says, 
''Only  in  this  way  can  the  purposes  of  education  be  achieved  by  the 
schools  for  the  slow  learners"  (16,  p.  118).  He  recommends  that 
large  developmental  groups  be  organized  on  the  basi<^  of  overall 
physical,  social,  emotional,  intellectual,  and  acadenii-  growth;  within 
this  framework,  grouping  for  instruction  in  specilic  subject  areas 
should  be  on  a  homogeneous  basi^,  with  provision  made  for  regroup- 
ing on  the  basis  of  successive  testing. 

These  considerations  point  to  the  value  of  a  nongradcd  or  educa- 
tional-need basis  for  school  organization,  possibly  up  through  what 
has  been  traditionally  labeled  the  eighth-grade  level.  This  organiza- 
tional plan  allows  for  a  block  of  time  set  aside  for  mathematics  in- 
struction, and  for  a.  special  program  for  slow  learners  within  this 
period.  Teams  of  te:fchers  can  organize  the  instruction  in  the  blocks 
of  time  so  that  by  organizing  and  reorganizing  large  and  small  groups, 
individual  students  can  work  at  a  level  that  is  success-oriented  for 
thein. 

The  program  is  benefited  if  administrators  understand  the  time- 
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and-spaee  needs  of  team  teaching.  They  can  plan  for  providing 
flexible  spaces,  a  variety  of  instructional  materials,  teacher  aides, 
team  planning  time,  and  adequate  blocks  of  tnne  for  instruction. 
And  they  can  help  teachers  learn  how  to  organize  for  team  teaching. 

At  the  9-12  grade  levels,  departmental  scheduling  and  guidance 
can  i)laco  the  student  in  the  mathematics  class  most  suited  to  his 
ability.  Many  slow  learners  can  learn  algebra  if  they  are  placed  in 
a  two-yoar  algebra  sequence  that  covers  the  work  traditionally  taught 
as  Algebra  1.  If  this  class  is  scheduled  baek-to-baek  with  a  regular 
Algebra  1  class,  students  might  be  interchanged  upon  teachers'  re- 
commendations after  the  sixth  or  eighth  week  of  the  school  year. 
After  algebra  these  students  can  then  go  on  to  shop  mathematics, 
business  niathematies,  consumer  mathematics,  or  a  geometry  course. 
Many  colleges  today  will  accept  students  with  this  kind  of  program 
if  they  have  done  well  in  it. 

For  the  non-eollege-bound  student,  a  program  that  is  related  to 
job  needs,  student  interests,  and  some  algebra  and  geometry  can  be 
developed  locally.  Field  trips  can  let  students  see  people  using  mathe- 
matics. Local  representatives  of  business  and  industry  can  supply 
forms  and  examples  and  are  usually  glad  to  talk  to  students  about 
the  mathematics  they  use.  One  teacher  invited  a  car  salesman  to  a 
mathematics  class.  He  described  a  number  of  car  buys  to  the  stu- 
dents and  then  ^'sold''  the  cars.  The  next  day  he  came  back  and 
showed  how  he  had  cheated  students  who  'M)ought"  his  ears.  His  ex- 
planation aroused  much  interest  in  the  importance  of  the  mathematics 
hivolved  in  careful  buying.  Another  teacher  obtained  a  number  of 
job-cost-estimate  forms  and  a  service-job-rate  manual  from  a  local 
car-service  garage.  Students  described  jobs  that  had  been  done  on 
friends'  cars,  and  then  the  costs  were  determined.  In  another  case 
actual  car-insurance-rate  pages  were  reproduced.  These  not  only 
heljied  students  understand  why  their  car-insurance  costs  were  high 
but  also  showed  how  being  a  good  student  might  benefit  them  in 
their  insurance  costs. 

If  such  a  program  is  developed  as  an  ungraded  one-  or  two-year 
course  and  if  two  or  three  sections  meet  at  the  same  time,  teachers 
can  reorganize  groups  to  jirovide  remedial  instruction  for  various 
learnings  as  the  need  becomes  apparent.  Students  who  have  completed 
this  course  could  benefit  from  a  consumer  mathematics  course  in  the 
junior  or  senior  year.  In  these  classes,  texts  and  workbooks  should  be 
available  for  use  primarily  as  reference  and  practice  materials,  with 
local  student  interests  and  needs  dictati.ig  the  general  i)rogram  and 
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the  unit  outline.  Copeland  states:  ''In  the  experienec-eentered.  math 
laboratory  approaeh  to  learning,  books  are  also  necessary.  Their  use, 
however,  is  as  a  resource  material  just  as  are  the  other  materials  in 
the  math  laboratory.  Tliey  are  not  the  only  basis  for  learning  mathe- 
maties  as  is  the  ease  in  many  elassroonis.''  (6,  p.  283.) 

Administrators  would  do  well  to  avoid  making  a  slow-learner  elass 
a  ''dumping  ground"  for  problem  students.  A  slow-learner  elass  is  set 
up  for  a  particular  purpose,  not  related  to  solving  problems  of  emo- 
tionally disturbed  or  troublesome  students.  Although  slow  learners 
tend  to  have  a  short  interest  span,  they  still  need  to  have  the 
equivalent  of  a  full  45-60  minute  daily  period  of  time  for  mathe- 
maties.  And  they  need  to  participate  in  all  the  sehool  aetivities. 
Provision  should  always  be  made  for  a  student  to  ehange  to  a  more 
suitable  class  or  group  if  he  "wakes  up"  and  improves  to  the  point 
of  being  able  to  hold  his  own  in  elasses  that  move  along  at  a  faster 
rate. 

Use  of  teachers 

Slow  learners  need  a  teacher  who  is  highly  qualified.  Administra- 
tors can  help  by  providing  a  pleasant  schedule  and  a  workable  elass 
size  (less  than  twenty  students  where  one  class  is  assigned  as  a  unit). 
In-service  planning  time  provided  for  the  development  and  continual 
updating  of  slow-learner  programs  is  an  important  consideration. 
Teachers  need  tims  to  contact  representatives  of  local  business  and 
industry  and  to  adapt  their  problems  and  business  forms  to  the  teach- 
ing in  the  classroom.  They  need  time  to  exchange  ideas  with  other 
teachers  and  to  visit  classes  in  mathematics  and  also,  as  Rbsenbloom 
says,  "in  oHut  subjects— shop,  home  economics,  and  eommercial 
courses— and  see  to  what  extent  they  can  draw  mathematics  problems 
out  of  the  work  students  are  doing  in  the  subjects  so  as  to  make  teach- 
ing more  relevant"  (29,  p.  6).  Meetings  with  parents  can  also  be 
productive  of  understandings  regarding  needs  and  requirements  of 
their  children.  Many  administrators  encourage  teachers  to  attend 
professional  conferences  to  hear  about  ideas  that  have  worked;  ex- 
pense money  is  made  available  for  this.  Most  NCTM  meetings  have 
a  number  of  sections  dealing  with  slow-learner  problems. 

Providing  classroom  teacher  aides  is  an  important  way  to  help  any 
teacher  of  slow  learners.  Although  aides  arc  now  used  mostly  in  ele- 
mentary grades,  they  can  be  used  in  similar  ways  for  slow-learner 
classes  at  any  level.  Aides  should  be  carefully  chosen  "who  will  bring 
a  whole  new  set  of  life  exi)criences  into  the  school  and  can  become 
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a  real  coi.nnniication  link  between  the  school  and  the  eoninninity" 
(1,  p.  8).  They  should  be  people  who  can  relate  well  to  children  and 
who  like  to  work  with  children.  Orientation  sessions  for  both  teachers 
and  aides  can  be  organized  to  establish  procedures  and  to  plan  the 
program;  and  on-the-job  sessions  can  be  planned  throughout  the 
year  for  improving  these  practices. 

The  teacher  who  uses  an  aide  effectively  plans  with  the  aide  so 
both  know  exactly  what  the  other  is  to  do. 

Some  of  the  ways  an  aide  may  help  are  these: 

Make  sure  all  necessary  supplies  are  on  hand  and  ready  for  use. 
Make  and  run  off  ditto  materials. 

]\Iako  mathematics  games  and  play  games  with  the  children  so  the 

facts  that  have  been  taught  will  be  reinforced. 
Go  over  written  directions  to  make  sure  children  understand  them. 
Work  with  three  or  four  children  in  some  particular  area. 
When  the  teacher  is  working  with  one  grou]),  make  sure  the  other 

children  are  doing  correctly  the  work  that  has  been  assigned. 
Make  training  aid^  as  planned  with  the  teachers. 
Operate  audio  and  visual  aid  equipment. 


Summary 

Managing  teaching  so  that  slow  learners  can  learn  mathematics 
requires  a  resourceful  teacher  who  can  patiently  discover  and  build 
upon  whatever  skills  his  students  have.  He  plans  co  provide  an  un- 
cluttered, structured  environment  where  routines  developed  with  the 
students  arc  understood  and  consistently  followed.  He  provides  many 
success  experiences,  using  a  variety  of  activities  that  involve  many 
muscles,  as  well  as  the  brain.  He  seeks  ways  of  working  with  various 
methods  of  grouping  children  so  that  he  can  find  the  one  that  works 
best  for  him,  his  students,  his  colleagues,  and  his  school.  The  admin- 
istrator who  is  aware  of  what  students  and  teachers  need  in  terms  of 
bpace,  equipment,  and  time  will  help  to  establish  a  smooth  operation 
in  the  variety  of  teaching  arrangements  being  used. 
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Promism^  Programs  and 
Practices 


In  this  chapter  various  persons  describe  the  programs  with  which 
they  arc,  or  have  been,  associated.  These  programs  ha\-e  been  found 
to  have  proini.so,  at  least  in  working  with  certain  groups  of  slow 
learners  or,  as  in  one  ease,  in  training  teachers  of  slow  learners.  In 
selecting  the  programs  to  be  included  in  this  chapter,  the  editorial 
panel  made  an  attempt  to  choose  them  so  as  to  present  a  variety  of 
philosophical  and  curricular  aj^proaches  to  working  with  various 
groups  of  slow  learners. 

William  DeVenncy  describes  two  School  Alatheniaties  Study  Group 
programs  for  low-acliicving  junior  high  school  students. 

Computer-assisted  instruction  is  often  used  for  all  children,  but  it 
has  been  found  in  oome  instances  to  be  especially  effective  with  low- 
aeliieving  students.  Alelvin  Mendelsohn  describes  the  computer- 
assisted  instruction  program  in  mathematics  in  the  New  York  City 
Schools. 

Special  problems  are  associated  with  teaching  children  who  come 
from  homes  where  a  language  is  used  other  than  the  language  in  which 
the  instruction  in  the  schools  is  given.  Sidney  Sharron  and  Gloria  Cox 
report  a  program  called  MSP  (^^Mathematics  for  Spanish-speaking 
Pupils")  developed  by  the  Los  Angeles  City  Unified  So!  ool  Distriet. 

The  Baltimore  County  program  ealled  ^^Alathematios  for  Basie 
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Education  (Crados  7-11)"  i>  prosontcfl  hy  Vinmit  Brant,  who  ^ivos 
furdior  dctailb  of  a  program  rcfcwd  to  in  oliaptcrs  3,  6,  and  12  of 
tlii.<  yearbook. 

Tlio  inathoniatio  laboratory  of  the  Sir  R.  L.  Bordon  Secondary 
ScbooK  a  school  specifically  for  undcrachicvers  in  Scarl)orougli, 
Ontario,  is  described  by  Mrs.  Strobel. 

Project  SEKD  ('^Special  Elementary  Education  for  the  Disadvan- 
taged") is  a  program  designed  to  improve  the  acadennc  achievement 
of  disadvantaged  elementary  school  children  by  teaching  them  ab- 
stract, conceptually  oriented  mathematics.  This  ])roject  is  de>cribcd 
by  its  director,  William  Jolmtz. 

The  attempts  of  a  large  city  (Chicago)  to  meet  the  nee(is  of  inner- 
city  children  are  recounted  by  Jessie  Scott. 

Filially,  the  Univ(M'sity  of  Denver  programs  for  teachers  of  low 
achievers  are  presented  by  Rnth  Hoffman. 

Limitations  of  space  make  it  inii)o<Ml)le  to  mclude  all  the  descriiv 
tions  of  i)rograms,  jiractices,  and  facilities  receiver!  by  the  editorial 
panel  of  the  yearbook.  Because  the  others  received  by  the  ])aiu  !  are 
certainly  worthy  of  attention,  tliey  are  listed  below.  The  arrangement 
is  geographical  (alphabetical  by  state,  then  city)  rather  than  by 
author  or  title  of  the  pai)er.  Many  of  the  titles  arc  sclf-exi)laiiatory. 
Interested  readers  arc  invited  to  write  to  any  of  the  listed  addresses 
for  further  information. 


Oral  Programming  -Siow  Learners 

Kcimetl)  Kaslorday 

Dopartinont  of  Secondary  Education 

School  of  Education 

Auburn  University 

Anl)urn.  Alabama  30830 


Mathematics  Achievement  Improve- 
ment Program  in  Birmingham,  Ala- 
bama 

Marj^aret  M.  IIoHand 
SuporvKor,  Secondary  Mat  hematics 
Hirnuiijihani  City  Schools 
405  Adinmi.straliou  liuildinj? 
Binninj^hani,  Alabama  35202 


Individual  Advancement  Laboratory 

Program  in  Mathematics 
Marvin  b.  Johnson 
ConMiltant,  Mathematics 
Lonj:  Beach  Unified  School  District 
Board  of  Education  Buildmj? 
701  jiOcnst  Avenue 
I.oiiK  Jiejich,  C;difornia  90813 


Outstanding  Mathematics  Laboratory 
Facilities  in  Los  Angeles  Schools 
Arthur  Freier 
Math('in{itics  Sp(w.'ialist 
Instructional  Plannuij:  Branch 
Los  Angoles  Unified  School  District 
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P.O.  Box  3307 

I.os  Angcle?,  California  90054 

A  Sequential  Approach  to  Individ- 
ualization of  the  Mathematics  Pro- 
gram 

Los  Angclcs  City  Schools 
Special  Education  Branch 
Instructional  Program 
450  North  Grand  Avenue 
Los  Angeles,  Californin  90012 

TTT  Mathematics  Systems  Labora- 
tory 

X'li^iio  P.  Hans^en 

Diie.toi.  TTT  Mathematics  Com- 
ponent 

San  Fernando  Vaiicv  State  College 
iSlii  XordholY  Stieet 
Xorthridge.  California  91324 

Project  FOCUS— Mathematics 

Harry  Levitin 

Supervisor  of  Mathematics 

New  H;nvn  Public  Sciioob 

One  State  Street 

New  Haven.  Connecticut  06510 


Projects  in  Mathematics  for  the  Un- 
derachiever  and/or  Slow  Learner 
Involving  Staff  Members  of  the 
University  of  Connecticut 

Kol)ert  A.Shaw 

Uni\er.sity  of  Connecticut 

Storrs,  Connecticut  06268 

A  Criterion  for  the  Selection  of 
Mathematics  Curriculum  for  Low 
Achievers 

Andria  M.  Troutnian 

Supen-i^or,  Secondary  Mathematics 

Ilillsboroujrh  County  Public  SchooKs 

Instructional  Servic(\s  Center 

707  East  Columbus  Drive 

Tampa.  Flori<l;i  33602 

A  Mathematics  Resource  Center,  the 

Key  to  Improve  Curriculum 
Wallace  S.  Manninjj.  Project  Director 
School  Dislric*  91 
150  North  Water 
hhho  Falls,  Idaho  83401 


Upward    Bound,    Southern  Illinois 

University 
Honald  G.  Trimmer 
Assi>tant  Director,  Upward  Bound 
Box  54 -A 

Southern  Illmois  l^niver^^ity 
Kdwardfeville.  Illinois  62025 


Readiness  for  Mathematics 
Buth  Badcliffe 
Coordinator  of  Mathematics 
Fayette  County  Schools 
Lexington.  Kentucky  40503 


Resource  Center  for  Low  Achievers 
in     Mathematics,     Grades  7-9 
Lurnice  Begnaud 
Mathematics  Consultant 
Lafayette  Parish  School  Board 
P.O.  Box  2158 
Lafayette.  Louisiana  70501 


Using  a  Laboraiory  Setting  for  Slow 
Learners 

In^rId  B.  Weise  and  Wilhai.i  .1.  Clark 
Mathematics  Supervisors 
Montgomery  County  Public  Schools 
Educational  Services  Center 
850  North  Washington  Street 
HockvHle,  Maryland  20850 


The  Oakland  County  Mathematics 
Project 

Albert  P  8h  ilte,  Project  Director 
Oakland  Schools 
2100  Pontiac  Lake  Road 
Ponliae,  Michigan  48054 


Mathematics    Experience  Program 
Dale  H.  Rap]),  Project  Director 
Washington  Junior  High  School 
Lake  Avenue  and  Third  Street 
Dulutl.,  Minnei?ota  55806 

Project  SOSO  (6'ave  Our  *S'low  Ones) 
Daisy  Howell.  Director 
Mathematics  Department 
Delta  State  College 
Cleveland.  Mississippi  38732 
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I.P.I.,   Grades   1-6  at  Washington 

School 
Johii  F.  Alrnoiu! 
Wa^hinglon  Schoo! 
Kmory  Avonuo 
Tronton.  New  Jers(n-  08011 


Plus  Program  Mathematics 

Donald  \V.  AndcTson,  Administrator 

Plus  Pro^'ram  Math(»mati<-.s 

Buffalo  Public  Schools 

Poom  .132.  City  Hall 

Buffalo.  Now  York  M202 


The  Development  of  Mathematics 
Materials  in  Cincinnati  for  Low- 
achieving  Pupils  in  Grades  7  and  8 

Mildred  KoitTcr 

(*incu)nali  Public  Schools 

Kducation  Center 

230  Kast  Ninth  Street 

Cincinnati.  Ohio  45202 


The    Philadelphia    Low  Achiever 

Mathematics  Project 
Sol  Wei.NS.  Project  Director 
Wo.«t  Chester  Stat(^  Collejre 
West  ChestiT.  IVnn>ylvania  19380 


MCLL  *Pops'  into  the  Classroom 
Lanetlia  C  Branch,  head  Teacher 
Mathematics/Science  Coiiii)onent 
Memphis  Coniinunitv  Learning'  Lab 

oratory- 
370  South  Orleans  Street 
Memphis.  Tennessee  3812G 

On  Building  a  Program  of  Instruction 
for  the  Low-achieving  Mathematics 
Student 

K.  L.  Likins 

Consultant.  Secondarv  Mathematics 

El  Paso  Public  Schools 

100  We^t  Piio  Grande  Avenue 

El  Pa^o  T(^xn.s  79909 

Tailoring  Teaching  to  Tantalize  and 

Tease  Tense  Teenagers 
Hei)ecca  Ellhwoith 
Coordinator  of  Matheniatu-s 
Henrico  Count v  Schools 
P.O.  Box  40 

Highland  Springs,  Viri?inia  23075 

Milwaukee  Project 
\'!ncent  F.  O'Connor 
Supervi>ing  Teacher 
Milwaukee  Public  Schools 
P.O.  Drawer  lOK 
Milwaukee,  Wivconsin  53201 
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SMSG  Programs  for  Low-^achieving 
Junior  Hi^k  Sckool  Students 

WILLIAM  S.  DeVENNEY 


In  1964,  in  order  to  obtain  comments  and  suggestions  from  the 
mathematical  community,  the  School  Mathematics  Study  Group 
(SMSG)  convened  a  conference  to  (Hscuss  all  aspects  of  mathematics 
education  for  holow-averagc  achievers.  As  a  rcsuU  of  this  conference, 
one  of  the  activities  undertaken  by  SMSG  was  the  preparation  of 
experimental  materials  for  junior  high  school  students.  One  of  the 
objective^  was  to  design  materials  that  would  relieve  the  students 
from  the  burdens  of  computation  whenever  possible  by  j^roviding  them 
with  mathematical  tables. 

The  reason  for  this  approach  was  the  conjecture  that  many  under- 
achieving jumor  high  school  students  had  experienced  faihire  in 
elementary  school  mathematics,  had  been  forced  to  do  extensive  drill 
in  computation,  had  continued  to  fail,  and  that  thi.s  course  of  events 
had  led  to  an  "oectation  of  continuing  failure  which,  in  turn,  led  to 
intense  dishk  and  even  fear  of  computation. 

Main  Study,  1966-68 

A.^  a  f-r.^t  .stc]),  an  exploratoiy  experiment  was  conducted  during 
the  1965/66  school  year.  The  encouraging  results  of  this  experiment 
led  to  the  deci.Mon  to  continue  the  exploratory  experiment  through 
1966/67  and  to  try  the  materials  and  methods  developed  during  the 
previous  year  with  a  gi'cater  number  of  classes  during  1966/67  and 
19G7/68. 

Ten  schools  in  the  area  south  of  San  Francisco  agreed  to  contribute 
one  experimental  >eventh-grade  class  each,  and  five  others  allowed  a 
seventh-grade  cla.ss,  designated  as  a  control  class,  to  be  tested  at  the 
beginning  and  the  end  of  each  school  year. 

The  schools  participating  in  this  study  were  chosen  on  the  basis  of 
consistency  in  socioeconomic  netting  and,  for  the  purpose  of  seventh- 
grade  ])laeenient,  consistency  in  testing  procedures. 

In  most  of  these  schools,  the  California  Achievemc.it  Test,  in  both 
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reading  niul  aritlunetic,  i«  administered  to  all  .sixth -grade  pupil,  in 
t he  spring  of  each  year.  The  results  of  this  testing  are  then  used  by 
the  junior  high  school  counselor  for  placement  of  students  in  the 
seventh  grade.  These  reading  and  arithmetic  tests  served  as  the  screen- 
ing instrument  from  which  students  were  selected  to  participate  in 
the  study.  ' 

The  261  students  who  initially  participated  in  the  studv  had  a 
mean  grade-placement  score  in  "Total  Arithmetic-  that  placed  them 
1.0  year  below  actual  grade  level  in  arithmetic  achievement  They 
were  chosen  from  the  bottom  20  i)ercent  of  those  tested. 

Initially,  certain  behavior  and  attitude  i)atterns  were  observed 
winch  were  characteristic  of  the  students  in  the  experimental  classes 
Generally: 

1.  There  was  a  severe  lack  of  organization  in  their  api)roacli  to 
learning. 

2.  They  appeared  to  be  immature  compared  to  other  seventh-grade 
students. 

3.  Their  attention  and  interest  .^pans  were  excei)tionally  short. 

4.  Negative  attitudes  existed  toward  mathematics  and,  in  some 
cases,  toward  school  in  general. 

5.  Students  exhibited  a  defeatist  attitude  with  legard  to  their  ability 
to  succeed  in  mathematics. 

Most  of  the  teachers  of  the  exi)erimcntal  classes  had  been  teaching 
SIX  years,  with  a  B.A.  as  their  highest  degree.  They  bad  acquired  in 
this  time  more  than  thirty  academic  credits  beyond  the  B.A.  Most 
had  taken  no  credit.s  in  college  mathematics  at  the  level  of  calculus  or 
l)eyond,  and  none  had  an  undergraduate  major  or  minor  in  mathe- 
matics. They  had,  however,  taken  four  to  six  credits  in  methods  of 
teaching  mathematics  and  bad  involved  themselves  in  other  types  of 
preparation  in  mathematics. 

Throughout  the  school  year,  seminars  with  the  teachers  of  the 
experimental  classes  were  conducted  monthly.  Discussions  centered  on 
methods  of  presentation  of  various  subject-matter  topics  and  on 
problems  encountered  by  individual  teachers. 

During  the  summers  of  1966  and  1967,  material  was  prei)ared  to 
I)e  UK-d  by  the  puiiils  in  the  experimental  classes.  Each  unit  consisted 
of  a  number  of  daily  worksheets.  The  les.'^ons  on  these  worksheets 
were  constructed  to  be  short  and  coini)lete  within  themselves  with 
many  examples  foi  the  i)upil  to  follow.  If,  because  of  the  nature  of  the 
topic,  a  lesson  required  a  more  lengthy  explanation,  tl.e  lesson  was 
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then  i)artially  i)rograinine(l.  Witli  the  attention  span  of  these  i)iii)ils 
being  as  .^hort  as  it  was,  this  apj)roacli  put  the  pupil  quickly  to  work, 
allowed  anij)le  time  for  sui)crvisc(l  study,  and  required  little  or  no 
homework. 

The  worksheets  were  lianded  out  daily  and  contained  ample  space 
to  do  the  required  work.  Worksheets  were  placed  in  individual  binders 
which,  in  most  cases,  were  kej)t  in  the  classroom. 

A  battery  of  te.-^ts  was  administered  in  both  the  fall  and  the  spring 
of  the  seventh-grade  year  and  in  the  spring  of  the  eighth-grade  year 
to  students  in  both  the  exj)erimental  and  the  control  classes.  Additional 
tests  were  administered  to  the  students  in  the  experimental  classes  in 
the  fall  of  the  eighth-grade  year. 

The  Stanford  Achievement  Test,  Intermediate  II,  in  Arithmetic 
Comj)Utation  and  Arithmetic  Api)lications,  was  used  as  the  standard- 
hcd  j)retest  and  po>ttest  for  grade  7.  The  Advanced  Test  for  junior 
high  school  >tudents  was  u^ed  as  the  posttest  for  grade  8. 

In  addition,  SMSO-con<tructed  tests  which  measure  mathematical 
eonee))ts  different  from  tho>e  of  computation  and  applications  and 
tests  constructed  to  measure  attitudes  toward  mathematics  were 
achnniistered  to  students  in  both  the  experimental  and  the  control 
classes. 

Evaluation  of  the  experiment 

Analysis  of  the  test  data  was  conducted  for  each  of  the  two  years  of 
this  experiment  The  following  results,  which  stem  from  these  analy- 
ses, arc  presented  in  an  extremely  abridged  manner.  For  complete 
discussion  of  these  analyses  and  their  educational  implications,  the 
reader  should  refer  to  SMSfi  Reports  5, 6,  and  7. 

1.  For  the  two  different  standardized  achievement  tests  used  in 
this  experiment,  one  test  (CAT)  showed  the  mean  grade  placement  of 
the  students  to  be  1.0  year  below  grade  level  whereas  the  other  test 
(SAT)  showed  them  to  be  closer  to  2.5  years  below  grade  level  in 
computation.  Teachers  felt  that,  initially,  the  latter  figure  came  closer 
to  indicating  the  actual  mathematical  .skills  of  their  students. 

2.  The  analysis  of  the  relationship  of  reading  ability  to  mathe- 
matics achievement  was  undertaken  by  means  of  a  stej)wise  regression 
procedure.  The  results  indicated  that  when  other  variables  are  taken 
into  account,  reading  accounted  for  a  relatively  small  i)art  of  the  total 
variance. 

3.  Approximately  13  percent  of  the  students  in  the  ex|)erimental 


I'HK  SLOW  LKAHNEU  IN  MATHK.M ATICS 

classes  and  10  percent  of  the  students  in  the  eontrol  elasses  were 
absent  from  ehiss  al)out  11  poreent  of  the  time.  The  mean  absence  for 
both  groups  wa.  in  excess  of  twenty -one  class  periods.  The  within- 
group  diffcrcuccs  on  gains  in  computation  and  application  between  the 
al)sentees  and  the  nonabscntces  were  not  meaningful. 

4.  Students  in  the  experimental  classes  evidenced  s.;i)stantial  losses 
over  the  summer  in  computation  fappro.ximately  0.7  vear)  while  at 
the  same  time  they  .showed  substantial  gains  in  applications  fappro.xi- 
mately  0.7  year) . 

5.  AnalyM..  of  the  data  for  both  the  first  and  the  second  year  of 
the  experiment  indicated  that  the  l)e*t  predictor  of  achievement  in 
computation  is,  in  fact,  the  students'  pretest  scores  on  computation 
The  amount  of  variance  accounted  for  by  the  pretest  scores  on  com- 
putation, though,  was  .-^ulx^tantially  reduced  as  the  experiment  pro- 
gressed from  the  first  to  the  second  year. 

However,  regression  of  posttest  scores  on  the  pretest  ineasurcs  show 
that  in  no  case  was  computation  a  significant  contributing  variable  in 
predicting  achievement  on  any  of  the  other  posttest  scales. 

6.  On  the  SAT  Computation  scale,  at  the  end  of  grade  7.  students 
m  the  control  classes  showed  a  mean  gain  of  1.7  year..  Students  in  the 
experimental  clav-.-es  showed  a  mean  gain  of  1.2  years. 

At  the  end  of  grade  8,  the  mean  grade  placement  scores  for  both 
experimental  and  control  classes  were  not  incaningfully  different  from 
the  scores  recorded  at  the  end  of  grade  7. 

7.  On  the  SAT  Applications  scale,  at  the  end  of  grade  8  there  was 
no  meaningful  difference  between  the  mean  .scores  for  the  experi- 
mental and  the  control  classes,  the  mean  gain  being  1.7  and  1.8  vears 
respectively. 

8.  Five  SMSO  scales  were  con.structed  to  measure  mathematical 
concepts  different  from  tho.^•c  of  computation  and  application.  At  the 
end  of  grade  7,  students  in  the  experimental  classes  showed  greater 
gams  than  those  in  the  eontrol  elapses.  Thc.-<e  gains  were  significantly 
greater  on  *hrcc  of  the  five  .-calcs. 

9.  Psychological  scales  were  ii.^cd  fo  measure  student  attitudes  to- 
ward mathematics.  Students  in  both  experimental  and  control  classes 
cntcre.1  junior  high  school  with  what  could  be  considered  negative 
attitudes.  By  the  end  of  grade  8,  scores  on  these  same  attitude  scales 
indicated  that  pupils  in  the  experimental  classes  had  developed  atti- 
tudes that  could  be  considered  highly  positive  toward  mathematics 
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Howover,  j)ii])ils  in  the  control  clasi^o.^  evidenced  no  biidi  revcrj^al  of 
attitudes.  If  anything,  they  now  disi)layed  attiUideiS  that  could  be 
considered  oven  more  negative  than  those  dii^jilaycd  on  entering  junior 
high  school. 

Conclusion 

In  the  oi)inion  of  the  author,  the  most  important  contribution  of  this 
exi)mment  was  its  demonstration  that  very  low  achieving  junior  high 
school  i)upils  can  learn  .<onie  significant  mathematics  and  at  the  same 
time  want  to  learn  more. 


"Secondary  School  Mathematics — Special  Edition" 

Another  S.MSO  activity  undertaken  as  a  result  of  the  1964  con- 
ference eulminated  in  the  i)ublicatioii  of  a  junior  high  school  mathe- 
matics i)rograni.  Secondary  School  Matheniatic.—Special  Edition, 
designed  for  students  whose  mathematics  achievement  in  elementary 
school  is  very  low. 

T!ie  mathematical  content  of  this  junior  high  school  jirogram  is 
derived  from  the  new  SMSO  Secondary  ScJwol  MatJiematics  jirogram. 
However,  the  format  of  this  sjiecial  edition  is  a  decided  dejiarture  from 
that  of  the  usual  classroom  textbook. 

This  change  of  format  comes  as  a  result  of  the  experiment  with 
junior  high  school  very  low  achievers  described  at  the  beginning  of 
this  jiaper.  The  two  asi)eets  of  the  exiierimeiit  that  proved  to  be  ex- 
tremely successful  from  the  jioint  of  view  of  both  the  student  and  the 
teacher  were  (1}  the  development  of  materials  that  would  relieve  the 
student  from  the  burdens  of  computation  whenever  po.<sible  and 
(2l  the  use  of  daily  worksheets  rather  than  a  textbook.  These  two 
features  have  been  retained  in  iWn^  Special  Edition. 

A  grcuj)  of  writers  iirejiared  exi)orinieiital  version.^  of  nine  chapters 
during  the  suiiimor  of  1969.  During  the  1969/70  school  year,  sixteen 
seventh-grade  clas.^es,  taught  by  fourteen  teachers  in  eleven  different 
schools,  tried  out  the  exiieriinental  chajiters.  All  students  were  low 
achievers  in  iiiatlieniaties.  Several  classes  consisted  of  black  otudents 
l)redoniiiiately  and  two  of  Mexican-American  .students. 

Throughout  the  trial  period  particijiating  teachers  attended  bi- 
weekly seminars  in  which  the  materials  and  teaching  ])roblems  were 
discussed.  Problems  that  aro^e  were  carefully  noted,  and  means  of 
counteracting  them  have  been  incor])orate(l  in  a  short  commentary 
for  teachers.  Teacher  evaluations  for  each  clia])tor  were  systemati- 
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cally  collected,  and  these  evaluations  served  as  a  l,asis  for  the  revision 
of  tne  nine  ehapters  during  the  summer  of  1970.  In  addition,  nine 
more  experimental  chapters  were  prepared  and  tried  out  in  the  1970/71 
school  year  by  the  same  teachers  and  students  who  used  the  seventh- 
grade  material.  These  nine  ehapters  were  revised  during  the  summer 
of  1971  and  are  now  available. 

Although  this  material  is  presented  to  the  student  in  the  form  of 
worksheets,  it  is  not,  in  the  ordinary  sense,  a  workbook.  Topics  in 
each  chapter  are  developed  lesson  by  lesson.  Teacher-led  class  discus- 
sion exercises  are  carefully  programmed  to  lead  the  student  to  success- 
ful experiences  in  the  exercise  sets.  Everj-  effort  has  been  made  to 
construct  lessons  that  prevent,  failure.  The  quantity  of  reading  ha« 
been  reduced  to  a  minimum  and  the  reading  level  kept  low  At  the 
end  of  each  chapter  are  (Da  cumulative  "self-test,"  which  enables 
the  student,  on  his  own,  to  determine  hjw  he  is  progressing-  (2)  a 
practice  test,  which,  in  essence,  tells  the  student  what  he  is  expected 
to  know;  and  (3)  a  chapter  test,  which  is  administered  l)y  the  teacher. 

This  material  comes  to  the  teachers  in  bound  volumes.  Each  chapter 
consists  of  a  number  of  lessons  of  one  or  more  pages.  Each  page  is 
perforated  for  easy  removal.  These  pages  can  then  be  reproduced  in 
quantities  sufficient  for  the  class  by  means  of  spirit-master  units 
Although  this  reproduction  process  may  appear  to  place  an  extia 
burlen  on  the  teacher,  in  practice  the  extra  time  required  to  reproduce 
the  material  is  more  than  compensated  for  by  the  positive  results 
botli  mathematically  and  behaviorally,  that  appear  in  the  classroom' 
During  the  trial  year  1969/70,  students  using  the  experimental  ver- 
sions of  the  first  nine  ehapters  were  tested  in  the  fall  and  spring  by 
means  of  the  SMSG  Attitude  scales.  Also,  a  coverage  test  on  the  first 
nine  eliapters  was  administered  at  the  end  of  the  school  year. 

Results  on  the  Attitude  scales  were  similar  to  those  observed  in  the 
original  experiment.  Although  the  intensity  of  attitude  change  differed 
across  groups,  gains  that  were  significant  indicated  a  change  from  a 
negative  to  a  more  positive  attitude  toward  mathematics. 

The  purpose  of  the  coverage  test  was  to  determine  whether  the 
students  in  the  program  had  learned  and  retained  what  tliev  had 
covered.  At  the  time  of  testing,  the  fastest  class  had  jusc  started 
chapter  9  ("Congruence"),  and  several  of  the  slowest  clas.es  were 
just  finishing  chapter  7  ("Probability"). 

Evaluation  of  the  coverage  test  proved  to  be  inconclusive  for  the 
topics  contained  in  .some  of  the  chapters.  This  was  due  to  the  fact  that 
most  classes  had  not  completed  the  last  two  chapters  in  the  sequence 
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and  also  that  tho  coverago  test  proved  to  bo  too  long  for  mo<{  of  the 
students  to  finish  in  the  time  period  allowed. 

The  students  appear  to  have  learned  and  understood  the  toi)ics  they 
were  able  to  cover  during  the  school  year— in  jiarticular,  the  material 
contained  in  the  chapters  ^^Structuring  Space,"  ^'Functions,"  '^Number 
Theory,"  'The  Integers,"  and  ^'Rational  Numbers."  For  those  students 
who  were  able  to  complete  the  test  through  the  items  on  probability, 
scores  indicate  that  topics  in  this  chapter  were  also  learned  and  under- 
slcjd.  The  item  construction  and  i)ositioinng  of  tliesi  items  in  the 
coverage  test  made  it  impossible  to  determine  whether  or  not  the 
students  had  a  grasp  of  the  topics  in  the  chapter  "Flow  Charts." 

These  test  results  do  show  that  low-achieving  junior  high  school 
students  can  learn  and  understand  topics  that  are  just  now  benig 
included  in  experimental  junior  high  school  mathematics  programs  for 
college-capable  students. 

Obviously,  SMSG  has  merely  scratched  the  surface  of  the  problem 
of  providing  suitable  mathematics  programs  for  disadvantaged  and 
low-achieving  students.  It  is  hoped,  however,  that  these  activities  will 
point  the  way  to  more  numerous  and  more  i)owerful  efforts  in  the 
future. 

More  information  may  be  obtained  by  writing  direetlv  to  SMSG. 
The  address  is  Cedar  Hall,  Stanford  University,  Stanford,  California 
94305. 


Comwter^assistedL  Instruction  in 
New  York  City 

MELVIN  MENDELSOHN 


In  March  1968  the  New  tork  City  Board  of  Education  imi)lemented 
an  innovative  educational  tool— computer-assisted  instruction  (CAI). 
CAI  assists  the  teacher  by  provid.ng  daily  individualized  instruction 
to  large  numbers  of  students. 

Compuier-assisted  instruction  applies  modern  technology  to  the 
classroom.  The  cominitcr,  with  its  great  si^eed  and  vast  memory,  uses 
the  information  given  to  it  by  a  curriculum  author  to  drill  192  students 
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Mmultanoou>ly.  Eacli  >tU(l(Mit  is  gwvn  les>oiw  <T(.aml  to  hi.-  own  learn- 
in<;  al)ility.  Ho  is  a>ko(l  questions  hard  cnou^^h  to  niako  him  work  I)iit 
not  too  liard  for  Iiini  to  an>\ver. 

Thv  RCA  In>tructional  70  System  in  New  York  City  u^es  a  J^peetra 
70/45  computer  loeated  at  Forty-secomi  Street  and  S?eond  Avenue. 
Tlie  stu<lent  t(>rminals  are  modified  telety])ewriters  Hnked  to  the  eom- 
])Uter  l)y  telei)Iione  Iine.<. 

Both  >tu(lents  and  teaeIuM>  use  tlie  terminals  to  eommunieate  with 
tlie  CAT  system.  Tlie  computer  sends  messages  or  (juestions  to  tlie 
terminal  ])y  i)rintin<5  on  the  \)i\<^v  j^-inter.  The  student  or  teaeher 
enters  his  re-])onse  or  (jUe>tions  through  the  keyboard.  The  resi)onse 
is  tran>mitte(l  for  evaluation  and  i)rocessin^  as  it  tyi)es  out  on  tJie 
I^age  printer.  The  computer  resi)onds  to  each  question  or  i^sj)onsr  in 
less  than  one  second. 

The  192  student  terminals  are  in.-talled  in  sixteen  elementary  schools 
in  the  Bronx,  Brooklyn,  and  Manhattan.  In  fifteen  sehools  nine  to 
thirteen  terminals  are  installed  in  a  central  classroom  where  students 
go  for  then-  daily  lessons  In  one  school  a  .student  terminal  is  installed 
in  each  of  thirteen  cla-srooms.  During  the  1968/69  school  year  4,000 
second-  through  >i\th-gra(le  students  took  daily  CM  arithmetic 
lessons 

New  York  City's  CAI  system  was  made  possible  by  a  three-year 
grant  totaling  S3.1  million  from  the  U.S.  OfTice  of  Education  under 
Title  TIT  of  the  federal  Eh^nentary  and  Secondary  E(hication  Act. 

Few  echicational  innovations  have  been  watched  a.^  closely  (and  as 
hop(^fully)  as  New  York  City's  CAI  system  WoxM  CAI  i)romoto 
learning?  Would  CxW  hel|)  e(hu'ator>  solve  .<^ome  of  the  i)ioblems 
they  face? 

The  {student 

A  student  begins  taking  daily  les>ons  the  (hiy  after  he  is  regis- 
tered. Th(^  CAI  arithmetic  curriculum  was  develo])ed  by  Patrick 
Suppe...  director  of  the  Institute  for  Mathematical  Studies  in  the 
Social  Scienc-  at  Stanford  I'j^iv  -  j...  organized  as  a  .hm-Ics  of 

oonce])t  I)loeks  A  concept  block  i.s  a  set  of  material  relating  to  a  i)ar- 
ticular  Idea  or  concejH.  A  bri( :  description  of  the  material  in  each 
concept  block  for  grade  2  is  given  in  table  11,1. 

The  (^\I  ar=*hmetic  curriculum  provides  material  at  five  levels 
of  (lifTieully  within  eacii  concept  block.  A  summary  of  the  material 
in  concept  i)lock  1  for  g^-ade  2  is  given  in  table  11.2. 

Seven  days  are  devoted  to  every  drill  concept  block,  as  shown  in 
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TA1UJ-:  ii  1 
C()sv\  v'v  Hum;.  \  )i  M-nwnos,  i\n\m.  2 


1  Addition:  facis  to  10,  hori/iontal  format 

2  Suhtiactloii:  facts  to  10:  h<ni;i<>nta!  foimat 

:5  Addition  and  Mihtraction;  facts  to  10.  veilical  fonnai 

4  Addition;  fact^  to  10:  msvod  hoii/ontaland  vertical  founatv    -{h  vaiiablcs 

o  Mixed  addition  and  Md)tractioM;  facts  to  10.  niivod  hoii^on,...  and  voitical 

lonnat^  with  vanahlcs 

0  Conntin<j  hyonesand  two>  (findin^Mvliat  comcs  Ijcfoie  and  aftci ),  ineoual- 

7       Addition:  slivssini,^  Minis  to  11,  12,  i:^,  horizontal  and  vortical  foimats 
^Mhtiaction,  ^trossinjr  difTcionccN  for  <:iuns  to  i  I   12,  V4:  horizontal  and 
vertical  formats 

i!!       ;V'>^'^'  additio'i  and  .suhiiaction  (o  l.S;  iioii^onlal  and  vertical  founats 

10  Units  to  nieasino;  count inj?,  inoqualitios 

11  Addition:  stiossing  Minw  to  14,  lo,  10:  iiori/ontal  and  vertical  foiniats 
I-       .Suhtractiou,  strcssinjr  (hffeionecs  for  Minis  to  14,  lo,  10;  horizontal  and 

vei deal  formats 

l.'J       Mixed  addition  and  subtraction;  simis  to  14,  iA,  10;  honA)ntal  and 
verlical  formats 

14  Units  (>f  nieasMie:  eomitliij?  to  200,  inequalities,  some  word  pix)l)lems 
lo        Fractioiis;  1/2,  I 1/4 

10       Addit ion,. stressinj^ sums  to  17,  18,  10;  hoi izontal  and  vei lical  foiinats 
W        Suhtiactioii.  sticNsin^r  diffeiences  for  sunis  to  17,  IS,  10:  hori^cmtal  and 
vertical  formats 

18       Mi.ved  addition  aud  Mihtiaction  to  10,  hori/iontul  and  vertical  foimats 
w!       y»>^(>f  measure:  coimtiiifi,  inequahtie.s.  word  pioblenis 

20  Multiplication,  thronj^h  0  X  0 

21  Commutative  and  associative  laws  for  addition,  Mibtraction,  niultinlica- 
tioii 

22  Mixed  (Irijj.  addition,  subtraction,  multiplication,  vertical  formats 
Z'i  •     ^'■'^^•V*!"^'  """''^     nieas'.ue,  Inequahtles,  multiplication 
-4       iMiiiil  leview:  multiple-choice,  mostly  woid  problem^. 


figure  n.l.  The  pretext,  given  on  the  fn>t  day  of  a  concept  drill, 
cstabli.shes  the  level  of  difTiculty  for  the  next  day'^  d.ill.  The  student 
takes  drill  lessons  on  days  2-G,  and  his  results  on  these  drills  (except 
fr»-  the  sixth  day,  immediately  jw^'cding  the  posttest)  determine  his 


TABLP:  11,2 
(Jij  \ni:  2,  CoNCMM'  Hlock  I 


Level  of  Diftirultv 


I :  sums  to  0  a     h  ^  

2:  suniN  to  7  a     b  - 

'i:  sums  to  10  a  ■\-  h  ~  ^_ 

4:  snnih  to  10  «  -|.     ^  ^  a  .j.  _____  4-  = 

•>:  .sums  to  10  a  -\-b  ^  c  +  ,  a  +  h  =  d 
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placeincMit  on  tlie  following;  day.  If  a  studont  doos  well  on  a  drill, 
scoring  85  |)ereent  or  more,  lie  i.s  moved  to  the  next  liiglier  level  tlie 
next  day.  With  a  score  of  60  to  84  percent,  lie  :>tays  at  the  same  level. 
With  a  score  !)elo\v  60.  he  moves  down  a  level.  On  the  seventh  day  the 
student  takes  a  posttest. 
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Fig.  11.1.  Branching  structure  for  drill  lesions 


After  a  student  iias  completed  four  coneept  bloeks,  he  is  given 
review  miterial  in  addition  to  drill  material.  Review  lessons  are 
selected  from  the  coneept  block  on  which  the  student  made  his  lowest 
posttest  score.  As  figure  11.2  indicates,  the  student  is  given  four  review 
lessons  (on  days  2-5)  and  takes  a  review  test  on  the  sixth  day.  The 
review  test  score  is  substituted  for  the  j)revious  posttest  score  on  that 
concept  block. 
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Fig.  11  2.  Branching  structure  for  review  lessons'" 

Each  time  a  student  takes  a  CAI  lesson,  he  goes  to  a  convenient 
teriiiinnl  and  taps  out  his  as.signed  number  and  first  name.  The  com- 
puter innnidiatcly  confirms  the  student  s  identification  by  typing  out 
his  last  name. 

In  the  same  spii(  .second  the  computer  checks  the  student's  previou. 
|)erforinancc  and  determines  what  material  he  is  to  study.  It  begins 
the  day's  les:5on  as  soon  as  the  student's  name  is  completed.  As  the 
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student  answers  the  problems  or  (jue>tions,  the  computer  identifies  and 
helps  him  correct  his  crroi>  and  ends  the  lesson  by  telling  hnn  how- 
well  he  did.  Each  lesson  lasts  approximately  ten  minutes.  The  flow 
chart  in  figure  11.3  depicts  the  problem-procedure  program. 


P'NOJhe  ANSWERS      TRY  AGAIN' 
QUESTION  RESTATED 


NCt  Th£  .WSVJZR  IS 
I  QUESTION  RESTATEO  XiO  ANSWER  GIVEN 

1   


NEXTOUESTION  ' 
PRESENTED  ' 


Kijr.  11,3.  Problom-proccdiur  program 
Evaluation,  all  stiulents 

An  impartial  evaluation  of  the  New  ork  City  CAI  progi^ni  pre- 
pared by  the  City  Uniwrsity  of  Now  York  confirms  that  studcm.^ 
using  CAI  learn  more  than  students  not  using  CAL  Consistently,  in 
nearly  ail  groups,  the  CAI  students  made  greater  gains  in  arithmetic 
achievement  than  the  non-CAI  students  with  whom  thi^y  were  com- 
pared. This  study  ("Evaluation  of  the  1968-69  New  York  Computer- 
Assi.sted  Instruction  Project  in  Elemeniary  Arithmetic'')  was  pre- 
pared l*y  the  Divi.sion  of  Teacher  Education  at  the  City  University 
of  New  York.  The  dual  purpose  of  the  evaluation  was  to  determine 
the  effect  of  the  CAI  drill  and  practice  program  on  pupil  achieve- 
ment and  to  describe  the  opinions  and  attitudes  of  pupils,  teachers, 
and  administrators. 
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Student.-  in  >ixt(Tn  cxiH'riinental  >chools  and  four  control  schools 
were  i)r('tc>tc'd  in  January  1969.  Their  progrc.^^  wa.<  charted  for  tlic 
next  five  month.-  \  po-tte-t  wa.s  a(hninistered  chn-nig  the  hist  two 
weeks  in  June.  The  prete.-t  \va>  taken  hy  4,573  students  (4,077  CAI 
aiHl  490  non-CAH.  The  posttest  was  taken  hv  3.282  student.-  (2  940 
CAI  and  342  non-CAl). 

The  City  Univer-ity  of  New  York  (CUNY)  .<ehTted  the  Metroimli- 
tan  Aehiovement  Te.-t  (MAT)  for  the  evaluation  >tudy  because  it  is 
used  hy  the  New  York  City  Board  of  Education  in  evaluating  pupil 
achievement.  Form  C  of  the  MAT  wa<  admini.sterod  in  January  1969 
for  the  j)re(e-t,  and  the  same  form  was  administered  in  June  1969  for 
the  posttest. 

The  principal  stati.-tieal  method  u-cd  in  the  study  was  the  eom])ari- 
son  of  grouj)-  in  terms  of  the  mean^  and  standard  deviations  of  lest 
scores.  The  .-ignificance  of  differences  \vii<  tested  by  analysis  of  vari- 
ance. Differences  wer(>  considercrl  significant  if  they  were  less  than  the 
'•.01  level  of  significance." 

Data  based  on  all  stu  lents  who  took  the  pretest  and  the  posttest 
wd-e  analyzed  .-(^paratcly  by  grade.  The  mean  raw  score  gains  were 
higlur  in  all  gl•a(|(^<  for  the  CAI  groups.  The  difference  in  gain  scores 
is  sipiifreant  for  all  .-tudcnts  in  grades  2,  3.  4,  and  5.  as  indicated  in 
tabi-  II  3. 


TABLK  n.:{ 

(.'()MIMKI.*^ON-  OK  M.\T  AlUTHMKTIC  CoMI»UT,\TIO.\- 
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Raw  scove  gains  were  analyzed  by  grade-etpiivalent  levels.  (A 
child  theoretically  starts  in  grade  1  at  level  1.0.  After  one  month  in 
school  he  should  gain  one  ''point''  and  be  at  level  1.1;  after  two 
months,  at  level  1.2;  and  so  o'l.)  CAI  students  made  significant  gains 
in  grades  2,  3.  4,  anrl  5.  Figure  11.4  ilhistrates  the  grade-equivalent 
score  gains. 
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Fiji.  il4.  MAT  Arithmetic  Computation  grado-cquivnlont  score  oniiiod 
by  CAI  ^(luioiits,  jiroiipod  according  to  grade 

Socioeconomic  status 

Til  large  urban  scliooW  the  >tiuiont's  >ocioocononnc  statii>  i>  an  iiii- 
l)ortaiit  varial)le  in  cvaluatin*;  stuciont  projrros^.  Cl'XY  evaluator> 
fictcrinined  that  CAI  i>  cxtrcnieiy  ofYoctivo  with  di^odvantagod  chil- 
dren through  the  fourth  grade.  The  >tati>tie<  are  illu>t rated  in  fig- 
ure 11.5  (\Yhere  the  numbers  of  students  in  eaeh  ela»  i<  >ho\vn  in 
|)arenthe>es).  The  faet  that  fifth-  and  sixth-grade  ehihlren  <lid  not 
show  major  gains  may  be  attributable  to  the  "eumulative-d''^'  H 
phenomenon."  Learning  deficits  are  cumulative,  .since  learning  buihls 
on  learning.  That  is,  all  learning  beyond  the  fir^t  few  weeks  or  months 
of  life  dei)end<  on  i)revious  learning.  When  i)rereciuisitc  liabit.*-  or  .skills 
have  not  been  learnetl,  the  capacity  for  new  learning  i>  impaired.  Data 
from  the  CUNY  evaluation  .^eem  to  corroborate  the  theory  that  it  is 
ea>ier  to  overcome  the  cumulative-<leficit  i)henomenon  in  the  earlier 
years  of  >eliool. 
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Fig.  11.5  M.VT  Arithmetic  Computation  grade-equivalent  f^coie  gain-'  earned 
hy  CAI  >lud<'nt"^  m  schools  located  in  predominately  low  socioeconomic  aiX'a> 
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Matched  pain; 

StU(loin>  in  the  non-CAI  group  were  matched  with  students  in  the 
CAI  group,  and  their  score  gains  \vcre  conipf>red  (see  table  11.4  and 
fig.   11.6).  Scores  from  the  eomputation  pretest  were  hsted  by 

TABLKil  4 

CoMiwmsoN  or  MAT  Aurnnn/ru'  Computatio.v 
i{  \w-.Scoin:  0\iN-.s  K\um:!j  ny  M  \T<.'m:i)  8tui>i:nt,s 
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grade.  For  each  non-CAI  computation  pretest  raw  score,  a  match 
was  found  in  the  CAI  groui).  If  an  exact  match  was  not  found,  a 
score  within  one  point  of  the  score  to  be  matched  was  selected.  If 
more  than  one  CAI  student  earned  a  score  that  could  be  matched 
with  a  non-CAI  student's  score,  a  match  was  selected  at  random.  A 
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Fig.  11  6.  Comparison  of  MAT  Arithmetic  Computation  grade-cquivalont  score 
gams  earned  by  matched  stiuJents 
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total  of  333  niatdiod  pair^  wore  identified:  ilic  CM  >tiidonts  >co\vd 
higlier  j!;aiiis  than  iljc  non-CAI  >tudcnt>.  A-  tal)le  11.4  indicates,  the 
most  .significant  difference-^  were  found  in  grades  2.  3.  and  o.  Tlie  raw- 
>core  gains  earned  by  niatohed  student-  an»  analyzed  hy  grade- 
('(iuivalenco  levels  in  figure  11.6. 

Problem-solving  con cepts 

Statistics  in  the  CUNY  evaluation  nulicate  that  the  CAI  .-tudent 
has  higher  computational  ^kill.s  than  the  non-CAI  student.  There  is  a 
high  correlation  hctwcen  computation  scores  and  problem-solving  con- 
cept -core.s  on  the  MAT.  The  correlation  between  computation  score-' 
and  problem->olving  concept  scores  ranges  from  .72  in  grade  2  to  .88 
in  grafle  6.  This  means  that  CAI  a.-^.-i.-t.-  the  student  in  mastering  the 
idea^^  (problem-solving  concepts)  involved  in  computation  (>ee  fig. 
11.7).  For  example,  he  under>tands  >  and  <.  He  knows  what  "1" 
means  in  135  and  that  J-i  >  -y,. 
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Conclusion 

As  in  most  >tudics.  prudence  must  be  exeiwed  in  dran-ing  conclu- 
sions. Two  factors  are  pertinent  in  the  CUXV  evaluation  studv:  the 
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tiliio  iiit(*rval  for  the  >i\uly  \va>  lolativcly  >liort  (hvo  inoiitlis);  and 
>ov(»ral  variables,  .vucli  as  .-election  of  teachers,  .-election  of  schools, 
and  niiniher  of  hours  of  arithmetic  in.^truction,  which  wore  not  con- 
trolled in  the  .-tudy.  coiihl  have  contributed  to  the  earned  gains. 

I)e>pite  these  limitations,  the  .-tudy  is  meaningful  because  signifi- 
cant dilTerence.-  were  found  with  large  numbers  of  .-tudents  acros.s 
grade  level  and  social  class. 

The  Uiost  >ignificant  difference.-  in  favor  of  CAI  groups  occurrd— • 

1.  iii  all  students  in  all  .scliooljj  in  grades  2, 3,  4,  and  5; 

2.  in  matched  pu'rs  of  students  drawn  from  the  entire  school  popu- 
lation in  grades  2,  3,  and  5; 

3.  in  all  .-tudcnts  in  schools  located  in  predominately  low  socio- 
economic area.s  in  grades  2  and  3. 

Further  information  may  l)e  ohvained  by  writing  to  Melvin  Men- 
del.-olm,  Director  of  Qnnputer  Assisted  Instruction,  at  the  Board  of 
Education  of  the  City  of  New  York.  229  East  42d  Street,  New  York 
New  York  I00I7. 


Mathematics  for  Spanisk'-speaLin^ 
Pttj^ils  (MSP) 

SIDNEY  SFARROM 
GLORIA  COX 


No  two  school  di.-tricts  are  alike;  no  tAvo  i^cl^oh  are  alike;  and  no 
two  classes  are  alike;  yet  the  Muiilarities  often  outweir^h  the  differ- 
ences. The  report  that  follows  descri])es  what  took  place  when  a 
committee  re.-ponded  to  a  need  of  a  specific  portion  of  the  student 
population  in  the  Los  Angeles  City  Unified  School  District.  To  repeat, 
similarities  often  outweij];h  differences,  and  if  one  look.s  on  this  report 
as  a  kind  of  model  that  may  ])e  generally  adaptable  to  other  situa- 
tioiis,  then  at  least  the  start  may  be  made  to  meet  a  variety  of  needs 
in  a  cla.s^room  situation. 
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Bavkgroimd 

In  May  of  1967  tlic  California  .state  loj,n>latuiT  modified  (ho  Educa- 
tion Code  to  i)crinit  K'liool  di.stricts  to  ofTcr  bilingual  instruction  wlicn 
it  i.<  advantageous  to  tlic  i)ui)il>.  The  new  legislation  reaffn'ined  (he 
•state  i)olicy  to  ensure  the  mastery  of  English  by  all  i)ui)il>;  but  it  also 
l)rovidcd  a  means  by  which  bilingual  instruction  could  acconii)any  the 
.systematic,  .sequential,  and  regular  instruction  in  the  English  language. 

Achievement  tests  and  dropout  .^tudie.s  indicate  that  the  average 
level  of  educational  achievement  in  East  Los  Angeles  schools  is  below 
that  of  the  i)ui)ils  in  the  Di^trict  as  a  whole.  Mo^t  of  these  jnipils 
are  of  ^Ic.xican  descent,  and  the  probable  reasons  for  the  low  achieve- 
ment could  be  sei)arated  into  two  main  categories:  (1)  cultural, 
linguistic,  social,  and  economic  factors  that  appear  to  be  characteristic 
of  the  Me.xican-American  i)oi)nlation  and  (2)  the  other  factors  that 
aro  common  to  low-achieving  ])ui)ils  in  general.  Many  difTcrcnccs 
e.xist  within  the  Me.xican-American  school  i)oi)i;lation  with  res])ect  to 
tie  degree  of  acculturation,  dominance  uf  Engli.sh  or  Si)ani.<h,  and 
seliool  achievement;  but  in  recognizing  these  differences,  one  must 
guard  against  equating  "Me.xican-Aniericaii  jiujiil"  with  ''low  achiever." 

A  large  nu  nber  of  Mexican-American  i)upils  do  not  sj^cak  English 
until  they  ei.ter  .school.  The  beginning  school  exjicrience  i.s  usually 
one  of  comi)letc  failure  becau.se  the  jnipil  i.s  not  able  to  communicate 
with  his  teacher.  To  say  the  least,^  it  is  obvious  that  a  ])upil  will  have 
difTiculty  in  understanding  mathematical  concepts  if  he  does  not  under- 
stand the  language. 

Development 

I:i  November  1967  a  committee  of  Di.strict  personnel  i)roposcd  that 
a  i)ilot  seventh-grade  mathematics  j/'ogram  be  developed  for  junior 
high  schools  having  a  large  number  of  Si)anish-si)eaking  inii)ils.  A 
com])ctent,  bilingual  Mexican-American  teacher  of  mathematics  in  one 
of  the  East  Los  Angeles  high  schools  was  chosen  to  work  as  a  con- 
sultant with  the  mathematics  sui)ervisor  in  developing  and  imiilcmcnt- 
ing  the  i>rograin.  It  is  interesting  to  note  that  the  consultant's  first 
language  was  Si)anisii  and  thai  siie  was  unable  to  .s])eak  English  when 
she  entered  kindergarten. 

It  was  intended  that  this  })roject  would  offer  a  means  of  finding  way.s 
to  improve  com])utational  skills  of  bilingual  i)U])ils  of  the  iMcxican- 
Anierican  community  wlu?  are  achieving  below  grade  level  in  mathe- 
matics. The  thinking  was  that  the  ]ni|)il  may  respond  more  favorably 
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to  a  inatluMiiatio  chw-  that  i-  piVMMitcd  in  an  atino>i)lim>  in  tunc  with 
In-  cnvimnnuMit.  hi>  >ociai  behavior,  and       moans  of  oonnnunioation. 

A  Mviivh  for  .Miitahh'  niath( matio  t(>xtl)Ook>.  written  in  Si)ani>h 
and/or  Kn^lj-h  but  depending  nio-tly  on  the  mathematical  notation 
for  develoi)ing  eon((>pt>  and  i)raetHT.  i)rove(i  fruitless.  Ahhouj,di  some 
texts  were  found  that  were  written  in  lu)th  Kn^hsh  and  Soanis^t  ver- 
sion-. th(>  level  of  both  the  niatheniatie>  and  the  language  used  was 
beyond  the  eomi)reh(>nMon  of  the  students  th(>  i)rojeet  was  trying  to 
rcaeh.  Cmisniuently.  the  writing  team  i)rei)ared  tbeir  own  text  ma- 
terial. With  the  start  of  the  >i)ring  semester  (February  1968i  there 
were  mx  junior  high,sehools  engaged  in  tlio  i)ilot  program.  During  the 
sunnner  of  1908  the  text  was  expanded  to  eover  the  full  year  of 
M'venth-gradc  mathematies.  and  during  the  19(38/09  school  year  the 
same  .-ix  junior  high  school.-  offered  this  .-jiecial  mathematics  program. 
Student.-  selected  for  tins  i)rogram  \\m  rcciuired  to  have  i)ar(MUal 
consent. 


Dci^cripfion  of  the  program 

The  text  is  a  e()n<umal)le,  write-iri  eolleetion  of  sHjUential  mathe- 
matic-  le.-sons  con.<isting  of  .-ixteen  i)ar;<.  Kaeh  part  has  ai)i)roximaie!y 
seven  or  eight  lessons  using  10  page.-,  making  the  total  text  250  ])age^? 
long.  There  is  a  i)upilV  text.  Knglish  version;  a  i)ui)irs  text,  8i)ani.-h 
ver.<ion;  and  an  annotated  teacher's  edition  in  Engli.sli.  The  content  i.s 
built  around  an  (>lementary  introduction  to  the  ba.-ic  operations,  first 
on  whole  numbers  and  then  on  nonnegative  rationals.  It  is  assumed 
that  th(>  i)ui)ils  who  will  use  thi.^  material  liave  not  been  successful  in 
mathematics  and  that  it  may  be  rewarding  to  .-tart  with  a  careful 
J(>mentary  i)resentation.  using  .-implo  language  when  the  mathematical 
notation  is  not  a(\Hiuate,  and  gradually  increase  the  level  of  mathe- 
matical activity  to  bring  it  info  the  maiii.<treain  of  the  regular  .^evcnth- 
^Trade  course.  The  general  topics  include: 

Addition,  subtraction,  multiplication,  and  division  of  whole  numbers 
and  th(>  same  op(>rations  for  nonnegativ(>  rationals,  including 
decimal  fractions 

Nuinb(>r  i)atterns  and  relationshi])s 

Intro(hiction  to  set  concepts 

Introduction  to  geometry  and  geometric  coi:.4riictions 
Ordered  pairs  and  graphs 
Probability  and  statistics 
Addition  and  subtraction  of  integers 
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The  iirograni  i.s  not  (Iqiondont  on  the  text  alone,  but  rather  on  an 
int(Taction  between  jnipil  and  teaeher  with  the  text  being  a  eataly>t. 
Three  i)hins  were  offered  to  the  school : 

Plan  1 '  For  pupils  who  speak  mul  read  Spanish  and  cannot  function 
effectively  in  English 

A  bilingual  teaeher  is  to  teach  mathematics  in  Spanish. 
Pui)ils  are  to  use  text  materitds  written  in  Spanish. 
Plan  2:  For  pupils  who  speak  but  do  not  read  Spanish 

A  bilingual  teacher  i.<  to  teach  mathematics  in  ^:nglii^h, 
speaking  Spanish  as  neeucil.  Pui)ils  are  to  use  text  materials 
written  in  English. 
Plan  3:  For  pupds  who  speak  Spani^^h  and  have  some  proficiency  in 
reading  Spanish 

A  bilingual  teacher  is  to  teach  mathematics  in  English  and 
Si)anish.  Pupils  are  to  use  text  materials  written  in  English 
or  Si)ani.-h  or  both. 

It  was  understood  that  a  school  could  elect  to  offer  any  one  of  the^e 
])lans,  any  combination  of  thein,  or  perhajis  a  i)lan  of  its  own. 

figures  11.8  and  11.9  show  lesson  sheets  taken  from  the  English  and 
Si^anish  editions  of  Mathematics  Lessons  (MSP  Project),  book  2  (for 
junior  high  school),  which  was  published  by  the  Los  Angeles  City 
Schools  ill  1968. 

Results  and  evaluation 

The  stucients  resi)ondcd  favorably  to  the  program,  and  most  of  the 
studePts  asked  to  continue  in  the  clas;^  the  following  fall  semester. 
Questionnaires  were  sent  to  the  parents,  and  the  general  resi)onse  was 
favorable.  Au  interesting  side  effect  was  that  some  parents  were  able, 
for  the  first  time,  to  help  their  children  with  their  school  work.  For  the 
first  time,  ihv^o  parents  were  able  to  r^ad  the  textbook  the  student 
brought  home. 

An  evaluation  of  the  program  was  made,  u.^ing  forms  X  and  W  of  the 
California  Arithmetic  Test  as  a  pretest  and  a  posttest  respectively.  A 
statistically  significant  difference  at  the  .05  confi(kMice  level  was  found 
ill  favor  of  the  experimental  group  when  the  relative  starting  points  of 
til-  experimental  group  and  tl;e  crntrol  group  were  considered. 

Conclusion 

Initially,  the  design  of  the  project  was  determined  by  a  committee 
in  response  lO  a  need  made  clear  through  -eciuc^ts  from  teachers, 
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(MSP  Project) 
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Poft  X 


Ltssan  6 


FILL  IN  THE  Q  WITH  =  ,  <  ,  OR  >  TO  MAKE  THE  SENTENCE  TRJE. 

Somp/e-  1.2  2  1  SampU'         .3    \      |  .1 

ij    2[     i     6  (1)  .2     i  i  i  .1  i  <i  I 

1.2  2.1 


When  we  have  two  numbers  on  ihe  number  line,  the  number  on  the  right  is  always  the  larger 


So;       1.2  [<J  2.1 

START  FILLING. 

a 

3.  .78  □ 

4.  231  .04G 

5.  19.66  Q  19.76 
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Fig.  11.8.  English  ver^ior 
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(MSP  Project) 
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ESCRI8AN    =,<;,0>-ENEl[^  PARA  QUE  LA    FRASE  SEA 
CORRECTA, 
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Asi  cs  que,  1.2 

EMPIECEN  A  ESCRI8IR. 
0 

..    .5  □  .7 

2.  2.4  1.9 

3.  .78  .89 

4.  .231  .046 

5.  19.66  19.76 

6.  19.68  □  19 


3.5  □  4 
.99  .88 
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.0025  Q  .0024 
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Fig.  11.9.  Spanish  version 
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pupils,  and  tlic  coinmiinity.  However,  wlieii  elassroom  iiiipleineiitatioii 
bej^an,  the  aetuai  expericiiee  of  all  tlie^e  groups  provided  feedbaek 
that  eontribut(d  to  tl'e  revi:;ioii  and  expansion  of  the  te\t.  The  follow- 
hig  are  some  of  the  major  points  that  eneouraged  and  influeneed  the 
expansion  of  the  program: 

1.  (^ne  teaelier  stated  that  without  a  eourse  of  this  type,  many  of  his 
students  would  remain  almost  at  a  standstill  in  niathematies 
edueation. 

2.  Five  additional  junior  liijrli  seliools  asked  to  be  ineluded  in  the 
program  the  next  year. 

3.  In  one  school  the  teaelier  asked  the  students  for  a  written  ap- 
praisal of  the  MSP  ela.  The  replies  were  definitely  in  favor  of 
the  program  and  expressed  a  desire  to  eontinue  having  elasses  of 
this  type. 

4.  Most  of  the  parents  that  were  contacted  regarding  this  project 
were  interested  in  the  approach  and  agreed  to  have  the  children 
participate  in  the  ])rogram. 

As  a  result  of  this  experience,  a  teacher  connnittec  recommended  the 
MSP  textbook.-  for  adoption  in  the  Los  Angeles  City  Unified  School 
District,  and  now  these  materials  arc  available  to  any  of  the  junior 
high  schools  that  wish  to  use  them.  The  original  5,000  copies  have  been 
consumed,  and  the  schools  arc  now  working  with  the  materials  pro- 
vided by  a  second  printing. 

Although  bilingual  education  is  not  the  most  pressing  matter  in  many 
areas  throughout  the  nation,  exposure  of  this  project  to  other  school 
districts  has  always  been  met  with  a  great  deal  of  enthusiasm  and 
interest.  One  teacher  from  Canada  felt  that  the  same  type  of  program 
could  i)e  carried  off  successfully  in  her  community,  using  French  in- 
stead of  Spanish.  There  have  been  requests  for  copies  of  this  material 
from  educators  repre>cnting  many  areas,  among  which  are  Californi:;, 
Ari7,0Ma,  New  Mexico,  Texas,  New  York,  and  Florida.  Tlie  address;  of 
the  Los  Angeles  City  Unified  School  District  is  1849  Blake  Avenue, 
Los  Angeles,  California  90039. 
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Mathematics  for  Basic  Efdncation 
(Grades  7-11) 

VINCENT  BRANT 


In  the  suniiiicr  of  1963  the  Board  of  Education  of  Baltimore  Ccunty 
began  the  first  of  several  suiiiiiier  workshops  to  construct  a  program 
appropriate  to  the  needs  of  students  classified  as  slow  learners  (a  pro- 
gram not  only  for  mathcmaties  but  for  other  disciplines  as  well).  By 
1969  the  program  in  mathematics,  titled  '^Basic  Education  in  Mathe- 
matics/* was  being  iiiipleiiiented  to  a  considerable  degree  in  grades 
7-10,  as  shown  in  the  following  data: 

Grade   7  1,080  students  40  sections 

Grade  8  OOii  fttudonts  44  sections 

Grade  9  707  .vtiidenta*  30  sect  ions 

Grade  10  505  students  20  sections 

Work  on  the  grade  11  program  was  begun  in  the  1970  siinniier  work- 
shop ruid  eonipleted  in  the  1971  summer  workshop. 

The  principals  in  the  schools  have  limited  the  average  cla.ss  size  to 
23  students  for  this  special  program.  They  have  also  provided  for 
parallel  scheduling  of  ela.<.ses,  which  permits  a  low  achiever  who  may 
have  overcome  some  of  his  diflieulties  to  be  transferred  easily  to  a 
more  advanci'd  .section.  This  procedure  avoids  "locking''  a  student  in 
a  slow-learner  section. 

The  e.>:ploratory  1963  and  1964  summer  workshops  produced  guide- 
hnes  and  recommendations.  In  particular,  the  characteristics  and 
reeds  of  the  slow  learner  were  identified.  Criteria  were  agreed  upon 
as  follows: 

MKASri{.\BI>K  CUITKIUA 

1.  IQ  range  75-00  from  ut  least  two  group  tests  or  an  individual  test 

2.  Perc'cntiios  on  j^roup  tcst.<  of  mental  ai)ility  and  achievement  ranging 
from  0  to  10  (upproximatdy  two  or  more  year.'*  below  grade  level  in 
reading  comprclioii^ion  and  arithmetic) 

3.  Teacher  grades — consistently  below  average 

ThAITS  ClUTIvlJlA 

1.  Limited  ucadcniie  interest 

2.  Difficulties  in  planning  and  carrying  out  work  without  supervision 
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3.  Limited  creativity  and  iiitclloctual  curiosity 

4.  Short  attention  .span 

5.  Severe  limitation  in  the  ability  to  communicate  orally  or  in  writing 

The  philosophy  agreed  on  by  the  workshop  committee  may  be  stated 
briefly  as  follows: 

1.  The  slow  learner  should  be  educated  in  his  own  rigiit  and  to  (he 
maximum  of  his  ability. 

2.  Any  adaptation  of  an  academically  oriented  program  must  surely  fail. 

3.  A  program  of  mathematics  for  tiie  slow  learner  should  be  based  on  the 
latest  developments  and  research  in  learning  theory  and  on  an  appro- 
priate selection  and  reorganization  of  mathematical  concepts  and  skills, 

4.  Proper  pacing  of  the  concepts  and  skills  must  underlie  the  structure. 

5.  All  the  human  resources  of  the  educational  system — the  mathematics 
teacher,  the  principal,  the  matheniaties  supervisor,  the  resource  teachers, 
the  guidance  counselor,  and  other  specialist.^ — must  be  brought  to  bear 
on  this  problem. 

The  writing  CK^n'^ittee  agreed  hiitially  to  construet  a  program  in 
matheniaties  for  grades  7-10  only,  making  this  limitation  beeause 
(1)  available  researeh  indicated  difficulty  in  identifying  the  slow- 
learner  in  the  primary  grades  and  (2)  the  problem  of  the  slow  learner 
seemed  to  be  most  acute  at  the  junior  high  school  level. 

The  1966  sunnuer  workshop  produced  a  resource  manual  of  activi- 
ties— developmental,  recreational,  and  eouiputational — as  a  first  stage 
in  the  work.  The  selection  of  topics  for  instructional  activities  was 
ba.sed  o.i  two  considerations — mathematical  significance  and  appeal  to 
the  interest  and  curiosity  of  the  students.  This  resource  manual  was 
unstructured  with  regard  to  the  sequence  of  topics  and  the  placement 
of  topics  according  to  grade  level.  The  subsequent  summer  workshop 
in  1967  provided  structure  regarding  the  grade  placement  of  topics 
and  the  continuity  of  desired  behavioral  outcomes  as  they  relate  to 
mathematical  concepts  and  skills. 

The  key  features  of  Basic  Education  in  Mathematics  are  the  use  of 
behavioral  objectives,  the  "banded"  approach  and  sample  two-week 
unit,  nmthematics  laboratories,  instructional  materials  (devices  and 
games),  and  in-service  courses  to  provide  orientation  for  teachers  in 
this  program. 

Since  the  concept  of  behavioral  objectives  focuses  on  the  perform- 
ance of  the  student,  and  since  slow  learners  are  poor  performers,  it 
vas  decided  that  behavioral  objectives  should  be  a  foundation  stone  in 
*  MS  program.  AA'albesser's  nine  ''action  verbs^'  were  used  to  construct 
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the  behavioral  objectives.  These  action  verbs  are  identijy,  distinguish, 
construct,  name,  order,  describe,  state  [a  rule],  apply  [the  rule],  and 
demonstrate.  In  the  course  guides,  these  objectives  are  stated  in  tenns 
of  the  desired  behavioral  outcomes  on  the  part  of  the  student.  Then 
student  activities  are  designed  to  achieve  these  outcomes.  Finally,  the 
suggested  assessment  procedures  indicate  ways  in  which  the  student 
shows  whether  or  not  he  has  acquired  the  desired  behavior.  In  effect, 
the  elements  of  three  sets— the  set  of  objectives,  the  tot  of  learning 
activities,  and  the  set  of  asssessment  items— should  correspond  on  a 
one-to-one  basis.  Thus  the  guide  emphasizes  three  phases:  objectives, 
instruction,  and  assessmejit.  An  example  of  these  phases  is  pictured  in 
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figure  11.10.  Other  examples  may  be  found  in  chapter  3  of  this  year- 
book. Although  the  committee  firmly  believed  that  the  behavioral- 
objective  approach  would  materially  improve  instruction,  it  was  cog- 
nizant that  an  over-zealous  and  inappropriate  use  of  behavioral 
objectives  might  weaken  the  program.  There  was  agreement  about  two 
pitfalls  to  be  avoided: 

1.  The  fact  that  an  instructional  activity  lends  itself  well  to  specify- 
ing well-defined  behavioral  objectives  is  not  sufficient  justifica- 
tion for  including  that  activity  in  the  curriculum. 

2.  The  fact  that  an  instructional  activity  does  not  lend  itself  well 
to  specific  behavioral  objectives  is  not  sufficient  cause  for  the 
exclusion  of  that  activity  from  the  curriculum. 

The  1967  sunmier  workshop  contributed  scope  and  a  topical  sequence 
to  Basic  Education  in  Mathematics.  The  NCTM  "Second  Report  of 
the  Counnission  on  Post-war  Plans"  {Matliematics  Teacher,  May 
1945)  was  helpful  in  determining  the  terminal  competencies  for  these 
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Behaviors  were  a>^i{^necl  to  eaeh  concept  and  skill  in  each  area  of 
iiHitlieinatical  conipetency.  Thi-  information  is  shown  in  the  eumeii- 
lum  guitles  by  a  series  of  charts — master  charts  and  j^ratle-level  charts. 
Sample  paj^es  of  these  chart.^  are  .^ho\vn  in  fij^ures  11.11  and  11.12.  The 
master  charts  give  overviews  of  the  mathematical  content  and  be- 
haviors that  the  students  are  to  acquire  in  grades  7-10.  Thus  the 
teacher  can  use  the  master  charts  to  obtain  a  picture  of  the  total 
matheniatics  prognnn  for  the  slow-learning  student.  The  grade-level 
charts  for  each  area  are  identical  with  the  mabter  chart  except  that 
they  eo'Hain  only  the  information  for  a  specific  grade.  These  are  uscfl 
by  the  teacher  to  obtain  an  overview  of  those  behaviors  that  should 
be  acquired  by  the  student  in  a  specific  area  of  mathematical  com- 
petency for  that  particular  year. 

To  assist  the  teacher  in  helping  students  attain  the  desired  be- 
haviors, the  writing  committee  also  constructed  for  each  grade  a  list 
of  behavioral  objectives,  which  enable  the  teacher  to  interpret  the 
detail:;  omitted  in  the  charts.  The  teacher  use.?  these  oI)jectives  when 
planning  lessons,  .since  they  state  precisely  what  i.«;  expected  of  the 
.student.  By  the  end  of  the  year,  the  students  should  be  able  to  ex- 
hibit most  of  the  behaviors  mentioned. 

The  "banded"  approach  is  another  key  feature  of  Basic  Eclucation  in 
Matheniatics.  It  is  l)ased  on  one  of  the  traits  of  the  slow  learner — a 
liniit<?d  .span  of  attention.  Thi.s  approach  is  simply  a  flexible  way  of 
organizing  instructional  activities  in  the  class  period.  Normally,  the 
lesson  is  divided  into  three  time  bands,  although  it  niay  be  divided 
into  two  or  even  four  time  bands,  depending  on  the  nature  of  the 
activities.  For  example,  a  unit  in  geometry  might  be  taught  along 
with  related  activities  on  fundamental  operations.  Thus,  the  unit  in 
geometry  is  split  into  smaller  parcels  and  presented  over  a  longer 
period  of  time  rather  than  being  presented  as  a  two-week  concen- 
trated unit.  The  major  portion  of  the  lesson  might  be  presented  during 
a  25-minute  .segment,  since  this  seems  to  be  about  the  maxinnmi 
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length  of  time  that  these  students  can  concentrate  on  any  one  activity. 
A  sample  unit  of  banded  lessons  is  given  in  figure  1L13. 


SAMPLE  UNIT  OF  HANDED  LESSONS  -  Grade  7 
OUTLINE  OF  TOPICS 
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Band  I  is  usually  a  short  activity  of  about  5-10  minutes'  duration. 
For  example,  .'-tudcnts  may  review  their  number  faet^  (using  a  eon- 
trolled  reader  projector  for  mathematies),  have  an  oral  number  puz- 
zle, or  complete  a  number  pattern.  The  activities  that  might  be  used 
for  maintaining  skills  and  arousing  curiosity  arc  numerous. 

Band  II  usually  contains  the  major  topic  for  the  day.  It  is  about 
25  minutes  in  length.  For  this  activity,  specific  behavioral  objectives 
are  stated.  Students  are  exposed  to  instructional  activities  that  are 
designed  to  enable  them  to  acquire  the  desired  behaviors.  Assessment 
procedures  might  also  be  employed  here  to  determine  whether  students 
have  acquired  some  of  the  behaviors  specified  in  the  objectives.  Re- 
maining objeetives  may  be  assessed  in  other  bands  of  subsequent 
lessons. 

Band  III  is  usually  a  short  activity  of  5-10  minutes.  This  band 
can  be  managed  in  two  ways.  First,  all  (he  students  might  begin  work 
at  the  same  time  on  a  elass  activity.  Second,  as  each  student  completes 
his  work  in  Band  II,  he  begins  some  planned  individual  or  small-group 
activity.  For  example,  he  may  go  to  a  specified  place  in  the  room  and 
choose  an  interesting  puzzle  or  game,  work  on  an  SRA  computational- 
skills  kit,  or  listen  to  a  tape  at  the  listening  post.  This  approach 
keeps  the  students  actively  involved  in  learning  activities  rather  than 
just  w^aiting  for  the  class  to  finish  the  work  in  Band  II.  Thus  a  more 
efficient  use  is  made  of  the  student^s  time. 

An  important  reason  for  using  the  banded  approach  is  the  necessity 
of  providing  continuous  experiences  for  the  maintenance  of  computa- 
tional skills.  Research  shows  that  low-ability  students  provided  with 
continuous  experiences  in  computational  skills  reach  a  maximum  that 
serves  as  i\  plateau.  However,  if  experiences  in  maintaining  skills  arc 
withdrawn,  a  marked  decrease  in  these  skills  results.  For  this  reason, 
each  lesson  using  the  banded  approach  makes  provision  for  some  type 
of  maintenance  of  computational  skills. 

For  each  of  the  curriculum  guides,  the  writing  committee  eon- 
struet<»d  a  two-week  sample  unit  which  could  be  used  at  the  beginning 
of  the  school  year  as^a  detailed  illustration  of  the  use  of  the  guirle. 
Each  two-week  .sample  unit  contains  (1)  a  block  plan  indicating  the 
topics  to  be  i)resenterl  each  day  and  (2)  detailed  lesson  plans  indicat- 
ing the  matcM-ials  to  be  used,  the  behavioral  objectives  for  Band  II, 
suggested  methods  of  i)resentation,  student  worksheets,  and  assess- 
ment items. 

The  student  activities  section  contains  units  that  may  be  removed 
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from  the  guide  and  used  to  make  thermal  ditto  masters  for  student 
worksheets  or  transi:)arencies  for  the  teacher. 

The  use  of  mathematics  hiboratories,  matheniatieai  devices,  and 
games  (many  of  them  homemade)  is  also  a.i  i.'Uegral  part  of  Basic 
Education  in  Mathematics.  Materials  for  this  i.iugram  are  being  added 
so  that  the  teacher  has  a  considerable  variety  with  which  to  motivate 
students. 

Curriculum  guides  and  materials,  by  themselves,  are  !iot  sufficient 
to  ensure  the  success  of  such  a  program.  A  continuing  activity  of  the 
Office  of  Mathematics  has  been  the  orientation  of  teachers  to  this 
program  through  a  series  of  in-service  courses,  which  have  been 
granted  tvvo  hours  of  professional  credit  by  tiie  Maryland  State  De- 
partment of  Education. 

This  program  lu«s  not  been  evaluated  through  a  formal  research 
design  because  of  a  lack  of  personnel  and  funds.  However,  informal 
evaluations  by  teachers,  staff,  and  outside  ettucators  indicate  that  the 
program  is  proceeding  quite  well.  To  be  sure,  much  work  remains  to 
be  done.  Additional  units  and  activities  need  to  be  constructed.  More 
teachers  need  to  be  trained  to  implement  this  program.  New  commer- 
cially produced  materials  have  to  be  analyzed  with  regard  to  be- 
havioral objectives.  But  in  general,  these  efforts  have  shown  the  feasi- 
bility and  practicality  of  using  a  behavior-objectives  approach  so  that 
these  objectives  have  an  immediate  application  in  the  classroom. 
Furthermore,  the  construction  of  a  program  for  slow  learners  does  not 
have  to  depend  on  state  or  federal  funding,  although  this  is  helpful. 
Basic  Education  in  Mathematics  is  a  project  locally  initiated  and 
locally  funded  by  Baltimore  County. 

Owing  to  a  lack  of  production  facilities  and  limited  personnel  and 
funds,  the  Office  of  Mathematics  has  been  able  to  produce  only  enough 
guides  for  use  in  the  county  schools.  Thus  it  has  not  been  possible  to 
p  'oduce  enough  guides  for  general  distribution  or  purchase. 

For  further  information,  interested  educators  may  contact  Vincent 
Brant,  Coordinator,  Office  of  Mathematics,  Board  of  Education  of 
Baltimore  County,  6901  North  Charles  Street,  Towson,  Maryland 
21204. 
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Tke  Maikemati^s  Laboratory  at  tke 
Sir  R«  ]L#  Borden  Secondary  Sckool 

MRS.  L.  R.  STROBEL 


The  Sir  R.  L.  Borden  Sf^coiulai.  School  in  Searborough,  Ontario, 
was  opened  more  than  five  years  ago  s])ceifieally  to  aeeoininodate  the 
underaehiever.  A  conciition  of  cnollniciit  is  a  reeord  of  faihire  at  the 
elementary  level.  The  total  enrollment  averages  700,  tlic  eour.se  io 
three  years  long,  and  the  average  entrance  age  is  13.4  years. 

The  school  year  is  divided  into  four  ten-week  terms.  There  are  no 
formal  exams.  The  student  is  in  shop  classes  half  the  day  and  in 
academic  classes  the  other  half.  He  may  choose  a  program  of  three 
.shops,  of  which  one  is  a  major  and  two  are  related,  from  twenty-six 
different  shops.  These  include  culinary  arts,  ])ainting  and  decorating, 
plumbing,  hairdressing,  textiles,  auto  .service,  and  so  on.  Of  his  four 
academic  subjects.  English  and  mathematics  are  compulsory. 

The  principal  problem  in  rekindling  the  reluctant  learner's  en- 
thusiasm for  school  is  one  of  motivation.  Mathematics,  because  it 
involves  mental  discipline,  i.s  particularly  demanding  for  those  who 
have  trouble  accc])ting  any  discipline,  social,  physical,  or  mental.  To 
compound  the  problem,  these  youngsters  are  creatures  of  their  environ- 
ment, and  this  environment  includes  the  sophisticated  techniques  of 
television,  films,  and  advertising.  Teaching!;  techniques  must  he  as 
persuasive. 

Variety  of  techniques 

The  math  lab  facilitates  the  use  of  a  variety  of  teaching  techni(iues, 
particularly  those  tcclmiques  encouraging  student  involvement.  The 
reluctant  learner  is  most  highly  motivated  when  he  is  directly,  per- 
sonally, and  constructively  involved.  Different  mathematical  topics 
lend  themselves  to  different  technicjucs.  The  development  of  computa- 
tional and  c(|Uation-solving  skills  involves  a  great  deal  of  drill.  In 
order  to  introduce  variety  into  the  repctiiive  nature  of  drill,  the  desk 
calculators,  the  skill-builder  filnistrips,  and  the  computational  skill- 
building  kits  arc  valuable  aids.  The  overhead  projector  has  many 
advantages  when  teaching  geometry,  particularly  in  constructions  and 
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graphs.  In  areas  where  the  steps  involved  in  tlie  solution  of  a  problem 
are  more  important  than  the  arithmetic,  the  desk  calculators  free  tlie 
students  from  the  frustrations  of  involved  computations  and  enable  the 
teaching  of  topics  that  would  otherwise  be  too  discouraging.  Filmstrips 
?>re  effective  in  many  areas,  including  taxation  and  insurance.  The  lab 
environment  provides  an  excellent  setting  for  group  or  individual 
projects  where  the  information  must  be  researched  and  organized  by 
the  student.  Materials  are  readily  available  and  the  equipment  familiar 
to  the  student.  Change  of  pace,  variety  of  material,  and  variety  of 
approach  are  essential  to  the  maintenance  of  a  high  level  of  interest. 

The  math  lab  is  the  integration  of  filmstrips,  teaching  aids,  tape 
recordings,  records,  transparencies,  desk  calculators,  workshop  ma- 
terial, and  programmed  learning  material.  Each  room  is  equipped  with 
a  math-builder  projector;  a  filmstrip  projector;  an  overhead  projector, 
trolley  (or  cart),  and  screen;  and  an  SRA  computational  skill-building 
kit.  Available  when  needed  are  a  film-loop  projector,  a  class  set  of 
tvvolvt  desk  calculators,  a  filmstrip  reviewer,  a  tape  recorder,  a  record 
player,  movie  projector,  and  an  opaque  projector.  The  equipment  is 
arranged  on  trolleys  for  convenience  and  ease  of  use. 

The  course  is  organized  into  topics  of  four  or  five  weeks'  duration. 
The  transparencies,  filmstrips,  teaching  aids,  and  all  other  appropriate 
materials  are  cataloged  and  contained  in  a  teaching  kit  for  each  topic. 
A  teacher  may  choose  from  a  variety  of  from  ten  to  twelve  topics  for 
each  grade,  ranging  from  geometry,  algebra  of  sets,  and  arithmetic  to 
budgeting,  math  in  the  shops  and  at  home,  insurance,  and  taxation.  He 
is  free  to  choose  a  program  suitable  to  the  needs  and  abilities  of  his 
particular  classes.  Because  only  one  teacher  is  teaching  a  given  topic  at 
a  given  time,  the  teaching  kit  is  available  without  interruption  for  the 
length  of  the  topic.  Each  topic  is  concluded  with  a  project  week.  Work- 
ing individually  or  in  pairs,  the  students  research  practical  applications 
of  the  preceding  topic  or  "discover^*  ramifications. 

The  tw^o  basic  premises  or  the  math  lab  are  involvement,  particularly 
student  involvement,  and  variety.  Although  the  freer  learning  atmo- 
sphere is  not  to  be  confused  with  poor  discipline,  the  classical  silence 
of  the  traditional  classroom  is  gone.  Students  cannot  exchange  ideas 
and  remain  mute!  This  means  more  pressure  on  the  teacher  to  guide 
and  direct,  with  the  resulting  expenditure  of  energy.  Energy  cannot 
be  wasted  in  hunting  up  equipment  and  teaching  material.  With  the 
organization  of  the  math  lab,  the  teacher  is  encouraged  to  use  the  wide 
assortment  of  materials,  equipment,  and  techniques  which  inspire 
lea'^ning  for  learning's  sake. 
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Guidelines 

Choosing  a  suitable  program  i.^  left  to  the  individual  teacher's  judg- 
ment, but  with  the  following  guidelines: 

1.  The  course  in  each  grade  will  consist  of  nine  or  ten  topics.  Com- 
pulsory torics  must  be  covered.  Optional  topics  are  left  to  the  teacher's 
choice,  and  their  selection  should  be  governed  by  the  caliber  of  the 
class. 

2.  Four  projects  are  comi)ulsoi'y  in  each  grade.  Each  project  should 
take  one  week  of  elassrooni  time  and  be  related  to  the  preceding  topic. 

3.  Flow  charting  should  be  used  to  emphasize  a  logical  development 
in  solutions  of  more-than-one-step  problems.  Use  flow  charting  in  small 
doses  and  only  for  important  emphasi.s. 

4.  Use  desk  calculators  to  verify  all  work.  Except  for  problems 
where  the  logical  development  of  a  solution  is  more  important  than 
the  arithmetic  computation,  the  student  must  do  the  arithmetic  first. 
In  the  former  instances  arithmetic  may  be  done  with,  calculators. 

The  program  has  been  extended  to  include  teaching  the  related  shop 
mathematics  in  the  shop  itself.  After  a  few  years  of  experimenting  it 
has  been  found  that  the  most  effective  way  to  implement  the  plan  is 
to  schedule  each  mathematics  teacher  with  three  periods  in  a  six-day 
cycle  for  shop  mathematics.  He  is  then  free  to  go  to  the  shops  on  a 
regular  basis. 

By  assigning  each  mathematics  teacher  a  certain  number  of  shops 
and  leaving  it  up  to  him  and  the  shop  teacher  to  decide  on  the  ma- 
terial to  be  covered,  it  is  pos.sible  to  meet  each  individual  shop's  needs. 
Also,  the  shop  teachers  do  not  feel  the  mathematics  department  is  im- 
l)osing  a  program  on  them. 

It  turns  out  to  be  a  very  interesting  form  of  team  teaching,  with  the 
mathematics  teacher  and  the  technical  teacher  each  bringing  his  par- 
ticular perspective  to  the  same  problem.  It  also  provides  new  insights 
for  both. 

Perhaps  the  reluctant  learner's  problem  is  so  obvious,  so  pronounced, 
that  few  objections  are  raised  w^hen  radical  changes  in  the  avt  of  teach- 
ing are  used  in  an  attempt  to  find  solutions.  As  positive  results  develop 
with  increasing  regularity,  the  doors  gradually  open  to  an  atmosph.ere 
where  education  is  not  only  a  means  to  an  end  but  an  end  in  itself. 

For  further  information  about  this  program,  write  to  Mrs.  L.  R. 
Strobel  at  the  Sir  R.  L.  Borden  Secondary  School,  200  Poplar  Road, 
West  Hills,  Scarborough,  Ontario. 
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Project  SEED 

WILLIAM  F.  JOHNTZ 


Project  SEED,  Special  Elementary  Education  for  the  Disadvan- 
taged, is  a  program  designed  to  improve  the  academic  achievement  of 
disadvantaged  children  by  teaching  them  abstract,  conceptually 
oriented  mathematics  in  the  elementary  grades.  The  major  focus  of 
Project  SEED  at  the  present  time  is  on  inner-city  ghetto  children, 
predominantly  black.  Work  has  also  been  done,  however,  with 
Mexican- ^merican,^  American-Indian,  poor-white  Appalachian,  and 
Eskimo  children. 

Two  of  the  most  important  reasons  for  the  disadvantaged  child's 
poor  academic  performance  are  these: 

1.  He  enters  kindergarten  inadequately  prepared  to  learn  reading 
skills  because  he  lacks  the  kinds  of  verbal  experiences  common  to 
middle-class  children  (books  in  the  home,  frequent  conversations  with 
adults,  enriched  vocabulary,  nursery  school,  trips  to  the  library,  etc.). 
Consequently,  he  is  behind  his  more  advantaged  classmates  from  the 
start. 

2.  By  the  time  he  enters  school,  the  disadvantaged  child,  especially 
if  black,  has  already  acquired  a  ne:ative  selj-image  that  impedes  his 
cognitive  development.  Consequently,  instead  of  catching  up  with  more 
advantaged  children,  he  lends  to  fall  further  and  further  behind  as  he 
progresses  through  school. 

Project  SEED  is  based  cn  these  major  assumptions: 

1.  Young  children  in  general  are  capable  of  understandmg  and  per- 
forming abstract,  conceptually  oriented  mathematics.  Page  and  Davis 
both  reported  ten  years  ago  that  young  children  not  only  are  able  to 
understand  high-level  mathematics  but  also  become  enthusiastically 
and  creatively  involved  in  learning  the  subject  when  it  is  well  taught. 
Their  work  suggests  that  mathematical  talent  is,  contrary  to  popular 
belief,  universal  if  cultivated  before  it  is  destroyed  by  teachers  who  do 
not  understand  it  and  consequently  dislike  it.  (Later  work  in  Project 
SEED  suggests  further  that  there  is  a  universal  enthusiasm  for  mathe- 
matics until  it,  too,  is  destroyed.  Children  have  chosen  Project  SEED 
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by  popular  vote  in  preference  to  extracurricular  activities  such  as 
music,  art,  and  physical  education.) 

2.  Few  children,  even  those  who  are  advantaged,  have  had  previous 
experience  in  abstract,  conceptually  oriented  mathematics  when  they 
enter  the  first  grade.  The  disadvantaged  child,  therefore,  is  not  behind 
others  in  this  subject  as  he  is  in  language  skills  and,  to  some  extent, 
the  familiar  arithmetic  skills. 

3.  Abstract,  conceptually  oriented  mathematics  is  seldom  a  familiar 
part  of  a.iy  child's  environment;  therefore,  it  is  "culture  free"— the  dis- 
advantaged child  cannot  use  it  to  compare  himself  unfavorably  with 
others. 

4.  Abstract,  conceptually  oriented  mathematics  is  a  high-status,  in- 
tellectually demanding  subject.  Success  in  this  subject  helps  the  dis- 
advantaged child  improve  his  poor  self-image,  thereby  enabling  him  to 
perform  better  in  all  subjects,  including  mathematics. 

The  discovery  method  is  crucial  to  the  success  of  Project  SEED. 
Course  content  evolves,  not  from  lectures,  not  from  demonstrations,  not 
from  exercises  in  textbooks,  but  from  questions  posed  orally  by  the 
teacher  to  the  students  in  a  group  situation.  The  teacher  never  gives 
answers;  he  only  asks  questions.  If  a  student  asks  a  question,  the 
teacher,  instead  of  answering,  asks  a  further  question  designed  to  lead 
the  student  to  the  answer.  If  a  student  gives  an  incorrect  answer,  the 
teacher  does  not  say,  "That  is  wrong."  To  tell  a  child,  especially  a 
disadvantaged  child,  that  he  is  wrong  destroys  both  his  spontaneity 
and  his  willingness  to  take  risks.  Instead,  the  teacher  asks  the  student, 
''How  did  you  find  that  answer?"  The  young  child  often  gives  an 
incorrect  answer  to  a  mathematical  question  because  he  has  (1) 
changed  the  axiom  system  underlying  the  question  or  (2)  made  up  a 
new  question  related  to,  but  different  from,  the  original  question.  It  is 
indeed  ironic  that  industry  rewards  the  research  scientist  who  can 
change  axiom  systems  or  ask  new  questions  while  the  typical  elemen- 
tary school  teacher  punishes  the  child  who  will  do  the  same! 

(It  is  not  intended  that  these  remarks  be  misconstrued  as  a  sweep- 
ing criticism  of  elementary  school  teachers,  who,  for  the  most  part, 
perform  a  heroic  and  largely  thankless  job.  They,  too,  are  victims  of 
hopelessly  inadequate  mathematics  education.) 

Because  of  the  demands  of  the  discovery  method,  the  teacher  who 
is  well  trained  in  mathematics  and  entluisiastic  about  the  subject  is  a 
necessary  condition  to  the  success  of  Project  SEED.  Only  such  persons 
possess  the  mathematical  fluency  needed  to  ask  provocative  questions 
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that  will  guido  the  siudcMit  to  the  self-discovery  of  the  coneci)ts  and 
structure  of  mathematics.  Therefore,  a  Project  SEED  teacher  nuist 
have  at  least  a  baecalauroate  degree  in  matheinatics,  i)referal)ly  nior'^. 
Most  of  thofcc  ])rcsently  teaching  in  the  i)roject  have  had  several  years 
of  postgraduate  work  in  mathematics.  An  ever- increasing  number  have 
Ph.D.'s,  including  several  who  are  u.nversity  i)rofessors  or  research 
scienti.sts. 

It  should  be  stressed  here  Hiat  Project  SEED  never  replaces  the 
regular  arithmetic  i)rogram.  It  is  always,  however,  offered  on  a  daily 
basis  dicwig  school  hours  to  a  regular  class.  Students  are  never  specially 
selected  for  Project  SEED. 

Topics  introduced  to  a  fifth-grade  Project  SEED  class  typically 
include  an  examination  of  the  proi)erties  of  exponentiation  treated  as 
a  binary  operation  over  the  rationals,  including  zero,  negative,  and 
fractional  exponents.  The  log  oi)eration,  general  summation,  and  limits 
are  then  employed  as  analytical  tools  in  the  study  of  rational  and 
irrational  numbers.  For  instance,  the  students  are  led  to  discover  that 
the  logitA  is  irrational  whenever  A  is  even  and  B  is  odd,  or  vice  versa. 
Then  the  tojMC  of  limits  and  infinite  scries  is  taken  up  and  developed 
to  the  point  where  the  students  are  led  to  see  that  a  number  D  is 
rational  if  and  only  if  it  can  be  represented  as  a  repeating  iV-nial  num- 
ber for  some  fixed  ^V. 

Project  SEED  offers  the  universities  of  this  countr}^  a  unique  oppor- 
tunity to  involve  some  of  their  top-level  i)ersonnel — that  is,  mathe- 
maticians and  graduate  students  in  mathematics — in  community  work 
on  a  daily  basis  in  a  nonconsidtative,  nonresearch  role.  A  version  of 
Project  SEED  called  The  Community  Teaching  Fellowshij)  Program 
became  the  number  one  item  in  the  University  of  California's  1969 
Urban  Crisis  Program,  receiving  more  funds  than  any  other  item  in 
the  package. 

For  the  first  time  in  history,  industries  have  also  been  able  to  involve 
toj)  research  j)ersoimel  in  connnunity  work  on  a  daily  basis  in  a  non- 
consultative,  nonresearch  role  through  Project  SEED.  Research  mathe- 
maticians and  |)hysicis(s  from  IBM  have  been  teaching  Project  SEED 
classes  for  two  years.  Alore  than  forty  research  personnel  from  Bell 
Laboratories  have  indicated  an  interest  in  working  in  Project  SEED. 

Project  SEED  offers  school  district.s  a  unique  kind  of  in-service 
training  that  is  actually  an  integral  part  of  the  program  itself. 

Considerable  effort  is  s])ent  enlisting  the  sup])ort  and  cooperation 
of  the  staff  in  any  school  in  which  Project  SEED  will  be  implemented: 
classroom  teachers  are  asked  to  ])articipate  as  colleagues  in  planning 
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the  program.  Project  S.^ED  sti})ulates  that  the  cha^srooin  teacher 
must  be  present,  observi?  %  and  })artici])ating  when  necessary,  while 
the  mathematics  specialist  ceaches.  The  teacher's  daily  presence  helps 
her  in  thred  ways.  First,  because  the  mathematical  concepts  introduced 
in  Project  SEED  are  altogether  different  from  anything  the  typical 
elementary  teacher  has  been  ex])osed  to,  she  inevitably  learns  an  enor- 
mous amount  of  mathematics  and  finds  that  her  appreciation  of  the 
subject  is  greatly  enhanced.  The  cooperative  spirit  in  which  Project 
SEED  is  introduced  to  the  schools  further  facilitates  her  recoptiveness. 

Second,  her  daily  nresence  helps  her  to  im])rove  her  teaching 
methods.  The  discovery  method  used  in  Project  SEED  provides  the 
participating  teacher  with  an  excellent  model  of  classroom  questioning 
and  related  procedures.  She  can  adapt  what  she  observes  to  her  own 
teaching— in  other  subjects  as  well  as  in  mathematics.  Finally,  and 
most  important,  by  observing  so-called  low  achievers  achieve  at  very 
high  levels,  the  teacher  is  helped  to  raise  her  expectations  for  all  chil- 
dren. 

Mindful  of  the  need  for  in-service  training,  most  Project  SEED 
mathematics  specialists  set  aside  one  day  out  of  five  to  work  with 
classroom  teachers  as  a  regular  j)art  of  the  ongoing  program. 

Statewide  evaluations  in  California  and  Michigan  by  the  California 
Institute  of  Technology  and  American  Institutes  for  Research,  re- 
s])ectively,  reveal  that  children  in  Project  SEED  not  only  are  able  to 
perform  abstract,  conceptually  oriented  mathematics,  but  also  that 
their  arithmetic  computational  skills  have  improved  enormously.  These 
findings  were  confirmed  by  similar  evaluations  in  Seattle,  Washington, 
and  New  Haven,  Connecticut.  Other  evaluations  in  Berkeley  and  in 
Del  Paso  Heights,  California,  show  significant  improvement  by  chil- 
dren in  Project  SEED  classes  in  IQ  scores  and  attitudes  toward  self 
and  school.  The  California  and  Michigan  studies  also  revealed  con- 
sistently positive  responses  to  Project  SEED  from  classroom  teachers 
who  were  involved  in  the  program. 

Project  SEED,  Incorporated,  a  nonprofit  corporation,  has  the  ex- 
tremely low  cost  figure  of  $150  per  child  per  year  based  on  an  assumed 
class  size  of  thirty.  This  is  far  lower  than  other  compensatory  educa- 
tion programs  that  even  ap})roach  Project  SEED'S  level  of  proven 
success.  There  are  three  reasons  why  the  SEED  i)rice  is  so  low: 
(1)  Project  SEED  specialists  work  with  the  whole  class.  Most  success- 
ful compensatory  education  programs  involve  one  adult  working  with  a 
few  pupils.  (2)  Project  SEED  has  no  materials  or  gadgets  to  sell,  only 
the  skills  of  a  highly  trained  teacher  who  can  reach  children  from 
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even  the  most  deprived  backgrounds.  (3)  All  the  corporate  people 
who  work  in  SEED  are  volunteers.  This  help>  to  bring  down  the  na- 
tional per  child  per  year  cost. 

Information  about  Project  SEED  may  be  obtained  by  writing  its 
director,  William  F.  Johntz,  1011  Keith  Avenue,  Bcrkelev,  California 
94708. 


Chicago's  Attempts  to  Meet  the  Needs 
of  the  Inner^City  Child  via  Math  Lahs 

JESSIE  L.  SCOTT 


/  hear,  and  I  forget. 
J  see,  and  I  remember. 
1  do,  and  J  mderstarid. 

The  philosophy  of  this  Chinese  proverb  ib  the  basis  for  the  eight 
elementary  school  math  labs  in  Area  B,  Chicago  Public  Schools.  There 
is  a  lab  for  each  district,  similar  in  layout  to  the  one  pictured  in 
figure  11.14.  The  labs  arc  located  in  the  following  districts  and  schools 
and  serve  the  grades  indicated:  District  9,  Smyth,  grades  K-8;  Dis- 
trict 10,  Crown,  grades  K-6;  District  11,  Doolittle-East,  grades  4-8; 
District  12,  Edwards,  grades  K-8;  District  15,  Owen,  grades  K-8; 
District  19,  Cooper  Upper  Grade  Center,  grades  7-8;  District  23, 
Woodson-North,  grades  4-6;  and  District  26,  Healy,  grades  K-8. 

Each  lab  has  a  lab  teacher  and  provides  a  wide  variety  of  materials 
and  experiences  so  that  a  child  can  discover  meanings  and  relation- 
ships himself.  Each  lab  is  so  organized  and  conducted  as  to  meet  the 
needs  of  its  school  population  and  connnunity.  Two  of  these  labs  are 
for  Spanish-speaking  children. 

This  article  will  attempt  to  describe  one  lab  in  detail.  Doolittle- 
East  is  located  in  inner-city  Chicago.  The  enrolhncnt  is  1,078.  The 
school  is  at  the  30.6  percent  poverty  level  for  purposes  of  the  Elemen- 
tary and  Secondary  Education  Act.  This  means  that  330  of  the  chil- 
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2.  He  and  his  parents  do  not  often  think  of  the  school  in  terms 
of  his  learning  experienees. 

3.  He  distrusts  teaehers  and  prineipals. 

4.  It  is  very  hard  to  motivate  hiin. 

5.  His  attcndanee  is  very  irregular  beeause  he  often  has  to  baby- 
sit for  younger  brothers  and  sisters  and  feels  that  no  one  cares 
if  he  is  regular  in  his  attendance. 

6.  He  expects  failure. 

7.  He  cannot  relate  to  the  social  situations  in*  most  textbooks. 

8.  He  does  not  see  that  mathematics  has  any  importance  for  him. 

9.  He  lacks  a  quiet  place  in  whieh  to  study. 

10.  He  has  little  respect  for  property. 

11.  He  has  low  reading  scores  beeause  of  his  environment. 

12.  He  needs  to  sense  immediate  success. 

13.  He  seldom  has  the  basic  materials  (pencils,  paper,  etc.). 

14.  He  "tunes  you  out"  when  you  are  teaching. 

Table  11.5  shows  the  test  results  for  the  city-wide  1968/69  testing 
program. 

After  taking  a  good,  hard  look  at  the  picture,  Doolittle-East  planned 
its  math  lab  with  the  assistance  of  a  consultant. 
These  objectives  were  set  up: 

1.  Free  the  children  to  think  for  themselves. 

2.  Provide  many  materials  so  that  the  children  ean  use  many 
senses  to  learn. 

3.  Provide  experiences  that  will  have  relevance  for  them, 

4.  Establish  an  atmosphere  that  will  foster  a  relationship  of  trust 
and  respect, 

5.  Provide  activities  and  practice  that  will  be  enjoyable. 

6.  Provide  materials  and  experienees  that  will  lead  the  children 
to  discover  relationships  and  patterns. 

7.  Develop  a  positive  attitude  toward  learning. 

8.  Provide  opportunities  for  the  continuous  progress  of  each  child 
through  the  mathematical  strands. 

9.  Provide  materials  and  experienees  to  meet  the  needs  and 
abilities  of  average,  below-average,  aiid  advanced  pupils, 

10.  Train  the  children  in  the  necessary  mathematical  skills. 

11.  Provide  experiences  with  which  a  child  ean  be  successful. 

The  math-lab  teacher  was  selected.  She  had  a  master's  degree  in 
teaching  mathematics  and  ten  years  of  experience  in  teaching  inner- 
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TABLE  1 1 

Iii;MM,'lf.  OK  aTi..sti^-:;  I'hoou  \.m  in  Cmc\Go,  1968/60 


and 
Quartilo 


Gra<te  0: 
Q3 
Q2 
Ql 

Grade  8: 
Q3 
Q2 

Ql 


Grade  G: 
Q3 
Q2 
Ql 

Grade  8: 
Q3 

Ql 


Grade  0. 
Q3 
Q2 
Ql 

Grade  8: 

Q3 
(i2 

Ql 


School  learning  Ability  from  IntelliRence  Tests 


National 

City 

.Scliool 

IQ 

IQ 

1>K* 

IQ 

PU* 

111 

75 

106 

65 

103 

57 

100 

50 

95 

38 

93 

33 

89 

25 

84 

16 

82 

13 

111 

75 

108 

69 

102 

55 

100 

50 

95 

38 

94 

35 

89 

25 

85 

17 

86 

19 

.\rithinotic  Computation 

National 

City 

School 

GKt 

Olvt 

PU* 

7.4 

75 

7.4 

75 

7  3 

73 

6.5 

50 

6.1 

35 

6.3 

44 

.").8 

25 

5.4 

16 

5.6 

20 

i).r> 

75 

8.6 

55 

7.5 

35 

8.4 

50 

6.9 

28 

6.6 

24 

6.7 

25 

5.9 

13 

5.9 

13 

UcadinK 

National 

j 

City 

School 

GlCt 

\n\* 

oi:t 

PR* 

Gi:t 

PR* 

9.0 

7r> 

7.1 

55 

C.9 

53 

6.7 

50 

5.:i 

29 

5.4 

31 

r>.i 

25 

4.3 

13 

4.3 

13 

10.1 

75 

9.0 

.•>9 

8.0 

49 

8.1 

50 

6.9 

38 

6.4 

32 

:>.8 

25 

5.0 

14 

5.3 

18 

*  PU  stands  for  "percentile  rank." 
^  stands  for  "grade  equivalent." 

city  chikiren.  Materials  were  purchased  that  would  help  children  dis- 
cover eoncepts  in  all  the  mathematical  strands.  (A  partial  list  of  these 
materials  may  be  found  at  the  end  of  thjs  article.) 
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The  math  lab  is  not  a  program  in  itself,  but  a  supplement  to  the 
activities  carried  on  by  the  cla.^sroom  teacher.  The  math-lab  teacher 
may  initiate  a  project  or  provide  experiences  related  to  the  topics  being 
studied  in  the  classioom.  The  role  of  the  math-lab  teacher  is  to — 

1.  create  a  relaxed  atmosphere; 

2.  lead  the  children  to  discover  relationships ; 

3.  set  up  materials  in  the  activity  centers  prior  to  the  arrival  of 
pupils  in  the  lab; 

4.  tape  directions  for  lab  activities  that  will  present  reading  prob- 
lems caused  by  the  technical  vocabulary ; 

5.  write  activity  cards  and  rewrite  commercially  written  activity 
directions  at  appropriate  reading  levels  for  the  students; 

6.  determine  individual  children's  weaknesses  and  assign  appro- 
priate laboratory  activities; 

7.  correlate  activities  with  those  of  the  classroom  teacher; 

8.  determine  how  the  children  are  grouped  in  the  lab; 

9.  encourage  work  in  research  and  individual  projects. 

The  children  are  scheduled  for  periods  in  the  lab.  When  a  teacher 
brings  her  entire  class,  she  works  with  the  lab  teacher,  so  that  the 
pupil-teacher  ratio  is  approximately  15  to  1.  Small  groups  of  seventh 
and  eighth  graders  may  report  to  the  lab  to  work  in  the  research 
center  during  their  study  periods  if  they  have  requested  permission 
prior  to  the  time  of  the  study  period.  The  schedule  of  periods  in  the 
lab  for  any  particular  child  changes  periodically,  depending  on  the 
achievement  of  the  child  and  the  consequent  change  in  need.  Table 
11.6  show^s  a  typical  schedule. 

TABLK  11.6 
Tyi>ic\l  L\h  ScnKDUi.i: 


Time 

Monday 

Tuesday 

Wednesday 

Thursday 

Friu-ty 

9:10-10:00 
10:00-10:40 
10:40-11:20 
(Lunch) 
12:20-1:00 
1:00-1:40 
1:40-2:2.") 

Prep.* 
7th  #116 
8th  #216 

8th  #212 
8t)^  #210 
4th  #106 
or 

oth  #201 
8th  #312 

7th  #118 
Prep. 
8th  #216 

8th  #212 
8th  #210 
4th  #307 

Prep. 
6th  #.'500 
8th  #216 

8th  #212 
8th  #210 
4th  #101 

7th  #316 
Prep. 
8th  #216 

8th  #212 
7th  #210 
4th  #103 

Prep. 
6th  #306 
8th  #261 

8th  #212 
7th  #218 
Research 

2:25-3:10 

r)th  #207 
6th  #302 

oth  #100 
6th  #206 

oth  #105 
6th  #202 

Research 
Projects 

Prep,  indicates  preparation  period. 


392 


THE  SLOW  LKAIINEII  IN  MATHEMATICS 


A  Typical  Period  in  the  Lab 

Fourth-grade  cla^s 

All  the  fourth-grade  children  were  using  Alge  blocks  in  tiieir  %v'irk 
with  equivalent  fractions.  The  activity  cards  were  on  transparencie,-. 
and  projected  on  the  screen.  The  classroom  teacher  had  requested  tiiat 
the  children  engage  in  the  same  activity. 

Fifth- grade  ckiss 

A  class  of  fifth-grade  pupils  were  engaged  in  activities  according  to 
their  abilities: 

One  group  was  discovering  equivalent  fractions  by  using  Alge  blocks. 
Another  group  was  discovering  equivalent  fractions  by  using  Cuise- 
naire  rods. 

Each  child  in  the  two  groups  hai  a  card  like  the  one  in  figure  11.15 
to  guide  his  thinking. 


Halves 

Thirds 

FoHiths 

Fifths 

Sixths 

Sevenths 

Eights 

Ninths 

Tenths 

h 

X 

1 

3 

2 
3 

1 
4 

2 

3 
4 

1 

5 

Fig.  11.15 


A  third  group  was  using  Cuisenaire  rods  to  discover  prime  numbers. 
See  figures  11.16-11.18. 

A  fourth  group,  made  up  of  advanced  })uj)ils,  was  working  on  poly- 
hedra  with  straws  and  pipe  cleaners. 

Other  groups 

On  one  occasion  a  group  of  nineteen  eighth  graders  from  three 
eighth-grade  rooms  sought  help.  They  had  received  low  scores  on  the 
standardized  test.  They  were  given  a  standardized  test;  then  the  pupils 
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1.  VhCQ  a  red  rod  in  yonr  work  .space.  Can 
yon  make  a  train  with  two  rods  the  ^^anie 
color  tliat  woukl  be  a^:  long  a-s  the  red  one? 


Red 

*> 

2.  Three  rods? 

3.  Four  rods? 


Fig.  11.16.  Card  A 


J.  Place  a  light  green  n^d  in  yonr  work 
space 

2.  Can  you  bnikl  a  train  with  two  cars  the 
same  color  that  is  the  ;=anie  length  as 
the  light  green  rod? 

3.  Three  cars? 

4.  Four  cars? 

5.  Five  cars? 

Fig.  11.17.  Card  B 


1. 

Look  at  yonr  trains. 

2. 

Are  there  any  others  hke  the  train  for 

the  red  rod? 

3. 

Name  them. 

4. 

If  the  red  rod  is  2,  what  are  the  fac- 

tors of  2?  Of  3?  Of  5?  Of  7? 

Fig.  11.18.  Card  J 
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and  the  lab  t cachet"  made  ai)  item  analysis  and  a  study  of  errors.  Next 
they  eonferred  with  the  hil)  teacher  regarding  a  program  for  improve- 
ment. They  selected  their  activities  and  determined  their  currieulum. 
They  were  scheduled  into  the  lab  each  day  in  small  groups.  Individual 
progress  conferences  were  held  constantly- 
One  group  of  eight  student.s  requested  a  retest  after  a  month.  As  is 
eharacteri.  lic  of  inner-city  children,  they  must  see  that  they  are  being 
succe.s.^ful  inuncdiately.  Table  11.7  shows  the  results. 


TABLK  11.7 
C(>\ip\iiiso.\  OF  Ti:s'r  lif:.sfi.T.*^ 


Date 

Score  of  Cinhi 

\ 

11 

C 

V           E  V 

G 

1! 

21  Jan. 
20  Feb. 

.•).4 

9 

4 

4, 

0 
2 

.5.1 
6.:') 

4.8       .5.1  5.3 
7.1       .5.4  'kH 

4.2 

4.2 

3.4 
4.0 

The  math  lab  is  also  used  as  a  resource  center  by  principals  and 
teachers  froxn  other  schools  in  the  area.  Teachers  arc  taught  mathe- 
matics methods  courses  in  the  lab. 

There  is  constant  in-service  training  for  the  inath-lab  teacher. 

The  only  evaluation  at  this  time  is  based  on  teacher  observation  of 
pupil  behavior  and  willingness  to  participate  in  lab  activities,  some 
transfer  from  lab  aetvities  to  classroom  activites,  and  comments  of 
pupils  and  teachers. 

Reaction  of  Children 

A  questionnaire  was  given  to  the  children.  They  wrote  their  eom- 
ments  about-  the  lab  and  put  them  in  a  large  envelope.  They  were 
asked  not  to  sign  the  questionnaire.  Here  are  some  of  the  comments  of 
the  children; 

"I  think  it  helps  kids  a  lot.  It  makes  ine  feci  at  ease.  I  like  it  a  lot." 

"It  just  seeins  to  me  as  if  we  can't  or  don't  get  as  much  done  as  we  should." 

"I  ain  more  interested  in  math." 

"Math  used  to  be  a  very  eoinplieated  subject,  but  now  it  isn't  so  hard." 
"I  felt  that  math  \vns  alright  before  and  verv  interesting  after  working  in 
the  lab." 
"The  math  lab  is  lots  of  fun." 
"I  think  it's  the  best  place  to  learn." 
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"You  get  to  do  more  in  the  lab." 
"I  still  don't  like  math.*' 

'The  lab  has  many  things  to  siininlatc  the  brain.  It  has  nianv  challenging 
tiling.^." 

''It  give.'?  nic  a  more  \  ivid  un  lcrstanding  of  the  word  mathematics,  what  it 
incan.^,  and  its  many  uses  and— believe  me— the  math  lab  can  restore  yonr 
brain  with  all  of  these  answers  and  many  more  " 

"I  used  to  think  that  math  was  a  boring  subject." 

"I  know  more  now." 

''The  teacher  e.xplains  the  work  instead  of  just  telling  you  to  do  this." 

"Miss  Thompson  figured  sonic  easy  way  to' do  math  " 

'*I  was  excited  in  the  lab." 

"I  understand  my  work  more  belter." 

"It  is  a  nice  place  to  make  what  you  feel  like  doing." 

"I  feel  [bat  we  should  have  it  more  often." 

"I  feel  like  I  had  the  brains  to  do  the  things  I  \\a?  asked  to  do." 

"Math  is  getting  harder  every  day." 

"Math  was  nothing  I  wanted  untd  I  went  tc  the  lab." 

"It  makes  you  want  to  do  math  more." 

"Every  school  should  have  one." 

"I  would  die  if  anything  happens  to  the  lab." 

"I  used  to  think  math  was  a  disaster." 

"All  other  mathematics  seems  simple  " 

"It  has  made  math  become  my  best  subject." 

"I  felt  as  if  I  wasn't  learning  enough  before,  and  the  math  lab  made  me 
see  that  I  was  right." 

For  further  information  about  the  program,  please  write  *.o  Barbara 
Thompson,  Doolittle-East  IMatb  Lab,  525  East  35th  Street,  Chicago, 
Illinois  60616,  or  Jessie  L.  Scott,  :\latli  Consultant,  Area  B  Office, 
Curriculum  Services,  Edwards  School,  4815  South  Karlov  Avenue, 
Chicago,  Illinois  60632. 


].Ai>  Matkrials 

A  partial  list  of  lab  materials  is  given  belo\v.  In  addition  to  the 
items  mentioned,  a  nund)er  of  miscellaneous  articles  are  useful- 
rubber  bands,  pipe  cleaners,  rice,  boans,  straws,  rulers,  protractors, 
tape  recorders,  overhead  projector,  previewcr,  and  so  on. 

Dimensions  Battleship 

Qwik-Save  Sum  Tunes 

Spare  Time  (bowling)  Dignity 

Madagascar  Madness  Numerals  Jigsaw 


rm:  slow  learner  in  mathe.\l\tics 


Desk  Calculator 
Color  Cubes 
Perimeter  Area  Boards 
Computing  Abacus 
Desk  Tape  Number  Line 
Winning  Touch 
Four  by  Four 

Experiments  in  Mathematics 

Tri-Nim 

Configurations 

On-Sets 

WFF'N  PROOF 
Chinese  Abacus 
Timer,  Stopwatch 
Map  Measurer 
Cross-Number  Puzzlo^ 
Geoboanl 
Thread  Sculpture 
Pattern  Blocks 

Attribute  Games  and  Problems 
Shape  Analysis  Matching 
Cards,  Box  h  Box  2 
Psyche-Paths 
Tangle 

Parquetry  Blocks 
Qubic 

Cuisenaire  Rods 
Place-Value  Board 
Mathematics  Using  Strings 
Sage  Kit 

Developing  Number  Experiences 

Twin  Choice,  Decks  1  through  8 

Come  Out  Even 

Bali  Buttons 

Chnometer 

Hexed 

Fm  Out 

Think 

Tri-Grams 

Solitaire  Puzzle 

Tuf 


Spirograph 

100  Square  Graph  Stamp  Scale 

Avoirdupois  Precision 

Napier's  Rods  Demonstrators  and 

Pupils'  Sets 
Compasses 
Alge  Blocks 
Soma 

Red  Cards  and  Green  Cards 
Bums  Pupil  Bouids 
Quiet  Counters 
Kahlah 

Cubical  Counting  Blocks 
Walker  Geo  Cards 
Tower  Puzzle 
Discs 

Peg  Game 

Weights  and  Springs 

Centimeter  Blocks 

Mathematical  Balance 

Ascobloc 

Heads  Up 

Numble 

Who  Is  Your  Favorite? 

Measurement  Kits 

Dial-A-Matic 

Prime  Ed  Trundle  Wheel 

T»*ansparent  Globe  Laboratory 

Tongue  Depressors 

Fact  Pacer 

Flat  Shapes 

Mathematical  Shapes 

Shapes  with  Tubes 

Mirrors 

Pi-0 

Map  Making 
Yardstif 
Metei  S  ck 

Dienes  Multibasc  Arithmetic  Blocks 
Poly-0 
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University  of  Denver  Matkentatics 
Laboratory  P^ro^rams  for  Teachers 

RUTH  I.  HOFFMAN 


A  typical  cla.ssrooin  in  remedial  mathematics  at  the  secondary 
school  has  the  student  sitting  at  a  desk  in  one-to-one  correspondence 
with  a  piece  of  paper  and  his  own  discouragement.  He  is  engaged  in 
firmly  retreading  his  old  failures  in  exactly  the  sairie  patterns  that  have 
persisted  for  many  years. 

In  an  effort  to  upset  this  unfruitful  educational  pursuit,  several 
programs  are  in  operation  at  the  University  of  Denver  ^lathcmatics 
Laboratory: 

Programs  to  train  teachers  in  the  mathematics-laboratory  approach 

to  teaching  low  achievers  in  mathematics 
Programs  to  train  teachers  of  teachers  in  the  same  approach 
Programs  to  establish  satellite  centers  for  this  approach  throughout 

Colorado 

A  depO'^tory  for  ynaterinls  that  can  be  checked  out  by  any  teacher 
in  the  state  for  use  in  his  classroom  or  for  his  own  experimenta- 
tion and  planning 

Model — program  COLAMDA 

The  programs  for  teacher  training  have  u^^ed  as  a  model  the  project 
COLAMDA  (Committee  on  the  Low  Achiever  in  Mathematics,  Den- 
ver Area),  a  program  funded  by  Title  III,  Elementary  and  Secondary 
Education  Act,  that  had  its  origin  and  early-stage  development  at  the 
University  of  Denver.  For  this  project,  "low  achiever"  identifies 
students  in  grades  7-12  enrolled  in  remedial  classes  with  two  typical 
educational  records:  (1)  two  or  more  years  below  grade  level  in 
problem  solving  and  computational  skills  a©  -neasured  by  a  standard- 
ized test  and  (2)  a  record  of  unsuccessful  experiences  in  previous 
mathematics  classes. 

COLAMDA  provides  an  opportunity  for  teachers  to  become  a  part 
of  a  working  model  through  individualized  training  in  instructional 
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techniqucv<  and  methods,  ox|)loration,  experimentation,  idea  exchange, 
and  pre|)aration  of  materials. 

The  teacher-training  segment  of  the  project  places  primary  emphasis 
on  favorable  change  in  the  attitudes  of  teachers  toward  the  teaching 
of  the  low  achiever,  identification  of  known  successful  instructional 
techniques  and  methods,  development  of  realistic  objectives,  and  trans- 
position of  pure  mathematical  theory  into  a  usable  form  for  low- 
achiever  instruction.  Each  new  project  participant  is  required  to  attend 
a  workshop  designed  with  the  above  objectives  in  mind. 

Learning  activities  and  teacher  **idea  cards"  have  been  prepared  by 
a  project  writing  team  to  assist  the  teacher  in  personalizing  instruction 
by  supplementing  the  existing  district  materials.  The  activities  are 
intended  to  be  student-interest  oriented  and  open-ended  in  structure  to 
provide  for  individual  differences  in  mathematics  skill  development, 
interest,  and  age  levels. 

Philosophy 

The  philosophy  of  the  program  is  the  simple  one  that  a  low  achiever 
is  a  student  who  has  become  so  embittered  by  habitual  failure  that  he 
hates  mathematics.  There  little  possibility  of  this  student's  learning 
mathematics  until  an  attitude  change  has  been  effected.  A  new,  in- 
teresting, involvement  api)roach  with  many  and  varied  pieces  of 
equipment  brings  a])out  this  change.  The  laboratory  setting  gives  an 
opportunity  to  go  back  to  basic  concepts  for  a  now  approach  to  under- 
standing—one that  avoids  the  stigma  of  doing  dull  drill  on  very  basic 
and  elementary  toi)ics.  The  laboratory  approach,  when  properly 
carried  out,  unifies  ideas  that  were  previously  isolated  items  of 
memorization. 

Characteristics  of  the  Icic  achiever 

The  characteristics  of  the  low  achiever  are  dislike  of  mathematics 
and  school,  irregular  attendance,  poor  self-image,  poor  reading  habits, 
short  attention  span,  and  limited  success  with  academic  endeavors — all 
these  qualities  pointing  to  the  student  as  a  i)otential  dropout. 

The  mathematics  laboratory 

The  low-achiever  program  is  one  of  involvement,  with  students  using 
as  many  of  their  five  senses  as  possible  in  learning;  therefore  the 
teachers  must  experience  the  same  process  in  teacher-training  pro- 
grams. For  this  reason  the  manner  of  teaching  mathematics  is  a  com- 
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I)ictc  departure  from  former  ciassrooiii  procedures  and  is,  in  effect,  a 
mathematics-laboratory  procedure. 

It  is  difficult  to  define  a  mathematics  laboratory,  but  the  following 
phrases  cliaraeterize  it  to  some  extent: 

Active,  materials-centered  situation 

Questioning  atmosphere  and  a  eontinuous  involvement  with  problem- 
solving  situations 

Teaching  role  that  of  a  catalyst  in  the  activity  between  student  and 
knowledge 

Physical  plant  with  equipment 

A  plaee  where  a  student  learns  by  doing,  with  appropriate  objects 
available 

Inexpensive  and  easily  assembled  apparatus  to  give  students  an 
opportunity  to  arrive  at  mathematical  ideas  through  experiments 
—comparing,  reeording,  and  analyzing  to  develop  matliematical 
relations  based  on  physical  evidenee 

The  activities  and  materials  in  a  laboratory  are  anything  that  leads 
to  modeling  mathematical  ideas  and  eoneeptb  physically,  or  to  assem- 
bling physical  models  to  represent  mathematieal  princii)les.  The  fol- 
lowing are  samples  of  the  kinds  of  activities  and  materials  that  char- 
acterize a  mathematics  laboratory: 

Printed  software 

Hardware— ealculators,  adders,  tape  recorder,  overhead  projectors, 

tachistoscope,  video  tape  recorder,  and  so  forth 
jManipulative  and  conerete  aids — abaci,  geoboards,  Cuisenaire  rods, 

grids,  chips,  and  so  forth 
Activities  simulating  real-life  situations 

Physical  involvement— experimenting,  eollecting  data,  building  de- 
vices 

Field  work — measurement  and  estimation 

Multisensory  aids— dictating  machines,  piojeetuals,  video  tapes, 

films,  filmstrips,  audio  tapes,  tachistoscope 
Games 

Programs  of  teacher  training 

Several  programs  for  teachers  of  low  aeliievers  have  been  held  at  the 
University  of  Denver.  The  first  few,  where  a  teacher  might  pay  his  own 
way  or  be  funded  by  his  district,  were  open  to  any  teaeher  interested 
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in  low  achievers.  Some  were  for  COLAMDA  teachers.  One  was  for  a 
special  group,  returning  Peace  Corps  teachers;  this  program  was 
funded  by  the  Office  of  Education  under  the  Education  Professions 
Development  Act  program. 

All  these  programs,  ranging  from  two  to  five  weeks,  were  based  on 
involvement  activities.  Teachers  did  laboratory  experiments  as  their 
students  would  do  them.  These  were  not  presented  in  isolation  but 
related  to  the  mathematical  concepts  the  activity  exemplified.  The 
teachers  also  had  thne,  guidanee,  and  material  to  make  usable  equip- 
ment for  their  own  classrooms.  Since  the  COLAMDA  project  was  the 
model  used,  the  teachers  were  provided  with  a  complete  set  of 
COLAMDA  aetivity  cards  and  student  sheets.  The  eards  are  keyed 
to  the  mathematical  skill  or  eoncept  they  aid  and  also  to  the  type 
of  activity — that  is,  hardware,  simulation,  experiment,  and  so  forth. 

The  program  for  Peace  Corpsmen  continued  into  the  school  year, 
with  thirty  two-hour  meetings,  where  the  same  laboratory  experience 
was  used  with  two  extensions:  one  to  computer-extended  mathematics 
and  one  to  cooperative  creation  of  new  laboratory  tools. 

Programs  to  train  teachers  of  teachers 

Two  programs  have  been  conducted  to  train  teaehers  of  teachers. 
The  first  was  funded  by  the  National  Seience  Foundation  through  the 
Cooperative  College-School  Science  Program  (CCSSP).  Twenty-five 
qualified  secondary  school  teachers  received  training  in  an  involvement 
program  for  the  elementary  school.  These  teachers  then  trained  an 
additional  750  elementary  teachers  during  the  spring  semester  of  1969. 

The  second  program,  also  funded  through  the  CCSSP,  extended  the 
ongoing  mathematics  projeets  at  the  laboratory  to  a  statemde  basis, 
using  five  regional  centers.  Thus  120  secondary  teachers  received 
specific  training  concerning  the  implementation  of  the  laboratory  ap- 
proaeh  for  low  aehievers. 

One  outcome  of  this  program  is  135  laboratory  programs  in  sec- 
ondary mathematics  in  Colorado.  Another  outeome  is  the  strategic 
location  of  trained  resouree  personnel  available  for  extension  pro- 
grams by  the  local  districts  throughout  the  state. 

The  establishment  of  satellite  centers 

The  five  teams  trained  as  teachers  of  teachers  now  have  continuing 
programs  in  their  areas.  They  are  conducting  training  programs  for 
teachers  under  the  auspices  of  a  college  or  a  school  district.  These  five 
geogra])hical  locations  have  now  beeome  satellite  centers  for  present- 
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ing  the  involvement  program  to  other  teacher?  of  low  achievers. 
Evaluation  studies  show  that  they  are  tremendously  successful,  and 
their  programs  are  received  enthusiastically  by  the  teachers  in  the>e 
areas.  ^— 

An  exciting  new  program  has- sprung  up  in  Riverton,  Wyoming, 
called  WYOLAMP  (Wyoming  Low  Achiever  Mathematics  Program). 
It  had  its  origin  in  the  COLAMDA  model  and  is  developing  with  a 
sinular  philosophy  and  similar  goals.  It  has  two  excellent  innovative 
aspects:  the  collection  of  the  low-achiever  materials  for  the  elementary 
schools  and  the  incorporation  of  occupational  packets  into  the  sec- 
ondary low-achiever  program. 

A  depository  of  material  for  low  achievers 

The  final  phase  of  the  work  at  the  University  of  Denver  provides 
continuing  support  for  personnel  trained  in  earlier  programs.  It  does 
this  by  making  materials  and  equipment  available  on  a  check-out 
basis  to  any  interested  teacher  in  the  state.  These  might  be  individual 
items  or  classroom  sets  of  manipulative  materials  or  resource  ma- 
terials. Included  arc  such  items  as  geoboards,  abaci,  grids,  chips,  games 
(commercial  or  teachor-made),  films,  tapes,  books,  guides,  enrichment 
material,  film  loops,  projectuals,  measuring  instruments,  and  many 
others. 

This  brief  description  cannot  express  the  spirit  of  cooperation  that 
has  developed  among  all  participants  and  the  workshop  staff,  nor  does 
it  incorporate  many  tangential  studies  that  have  evolved.  For  ex- 
ample, some  graduate  students  created  special  computer-assisted  in- 
struction units  for  junior  high  school  low  achievers — units  that  have 
been  successfully  used  at  schools  where  teletype  terminals  are  avail- 
able. 

One  program  leads  to  many  new  and  innovative  programs,  and  the 
cooperative  effort  of  a  university,  the  State  Department  of  Education, 
and  local  school  districts  (all  of  which  participated  in  the  above  pro- 
grams) is  a  powerful  combination  for  helping  the  low  achiever  get  out 
of  his  classroom  dilemma  and  away  from  his  one-to-one  correspondence 
with  a  piece  of  paper  and  his  own  discouragement  . 

For  further  information  on  this  program,  write  to  Dr.  Ruth  Irene 
Hoffman,  Mathematics  Laboratory,  University  of  Denver,  Denver, 
Colorado  80210. 


Tlie  Tramin^  of  Teackers 

DOHA  HELEN  SKYPEK 


f  IMMY  SAID,  "Teach  them  how  to  keep  ^nhv—kmdly  order." 

A  second  grader  in  an  inner-eity  sehool,  Timniy  was  a  guest  of  the 
undergraduate  honorary  sorority  in  education.  The  dialogue  with  his 
hostess,  a  student  teaeher  in  Timmy's  classroom,  was  not  going  as 
planned.  She  had  asked,  "How  do  you  like  arithmetic?"  Somewhat 
startled  when  he  replied,  '^I  don't,"  she  protested,  "But  this  afternoon 
you  said  that  you  did." 

To  help  in  eliciting  a  positive  response  from  Timmy,,  the  writer 
interrupted  the  interview  with  a  question  of  her  own.  Explaining 
that  she  was  a  teacher  of  teachers,  she  asked,  "What  do  you  think 
is  the  most  important  thing  I  sljould  teach  people  who  will  teach  in 
your  school?" 

Timmy  relaxed  his  defensive  stance  and  said,  "Teach  them  how 
to  keep  order."  Then  he  amended  the  request  by  adding  "—kindly 
order." 

Fantini  and  Weinstcin  have  investigated  the  classroom  management 
strategy  that  Timmy  calls  "kindly"  order.  They  call  it  strength  xvith 
sensitivity.  They  describe  a  btrong  and  sensitive  teaeher  as  a  person 
who  "ean  maintain  a  consistent  orderly  structure  in  which  learners 
can  operate  and,  at  the  same  time,  indicate  that  he  is  constantly 
aware  of  what  is  going  on  with  the  pupils.  The  pupils  are  treated  as 
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important  and  respected  persons  with  feelings,  attitudes,  Jjid  ex- 
perienees  that  are  worthy  of  attention."  (38,  p.  324,) 

Timmy  seems  to  be  asking  for  just  that,  an  orderly  classroom 
structure  in  which  he  ean  get  on  with  the  business  of  learning  arith- 
metic or  reading  or  whatever  and,  at  the  same  time,  a  ^'kindly" 
structure  in  which  his  worth  as  an  individual  is  respected.  The  low 
aehiever—and  Tinimy  is  one— has  often  been  characterized  as  not 
wanting  to  learn,  but  that  seems  not  to  be  the  ease  with  this  seven- 
year-old.  Why  else  would  he  have  asked  for  order?  It  is  important 
to  note  that  classroom  order  is  not,  however,  a  sufficient  condition 
for  learning  in  the  ease  of  the  slow  learner.  John  Holt  makes  the 
point  in  this  account: 

During  this  past  vacation  I  visited  a  school  that  was  still  in  session. 
It  has  the  reputation  of  being  very  "good"  and  *'tough."  The  head- 
mistress, who  was  very  nice,  asked  me  where  I  had  taught.  When 
I  told  her,  she  said  with  false  humility,  "I'm  afraid  you'll  find  us 
vcr>^  old-fashioned."  But  she  made  me  welcome,  and  particularly  urged 
me  to  visit  the  arithmetic  class  of  her  fourth-grade  teacher,  who  had 
been  there  for  many  years  and  was  generally  felt  to  be  a  jewel  amonp 
teachers  and  the  pride  of  the  school.  I  went.  Soon  «fier  I  arrived  the 
class  began.  The  children  had  done  some  multiplication  problems  and, 
in  turn,  were  reading  answers  from  their  marked  papers.  All  went 
smoothly  until,  right  after  a  child  had  read  his  answer,  another  child 
raised  his  hand.  "What  is  it,  Jimmy?"  the  teacher  asked,  with  just  the 
famtcst  hint  in  her  voice  that  this  mtcrruption  could  not  be  really 
necessary.  "Well,  I  didn't  get  that  answer,"  said  Jimmy,  ''I  got  .  .  /' 
but  before  he  conld  say  more,  the  teacher  said,  "Now,  Jimmy,  Fm 
sure  we  don't  want  to  hear  any  lorojig  answers."  And  thai  was  the  last 
word  out  of  Jimmy. 

This  woman  is  far  ahead  of  most  teachers  in  intelligence,  education, 
and  experience.  She  is  articulate,  cultivated,  has  had  a  good  schooling, 
and  is  married  to  a  college  professor.  And  in  the  twenty  years  or  more 
that  she  has  been  teaching  it  has  apparently  never  occurred  to  her 
that  it  might  be  worth  taking  a  moment  now  and  then  to  hear  these 
unsuccessful  Jimmies  talk  about  their  wrong  answers,  on  the  chance 
that  from  their  talk  she  might  learn  something  about  their  thinking 
and  what  was  making  the  answers  eome  out  wrong.  What  makes  every- 
one call  her  such  a  good  teacher?  I  suppose  it  is  the  ability  to  manage 
ehildren  effortlessly,  which  she  does.  And  for  all  I  know,  even  the 
Jimmies  may  think  she  is  a  good  teacher;  it  would  never  occur  to  them 
that  It  was  this  nice  lady's  fault  that  they  couldn't  understand  arith- 
metic; no,  it  must  be  their  own  fault,  for  being  so  stupid.  [52,  nn 
14W2]  L    ,  1 1 . 
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Just  as  the  hcadinii^trcss  in  this  school  docs,  too  many  administrators 
equate  the  "ability  to  manage  children  cfTortlessly"  with  i^ood  teach- 
ing. In  fact,  an  orderly  classroom  structure  and  sensitivity  to  all 
learners  are  often  thought  to  he  incompatibk-. 

The  experience  of  a  first-grade  teacher  is  pertinent  as  an  example. 
She  had  been  teaching  for  only  two  years  when  she  participated  in 
a  summer  institute  for  teachers  of  disadvantaged  youth.  The  as- 
signed reading  of  Sylvia  Ashton-Warner's  Teacher  made  a  great 
impact  on  her.  The  following  September  she  asked  for  the  first 
graders  who  had  not  passed  their  "readiness"  tests.  She  let  the  chil- 
dren select  the  words  they  wanted  to  learn  to  read  and  wrote  them 
on  large  cards,  one  word  to  a  card.  The  children  .studied  the  words, 
traced  them  with  theiv  fingers  and  pencils,  and  carried  them  around 
with  them  a.s  "their"  words.  Arithmetic  activities  with  attribute 
blocks  and  Cuisenaire  rods  weic  supplemented  by  trips  to  a  sandpile 
at  a  nearby  construction  site.  Filling  cartons  with  sand  and  dis- 
cussing the  number  o^  snialler  cartons  required  to  fill  larger  cartons 
provided  experiences  in  counting,  in  studying  relationships,  and  in 
developing  conservation  concepts.  When  maintenance  men  came  dur- 
ing class  to  replace  one  of  the  overhead  neon  tubes,  .she  joined  the 
children  as  an  interested  spectator.  In  the  ensuing  discussion  she 
discovered  that  for  these  children  the  word  light  meant  an  electric 
light  bulb  hanging  from  the  middle  of  a  ceilmg.  Accordingly,  with 
the  help  of  the  repairmen,  she  turned  wdiat  in  many  classrooms  might 
have  been  an  unw^elcome  interruption  into  an  exciting  and  informa- 
tive science  lesson. 

This  first-grade  teacher  was  se^mtive  to  the  learners  in  her  room, 
seeking  cues  from  them  and  adapting  the  instruction  to  them.  Hcm* 
established  limits  for  a  consistent  orderly  structure  in  the  classroom 
were,  how^ever,  broader  than  those  approved  by  her  supervisor.  Her 
newly  developed  sensitivity  to  learners,  expressed  in  her  evaluation 
of  the  summer  institute— "I  see  now  that  the  school  must  get  ready 
for  children  instead  of  expecting  them  to  he  ready  for  school"— 
was  not  highly  valued.  She  was  transferred  to  another  school;  at 
the  end  of  the  school  year  .she  resigned  from  the  public  school  system. 

There  is  a  need  to  rethink  what  is  meant  by  order  in  the  classroom, 
by  teacher  strength.  To  exercise  authority  need  not  mean  to  ignore 
the  need  and  the  right  of  children  to  be  respected  as  worthy  individuals. 
To  have  his  feelings,  attitudes,  and  talents  treated  as  worthy  of  his 
teacher's  attention  is  among  the  more  important  classroom  conditions 
for  every  learner,  especially  the  low-achieving  youngster,  no  matter 
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what  hi:?  ago  or  what  the  socioeconomic  stati't?  of  hib  parent,^  may  be. 

Consider  the  case  of  Mike,  a  tenth  grarjer.  His  junior  hi^h  school 
teachers  generally  agreed  that  the  boy  was  an  underachiever,  that  he 
had  the  intelligence  to  make  better  grades  than  the  Cs  and  Ds  on  his 
report  cards  but  he  was  lazy  and  lacked  motivation.  At  the  beginning 
of  the  tenth  grade,  owing  to  scheduling  difficulties,  he  was  placed  in  a 
geometry  honors  class  where  the  teacher  listened  when  Mike  said, 
•'But  I  think  this  tlieorem  could  be  proved  another  way,"  Sensitive  to 
Mike's  iniagin<\tive  but  nonconformist  approach  to  learning,  the 
teacher  encouraged  him  to  write  '^original"  proofs— that  is,  proofs 
different  from  the  ones  suggested  in  the  textbook. 

He  became  an  A  student  in  geometry  and,  with  his  self-image  as  a 
learner  of  worth  somewhat  restored,  he  began  to  spend  more  time  on 
other  subjects.  However,  his  "original"  papers  in  English  and  history 
were  returned  to  him  marked /C  (that  is,  a  grade  of  "A"  revised  to 
^'C").  The  explanations  for  the  revised  grades  usually  went  something 
like  this:  "Your  papers  are  iinaginative  and  exciting  to  read,  but  you 
must  master  the  mechanics  of  spelling  and  punctuation."  That  was 
the  only  school  year  of  his  cxpericn'^c  in  which  :Mike  almost  fulfilled 
his  human  potential. 

The  study  of  classroom  management  strategies  has,  in  general, 
been  only  a  peripheral  concern  of  the  curriculum  reforms  and  in- 
service  teacher-training  programs  in  mathematics  of  the  past  two 
decades.  There  have  occurred  major  improvements  in  the  mathe- 
matics curriculum,  in  upgrading  teacher  knowledge  in  mathematics, 
and  in  innovative  classroom  methods  that  engage  the  learner  in 
active  participation  in  the  learning  process.  However,  the  benefits 
of  reforms  and  innovations  have  accrued  largely  to  the  bright,  college- 
bound  students.  The  majority  of  students  have  been  less  affected  by 
the  improved  curricula.  To  serve  these  children— the  slow  learners, 
the  disadvantaged,  the  underachievers — is  the  concern  and  purpose 
of  the  several  in-service  training  programs  described  below. 

Some  In-Service  Training  Programs  for 
Teachers  of  Slow  Learners 

A  program  series  of  three  summer  institutes  and  an  academic-year 
degree  program  directed  by  the  writer  and  designed  for  mathematics 
teachers  (and  supervisors)  of  disadvantaged  youth  in  grades  K-8 
is  discussed  in  soine  detail.  Two  other  in-service  programs  are  more 
briefly  described,  with  attention  focused  on  unique  or  unusual  features. 
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Programs  for  teachers  of  mathematics^  grades  K-S,  Emory  Universify 

The  first  institute,  in  1966,  ineluded  three  major  components:  a 
teacher-training  mathematics  laboratory,  a  teaching  practieum  in  an 
elementary  school  serving  an  urban  community,  and  a  seminar  with 
field  experiences  in  the  sociology  of  poverty  and  minority  groups. 
Succeeding  summer  institutes  added  seminars  in  the  problems  of 
teaching  mathematics  to  slow  learners,  in  iniergroup  relations,  and 
in  language  development. 

The  preliminary  report  of  the  Conference  on  the  Low  Achiever 
in  Mathematics,  a  conference  sponsored  by  the  U.S.  Office  of  Educa- 
tion and  the  National  Council  of  Teachers  of  Mathematics  in  jNIarch 
1964,  ineluded  this  statement: 

Evidence  from  research  in  psyclio-pedagogies  clearly  indicates  that 
active  experimentation  in  which  the  child  handles  concrete  objects  and 
observes  what  happens  precedes  the  formal  operation  stage  in  learning 
mathematical  ideas.  For  slum  children  who  come  to  school  with  a 
paucity  of  experience  with  manipulation  of  objects,  the  elementar>' 
teacher  must  provide  the  first  selected  planned  environment  in  which 
ao(ive  sensory  experiences  can  take  place.  Only  after  the  codification 
of  experiences  can  the  real  search  for  structure  begin.  [lOS,  p.  13] 

The  ability  of  elementary  school  teachers  to  provide  selected 
sensory  experiences  conducive  to  the  evolution  of  mathematical  ideas 
is  dependent  on  a  knowledge  of  mathematics  and  a  knowledge  of 
how  children  learn  mathematics.  On  the  twofold  assumption  that 
an  aduH  may  also  learn  from  active  experimentation  in  which  he 
handles  concrete  embodiments  of  mathematical  principles  and  struc- 
tures and  observes  what  happens  and  that  a  teacher  is  more  likely 
to  teach  as  he  has  been  taught,  each  institute  was  designed  around 
a  teacher-training  mathematics  laboratory.  Other  planned  experi- 
ences were  incorporated  into  the  program  in  order  to  develoi)— 

1.  teacher  knowledge  of  the  mathematical  principles  fundamental 
to  arithmetic  and  understanding  of  the  psychological  aspects 
of  mathematics  learning; 

2.  teacher  competency  in  classroom  use  of  concrete  materials 
embodying  mathematical  principles  and  structures; 

3.  teacher  awareness  of  the  importance  of  viewing  the  child  as 
a  person  of  worth  and  a  responsible  learning  agent; 

4.  teacher  sensitivity  and  a  flexible  willingness  to  adapt  instruc- 
tion to  the  experiential  needs  of  disadvantaged  youth. 
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Tliirty  to  forty  participants  wcro  selected  each  .suininer  from  among 
experienced  teachers  and  supervisors  of  mathematics  in  inner-city 
elementary  schools.  Reconnnondations  of  school  administrators  were 
major  factor.?  in  the  selection  procedure.  The  institute  staff  included 
university  instructors  in  the  disparate  disciplines  of  mathematics, 
sociology,  educational  p.^ychology,  and  reading  and  lan^  laf.e  develop- 
ment. Psychiatrists  and  experienced  elementary  school  teachers  were 
also  on  the  staff  during  the  last  two  sununers.  In  an  effort  to  combat 
the  fragmentation  of  the  usual  teacher-education  programs,  the  staff 
met  often  in  formal  planning  sessions  and  informally  with  participants 
during  their  free  time.  Interdisciplinary  interest  and  connnunication 
became  increasingly  greater  .^o  that  a  remarkable  synthesis  of  the 
various  components  was  achieved  during  the  third  summer. 

Participants  wore  encouraged,  in  large  measure,  to  direct  their  own 
learning.  There  were  no  assigned  term  papers,  research  papers,  or 
curriculum  units  to  be  written,  and  no  examinations.  Grades  of  B 
were  awarded  for  satisfactory  completion  of  the  program.  A  variety 
of  materials  and  books  were  available  in  laboratory,  reading,  and 
study  rooms — rooms  set  aside  for  the  participants'  exclusive  use. 
These  rooms  were  open  during  the  participants'  free  time,  and  ma- 
terials could  be  checked  out. 

The  teacher-lrammg  mathematics  laboratory.  In  the  mathematics 
laboratory  each  participant  was  encouraged  to  work  at  his  own  pace, 
using  task  cards  involving  manipulative  materials,  related  texts,  and 
optional  sets  of  supplementary  materials,  llie  "math  lab"  supervisor 
and  assistants  gradually  assumed  the  roles  of  supportive  consultants 
as  the  participants  pursued  their  individual  interests. 

A  brief  description  of  the  materials  used  somewhat  systematically 
in  the  teach.-r-training  laboratory  and  the  rationale  for  their  use 
follow.  The  Oi-ler  in  which  the  materials  were  introduced  is  indicated. 
Commercial  sources,  guides,  and  textbook.*;  are  included  in  the  ref- 
erences at  the  end  of  this  chapter. 

1.  Attribute  blocks  (A-blocks) 

The  universal  set  consists  of  forty-eight  wooden  blocks,  eaeh  of 
winch  is  a  unique  combination  of  one  of  four  shapes,  three  colors,  two 
sizes,  and  two  thicknesses  They  provide  experiences  in  learning  to 
classify,  to  discriminate,  and  to  abstract— 

a)  concepts  of  properties  of  objects; 

b)  concepts  of  properties  of  sets  of  objects,  eg.,  number: 

c)  concepts  of  logical  relations  between  objects  and  between  sets; 
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d)  coiKcpts  of  operations  on  sets; 

e)  relaiod  concepts  of  relations  and  of  operations  on  numbers. 

2.  Dienes  Multibase  Arithmetic  Blocks  (MABs) 

These  consist  of  sets  of  wooden  blocks  whose  volumes  increase 
geometrically  aceording  to  some  specific  base  number;  the  blocks  are 
thus  a  physieal  embodiment  of  base  systems  of  mnntrical  representation. 
For  instance,  let  a  1-by-l-by-l  em  cube  represent  n  xinit.  The  next 
larger  piece  in  a  'lia^e  6"  set  of  blocks  would  be  a  W)y-l-by-l  cm 
rectangular  prism  called  a  long;  a  6-by-6-by-l  em  prism  is  ealled  a 
flat;  and  the  6-by-6-by-6  cm  prism  is  called  a  block.  The  attention 
of  ehildren  working  with  the  materials,  exchanging  b  nniti  for  1  long, 
or  b  longs  for  1  flat  or  1  block  for  b  flats.  \<  directed  to  the  structure 
of  computational  techniques  of  "earryiiig"  and  "borrowing,"  or  re- 
grouping. 

3.  Cidscnaire  rods 

These  are  pieees  of  wood  having  a  eross  section  of  1  cm  by  1  cm 
and  varying  in  length  from  1  to  10  centimeters,  in  inerements  of  1 
centimeter.  To  each  length  there  correspona>  a  specific  eolor;  the  1-cm 
rods  are  painted  white,  the  2-cni  rods  are  red,  the  3-ciii  rods  are  light 
green,  and  so  on.  The  Cuiscnaire  rods  provide  learning  experiences  for 
a  large  number  of  mathematical  notions,  inehiding  the  basic  aritli- 
metieal  operations,  rational  numbers,  bases,  and  volume. 

4.  Geoboards 

Geoboards,  typically,  are  square-shaped  pieces  of  wood  measuring 
10  inches  on  a  side,  with  a  5-by-5  array  of  nails,  2  inches  apart,  that 
is  a  physical  model  of  a  set  of  points.  A  rubber  band  stretehed  around 
two  points  is  a  model  of  a  straight  line  segment;  a  rubber  band 
stretched  around  three  noncollinear  points  represents  a  triniigle;  and 
so  on.  The  study  of  polygons  and  measures  of  polygons  is  based  on 
manipulation  of  the  rubber  bands  around  sets  of  nails  and  observations 
of  the  physical  models  of  segments  and  interior  regions  of  the  polygons. 

5.  "Red  and  green  pieces'' 

These  consist  of  small  pieces  of  n-ood,  red  or  green,  and  triangular, 
diamond-shaped,  or  square.  Depending  on  liow  piles  of  pieces  are 
"named"  or  how  equivalence  relations  are  defined  among  "piles,"  the.se 
materials  can  be  used  to  embody  the  ideas  of  the  natural  numbers, 
the  integers,  one-  and  two-dimensional  vectors,  and  matrices.  It  was 
amazing  to  see  how  far  the  participants  and  their  students  were  able 
to  progress  into  "abstract  mathematics"— from  the  integers  to  niatrix 
algebra  and  group  structures— u<ing  these  very  simple  materials. 

6.  Cardboard  or  wooden  representations  of  sqiinre,  rectangular,  or  tri- 
angular regions 
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Tliose  reproseiitatioiis  were  used  in  tlie  study  of  transformational 
geometry.  Translations,  reflections,  and  rotations  were  oini)loyed  to 
examine  ])roi)ertios  of  geometrical  figures  and  group  structures  generated 
by  certain  transformations.  Children,  in  particular,  found  the  "flipper" 
games  among  the  most  exciting  activities  presented  during  the  summer. 

7.  Calculators  and  hand-operated  adding  machines 

These  pieces  of  equipment  were  available  in  the  math  lab  and  in  the 
practicum.  Their  use  (particularly  with  slow  learners)  seems  to  hold 
much  promise  for  improving  computational  skills,  for  individualizing 
instruction,  for  motivational  purposes,  and  for  the  development  of 
marketable  skills.  A  unit  on  flow  charts  was  introduced  in  connection 
with  the  use  of  mechanical  computing  drvices. 

8.  Other  materials  available 

Dienes's  Algebraical  Experience  Materials,  Stern's  Structural  Arith- 
metic Blocks,  filmstrips,  programmed  units,  Madison  Project  Shoebox 
Labs,  Mirror  Cards,  measuring  tapes,  stopwatches,  abaci,  and  ether 
mathematical  aicis  were  also  available  to  the  participants  for  indi- 
vidual or  small-group  explorations. 

Many  of  tlic  materials  were  homemade,  either  by  the  i)articii)ants 
and  staff  or  by  the  University  shop.  Activities  paralleled,  as  nearly 
as  possible,  those  of  an  elementary  or  junior  high  school  math  lab. 

The  major  problem  in  the  laboratory  occurred  Muring  the  first 
summer  There  was  one  sui)ervisor  foi'  thirty  particijiants.  Directed 
activities  in  which  all  i)articii)ants  wore  involved  worked  well.  How- 
ever, as  the  supervisor  diminished  his  direction  of  the  total  group 
and  encouraged  particii)ants  to  assume  airection  and  resi)onsibility 
for  their  own  learning,  activity  slowed  down  and  some  j^articipants 
protested.  Experienced  teachers  are,  in  general,  accustomed  to  being 
passive  learners  in  a  classroom  setting.  Old  habits  and  attitudes 
about  learning  are  hard  to  change.  An  active,  hands-on  ai)proach, 
in  which  they  folLw  directions  on  task  cards  for  manijnilating  con- 
crete materials,  then  recoi-d  data  and  dr;^Av  generalizations,  is  not 
in  their  repertoire  of  experiences  or  exi)ectations  in  advanced  study. 

In  subsequent  i)rogranis  alu  i  of  former  institutes  joined  the 
staff  as  laboratory  assistants,  one  assistant  for  each  group  of  ten 
participants.  As  instruction  became  more  individualized,  the  teacher- 
participants  did  learn  to  direct  much  of  their  own  learning.  The 
length  of  time  necessary  for  immersion  in  the  hands-OM  api)roach, 
before  the  learner  became  self-directed,  differed  for  individual  teach- 
ers. Initially  most  elementary  school  teachers  needed  more  supi)ort 
and  encouragement  than  was  generally  assumed  necessary  (imlike 
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young  children,  who  arc  not  inhibited).  As  they  worked  together 
in  groups  of  two,  three,  oj  '''ir,  they  learned  firsthand  the  role  that 
social  exchange  of  ideas,  .stions,  and  eonjoctures  ean  have  in 
learning  mathematics.  The  existence  of  different  learning  styles  be- 
came increasingly  evident  to  them,  and  the  right  of  the  learner  to 
options  in  the  problem-solving  process  became  increasingly  important. 

The  practicmi  for  experiericed  teachers.  The  primary  purpose  of  the 
practicum  was  that  teachers  should  learn  how  children  learn  through 
observing  both  verbal  and  nonverbal  behaviors  that  indicate  learning 
and,  also,  how  to  modify  teaching  behaviors  in  order  to  modify 
learning  behaviors.  The  number  of  students  assigned  to  each  par- 
ticipant varied  from  not  more  than  two  to  as  many  as  eight.  Super- 
visors observed  that,  in  general,  a  teacher  learned  to  interact  with 
students  on  an  individual  basis  when  there  were  only  one  or  two 
students.  When  there  were  three  or  more,  learning  ceased  to  be  a 
joint  venture  and  became  teacher-directed.  There  were  no  specified 
topics  to  teach  and  no  measures  taken  of  children's  learning.  In 
general,  the  teachers  chose  to  use  materials  with  which  they  were 
working  in  the  mathematics  laboratory. 

Each  summer,  principals  of  local  inner-city  schools  recruited  fifty 
or  so  students  from  grades  2-7  and  assigned  classroom  space  for  the 
participants  and  their  students  to  work  together  in  small  groups. 
School  records,  including  reading  and  arithmetic  achievement  .scores, 
were  available  to  the  teachers  only  at  the  discretion  of  the  supervisory 
staff.  The  first  day  with  only  one  or  two  children  was  somewhat 
traumatic  for  many  cxperionced  teachers.  To  sit  across  the  table 
from  a  child  in  order  to  learn  from  that  child  something  about  how 
learning  occurs  is  quite  different  from  standing  in  front  of  a  class 
of  thirty  children  on  the  first  day  of  school  with  permanent  record 
folders,  lesson  plans,  and  textbooks  and  with  expectations  for  the 
year  pretty  well  fixed.  For  many  teachers  it  was  a  first  experience 
at  being  totally  dependent  on  the  learner  for  cues,  for  direction  in 
the  teaching  act. 

Among  the  su])ervisors  were  instructors  in  mathematics,  instruc- 
tors in  educational  jisychology,  and  experienced  elementary  school 
teachers.  The  most  effective  supervision  was  provided  by  the  edu- 
cational psychologist,  who,  not  a  mathematics  educator,  could  ask 
*'Wliy  arc  you  doing  that?''  without  threatening  the  teacher,  who 
was  himself  trying  to  learn  some  mathematics.  However,  the  question 
forced  the  teacher  to  clarify  his  understanding  of  the  mathematics 
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principle  embodied  in  the  materials  and  to  identify  and  evaluate 
the  verbal  and  nonverbal  learning  behaviors  of  the  children  with 
whom  he  was  working.  The  experienced  elementary  school  teachers, 
former  institute  participants,  were  also  more  effective  supervisors 
than  were  the  college  instructors  in  mathematics. 

In  the  practicum,  teachers  learned  to  talk  less,  to  ask  open-ended 
questions,  to  wait  for  children  to  think  through  a  problem,  to  let 
the  children  verify  for  themselves  the  conjectures  they  made,  to 
listen,  and  to  interpret  nonverbal  cues  with  greater  understanding. 
They  found  out  that  what  appears  to  be  lack  of  interest  may  be 
a  protective  cover-up  for  a  feeling  of  shame  or  stupidity.  Prior  con- 
victions about  the  hostility  or  indifference  of  disadvantaged  children 
were  dispelled  as  the  teachers  discovered  that  children  who  experi- 
ence a  measure  of  success  can  become  enthusiastic  learners.  The 
teachers  discovered  that  dif^advantaged  chiMi  jn  can  learn  mathematics 
ana  can  become  absorbed  in  problem  solving. 

Teachers  evaluated  the  practicum  and  the  mathematics  laboratory 
as  the  most  significant  of  the  institute's  learning  experiences.  The 
academic-year  program  was  an  expanded  form  of  the  institute  pro- 
gram, with  the  mathematics  laboratory  as  an  adjunct  to  each  of  five 
formal  courses  in  mathematics.  Within  the  framework  of  graduate- 
degree  requirements,  the  practicum  replaced  the  usual  research 
project  and  was  scheduled  in  cooperation  with  three  local  elementaiy 
schools.  The  fifteen  teachers  (full-time  graduate  students)  worked 
in  teams  of  five,  each  team  spending  one  day  per  week  for  a  period 
of  six  months  in  the  assigned  schools. 

In  general,  the  teachers  defined  their  own  roles  in  the  schools — 
as  resource  teachers  in  mathematics,  as  math-lab  directors,  as  as- 
sistant teachers,  as  remedial  teachers,  or  as  instructors  of  in-service 
workshops.  Each  teacher  exper  mentally  tried  many  roles.  Instru- 
ments for  supervision  were  ob.?ervations  by  staff  and  principals, 
weekly  logs  by  team  leaders,  and  consultations.  As  in  the  short-term 
institutes,  teachers  in  this  program  thought  the  practicum  to  be 
the  most  meaningful  experience.  Their  usual,  somewhat  prescribed 
classroom  roles  were  denied  them.  The  result  was  a  freedom  to 
experiment  with  various  teaching  behaviors,  to  develop  curriculum, 
and  to  assess  their  behaviors  in  terms  of  learners'  behaviors. 

The  practicum  must  also  be  assessed  in  terms  of  other  program 
components.  Lectures,  readings,  and  seminars  provided  an  academic 
knowledge  not  only  of  mathematics  and  learning  theories  but  of  the 
sociology  and  language  patterns  of  poverty  and  minority  groups. 
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The  practicuin  was  the  haboratory  for  applying  and  evahiating 
acadeniic  learning;  and  whatever  else  it  provided,  it  gave  each  teacher 
an  exi)erience  in  sensitivity  to  the  learner. 


Tr\ining  Lad:  Study  of  Transformational  GEOMETR'i  and  Group  Structure 

THUOUGII  MaNH'UL^TION  OF  MODELS 


Traimno  L\b:  Study  of  Logical  Oper.\tions  tuiiouoh  Manipulxtion  of  Skts 

OK  A-H1.OCK8 


TituNiKG  Lab:  Tub  Human  Computer 


TKArinN<;  Piucticitm  :  Vknn  Dmckam  in  Wood  and  Coat-hancku  Wihk 


Ti-;\cniNO  PiacTifirM :  Joint  Vkntuhk  in  Multiplication  with  Culsknaikk  Rod.s 


'lYvCHINC  PuACTICfM  :  PoLYGONs  IN  NaIL.S  AND  Hun»K!t  HxNDf,  (Oko»OAIU>s) 


TK\<:niN<;  Pinciici'M:  Tiiansfoum \TiONAi.  Gkomkthy — ^thk  **Fi.n»rKK"  G\mi 
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Trainmi  in  sensitivity.  After  tlio  fnv4  Mimnicr,  tlioro  were  struc- 
.tured  training  experience^  in  >ensitivity.  The  weekly  institute  semi- 
nars on  intcrgrouj)  relations  were  restricted  to  not  more  than  ten 
teachers  in  each  group  and  were  directed  hy  a  psychiatrist.  During 
the  third  .summer  in.stitute,  participants  shared  a  re(iuired  dormitory 
'')ivc-in"  experience  of  two  weeks'  duration  at  the  beginning  of  the 
term.  No  family  members  or  other  observers  were  allowed.  During 
the  academic-year  program,  a  two-day  encounter  group  was  sched- 
uled, as  was  a  two-day  work>hop  in  behavior  modification.  The 
reactions  of  teachers  to  these  experiences  were  mixed—from  (piite 
positive  (the  majority)  lo  slightly  negative. 

According  to  Fantini  and  Weinstein,  .-trength  and  HMisitivity.  as 
cliaracteristics  of  the  teaching  act,  consi.st  of  interactions  with  the 
learner  in  a  variety  of  ways  and,  as  Mich,  are  behavioivs.  One  learns 
teaching  behaviors,  not  through  rj?ading  about  the  teaching  act.  but 
through  /)(?/irt?;/«f/— through  experimenting  with  a  range  of  possible 
behaviors  and  a.-^.-^e.-^sing  the  effcctivenos  of  different  teaching  be- 
haviors, according  to  certain  purposes  and  certain  learners.  (38,  pp. 
330-31.1  Structured  training  experiences  in  sensitivity  to  learner.^ 
also  included  videotaping  and  role  playing  as  described  below. 

Vidcotapimi  vith  experienced  teachers.  During  the  third  >ummcr 
institute,  a  research  investigation  in  the  ''development  and  .standard- 
ization of  an  instrument  for  a>sessing  videotaped  data  of  teacher 
management  in  the  elementary  classroom*'  (96,  p.  1)  made  extensive 
use  of  the  practicum.  Each  of  the  forty  participants  was  videotaped 
in  four  ten-minute  segments,  with  the  four  recorded  segments  oc- 
curring at  intervals  of  approximately  one  week.  After  being  taped, 
each  teacher  met  with  his  supervisor  to  view  his  tape  and  di.^cuss 
bis  behavior  in  terms  of  a  management  code.  Thus  the  code  served 
as  a  l)asie  instrument  of  supervision  throughout  the  practicum. 

Tlic  Process  Code  is  the  core  of  the  instruniciit.  It  i.s  dcsijrncd  to 
])ermit  the  dc^-cripfimi  of  teacher  behavior  in  the  service  of  tnuhtional 
K'arning  theory  elements.  Attention  gcttinjr.  >etting  up  for  student 
response,  taking'  feedback  from  the  .students,  ;mv^  reinforcement  of  the 
students  are  behaviors  coded  here.  Pilot  research  indicates  that  these 
elements  occur  throuKhont  the  tcnclier-studcnt  interaction  and  can  be 
coded  at  rcjrular  intervals  with  a  hijrli  degree  of  inter-coder  reliability  (in 
excess  of  .00). 

The  Event  Code  i.->  an  amplification  of  the  Process  Code  in  an  effort 
(0  describe  the  mannjrcrial  behavior  of  the  teacher  in  n  more  c])isodic 
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way.  The  pilot  research  indicates  that  every  teacher  has  a  higlily 
stable  style  which  can  ho  punctuated  by  any  number  of  measurable 
incidents  of  more  or  loss  regularity  whicii  contribute  to  a  description 
of  teacher  management.  The  teacher  herself  may  initiate  interactions 
with  the  students  which  demonstrate  unusual  awareness  of  the  student, 
or  lack  of  it  (Teacher  With-it-ness).  Again,  the  teacher  may  pennit 
the  flow  of  classroom  activity  to  modifv  (Wandering).  Finally,  there 
may  arise  incidents  beyond  the  cont  .t  of  the  teacher  to  which  she 
must  respond  in  order  to  maintain  aiianagemciit  of  her  class  (Disruptive 
Outbursts). 

The  scope  of  the  code  is  limited  to  the  description  of  those  inter- 
actions with  the  student,  of  which  the  teacher  becomes  a  part,  in  her 
role  as  the  adult  who  is  responsible  for  the  creation  and  maintenance 
of  a  teaching-learning  situation.  [96,  p.  1] 

In  addition  to  using  the  code  to  assise  each  teacher  in  assessing 
his  teaching  style  and  the  behaviors  that  characterize  him  in  a 
uniquely  personal  way,  the  participants  and  .supervisory  staff  used 
the  tapes  to  explore  teaching  strategics  in  terms  of  specific  instruc- 
tional objectives  and  learner  needs  or  problems. 

It  is  well  to  note  that  the  reaction  of  experienced  teachers  to 
viewing  themselves  for  the  first  time  is  highly  personal — "I  didn't 
know  those  pants  were  so  baggy."  The  second  time  they  view  them- 
selves, they  are  professionally  hypercritical — relatively  minor  inci- 
dents arc  singled  out  for  attention.  Hov/cver,  in  the  third  viewing 
they  can  begin  to  focus  on  the  teaching-learning  environment  as  a 
whole  and  can  vie\v  themselves  somewhat  objectively.  For  many 
teachers  the  major  observable  change  attributable  to  viewing  them- 
selves was  a  reduction  in  their  talking  behavior  and  an  increase  in 
their  listening  and  attending  behavior. 

Role  playing  for  experienced  teachers.  In  the  academic-year  pro- 
gram, the  role-playing  deviee  was  employed.  A  start  was  made  with 
a  list  entitled  "Behavioral  Objeetives  for  Elementary  Mathematics 
Education,"  from  Improving  Mathematics  Education  for  Elementary 
School  Teachers,  the  report  of  a  1967  conference  sponsored  by  the 
National  Science  Foundation  and  the  Science  and  Mathematics 
Teaching  Center  of  Michigan  State  University  (55,  pp.  14-16). 

From  the  ihirfcy-seven  objeetives  listed,  twenty  were  selected  as 
teaching  behaviors  with  which  to  experiment.  Five  of  these  were  as- 
signed to  all  the  teachers,  and  the  remaining  ones  were  assigned  in- 
dividually. Each  person  had  to  play  the  role  of  a  teaeher  while  other 
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incnil)cr.s  of  the  seminar  played  the  roley  of  students.  The  one  in  the 
teaching  role  was  told  what  grade  he  was  teaching  (or  was  given  a 
description  of  a  particular  classroom  situation)  and  was  assigned  a 
concept  to  teach.  He  was  charged  with  exhibiting  the  behavior  specified 
in  the  objective. 

For  instance,  one  of  the  objectives  in  the  list  is  ''Given  an  ob- 
jective, outline  an  inductive  sequence  of  experiences  to  carry  out  the 
objective."  One  teacher  assigned  the  role  of  exhibiting  this  particular 
behavior  was  told  that  he  was  teaching  an  average  seventh-grade 
class  and  that  he  was  to  guide  the  class  in  discovering  the  generaliza- 
tion "If  a  and  h  are  two  natural  numbers  and  a  >  then  (a  —  b) 
(a  4-  6)  =  a-  -  6-V' 

The  assignment  proved  to  be  a  difficult  one;  the  teacher  had 
majored  in  mathematics  as  an  undergraduate  and  found  it  difficult 
to  start  at  the  low  level  of  skill  mastery  on  which  the  others,  now 
in  the  role  of  average  seventh  graders,  insisted  that  he  must.  Of 
several  different  sequences  of  experiences  that  he  might  have  pro- 
vided, the  following  sequence  is  one: 

Teacher:  Let's  find  the  products  of  the  foilowing  pairs  of  numbers.  As 
you  compute  the  products,  search  for  patterns  relating  the  sequence  of 
products  to  the  sequence  of  factor  pairs. 


13  X  13  = 
12  X  14  = 
11  X  15  = 
10  X  16  = 
9  X  17  = 


1  X  25  = 
0  X  26  = 


The  computation  of  products  resuhs  in  this  sequence: 


13  X  13 
12  X  14 
11  X  15 
10  X  16 
9  X  17 


169 
168 
165 
160 
153 


1  X  25 
0  X  26 


25 
0 
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The  <oarcli  for  patterns  Ix'fjin^.  Learners  easily  spot  the  pattern  on  tlie  left 
^idc:  The  rir>t  factor  in  each  sentence  is  one  les*^  and  the  second  factor  is 
one  more  than  are  the  first  and  second  factors,  respectively,  hi  tlie  preceding 
>ente]iee.  They  aho  discover  the  pattern  of  decrease  m  nlagnitnde^  of  tlie 
products.  When  asked.  '  What  eUe  can  you  say  about  \h\<  sequence'^"  some 
learners  may  begin  to  relate  i;3  x  13  to,  say,  0  x  17  and  write: 

9  X  17  =  (13  -  4)  X  (13  +  4) 

Then 

10  X  10  =  (13  -  3)  X  (13  +  3) 

and 

1  X  25  =  (13  -  12)  X  (13  +  12) 

The  decrease  in  magnitude  from  13  x  13  to  9  x  17  is  10.  The  decrease 
in  magnitude  from  13  X  13  to  10  x  IG  is  9.  The  ^eq^lence  then  looks  like 
this: 

13  X  13  =  169 

12  X  14  =  16S 

II  X  15  =  165 
(13  -  3)  X  (13  +  3)  =  10  X  16  =  160  =  169  -  9 
(13  -  4)  X  (13  +  4)  =    9  X  17  =  153  =  109  -  10 

(13  -  12)  X  (13  +  12)  =    1  X  25  =    25  =  169  -  144 

0  X  20  =  0 

Cues  from  the  learners  should  determine  the  further  search  for  patterns. 
Tile  teacher  could  ask.  "What  can  you  say  about  the  number-^  109,  9,  16, 
144,  .  .  .  ?'*  It  ma>'  be  necessary  to  leave  this  particular  sequence  and 
beghi  a  new  one.  (Children  do  not  recognize  this  kiml  of  activity  as  drill!) 
Try  the  following: 

16  X  16  = 
15  X  17  = 
14  X  18  = 
13  X  19  = 
12  X  20  = 


1  X  31  = 
0  X  32  = 

Assuming  that  the  students  ha\e  been  writing  "frame"  sentences,  the 
teacher  will  leave  it  to  tne  student>  to  discover 
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(□  -  A)  X  (□  +  A)  =       -  A'. 

The  enipli.'i'^is  is  on  U"=ing  cues  that  the  loaniors  i)rovi(Io  and  ach^ptinjj  the 
<jive-aii(l-take  of  in>t ruction  to  t!ie  loarner^ 

Anotlior  l)oliavioral  objoctivo  in  tlio  list  i>  'Tlivcn  a  variety  of 
IMipil  contributions,  react  positively  to  all  of  tlioni."  All  the  teachers 
w'VYQ  r(^>pon>ible  for  exhibiting  po>itive  reactions  in  the  following 
situation: 

A.^snme  that  you  a-  the  teaclier  have  asked  five  second-grade  ^tudent^^ 
to  write  on  the  chalkboard  "the  sum  of  two  four-;/'  Here  are  the  written 
re.-pon5-e.>: 

24 

2+4=6 
4  +  4 
44 

f +f  =  8 

A(hnittedly,  the  set  of  responses  is  contrived  to  eheit  judgments  of  ''wrong" 
from  teacher<  However,  if  a  po-itive  ro.-pon-e  to  student  work  i-?  desirable 
teaching  behavior — that  is,  if  teacher  responses  or  judgments  are  to  be 
"kindly"  or  .^how  respect  for  tho  child  as  a  worthy  learning  agent — then 
re^pon^e  behaviors  need  to  be  assct-ed  and  positive  behaviors  practiced. 

No  consensus  was  readied  as  to  what  kinds  of  teacher  responses 
constituted  positive  re^ponses  to  these  ''answers.''  For  example,  the 
teacher^  argued  al)Out  the  degree  of  posit ivity  in  the  response  ^'Ap- 
parently you  didn't  understand  what  I  said."  Some  of  the  teachers 
rated  the  statement  negative  in  that  the  student  was  being  blamed 
for  not  understanding  the  teacher.  One  teacher  i)roteste(l  that  it  was 
the  only  positive  rospon>c  she  could  make.  The  seminar  memi)ers 
were  also  divided  on  the  res])onse  to  the  sentence -j^  4-  "{^  =  8.  Pome 
teachers  responded,  "Good.  You  are  right ;  the  sum  of  two  fours  is 
eight."  Others  insisted  that  the  student  was  not  right. 

Cunindum  development  and  (tdaptation.  It  wji?  not  the  purpose 
of  tluM'  programs  to  i)roduce  curriculum  units,  although  tenchers 
did  plan  and  write  many  such  units  for  their  own  use.  Sharing  ideas, 
creating  homemade  models  and  games,  and  writing  task  cards  were 
optional  and  free-time  activities.  ''Shoelm  math  lai)s"  were  created 
i)y  the  aeadeniie-year  ^^tudents  as  part  of  their  mathematics-labora- 
tory experiences. 
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The  main  tln-u>t  of  tlic  ])ro<!;rain>  \va>  tlie  iiiodificatioii  of  toaclK't 
attitude.^  and  l)cliavior.<  for  tin*  lonjj;-rango  i)urj)Os('  of  modifying!;  the 
l)cliaviors  of  rliildrcn  who  liave  j^ciioraliy  hvou  unsucc(^•-^flll  in  niatho- 
nuitics.  A  nunil)er  of  connncrcial  and  oxpcriniontai  unit.<  were  avail- 
al)lo  for  tcachcr>'  use  in  devcloi)ing  and  adajHing  tlie  curririiluni  in 
tcnn-^*  of  learner^'  individual  needs.  One  of  tlic  four  major  aims  was 
to  i)repare  tlie  tearlior  to  heoonie  a  eurricuiuni  'ioveloi)er  liimself, 
no  lon<!;er  totally  dei)endont  on  the  adopted  textbook  .series?  or  on 
eurrieula  ereated  by  others. 

Robert  B.  Davis  ha>  identified  i)ressuro.s  in  curriculum  develoj)- 
ment  with  whieh  all  elas>rooni  teaeher.s  and  trainer.-^*  of  teachers  of 
mathematies  will  b(*come  inerea.^ingly  mvolved.  *'They  include  a 
technology  which  i.^  becoming  more  com|)iicatcd  more  rai)idly  than 
almost  anyone  seems  to  realize.  .  .  .  They  include  also  the  multiple 
crises  of  our  largc^^t  cities,  in  which  the  future  of  pur  ."-ociety  and  the 
future  of  our  education  are  inextricably  intertwined."  (25,  j).  2.) 

One  bright  i)romi.'-e  from  the  modern  computer  technology  is  a 
structure  for  individualizing  learning.  The  mathematic.s  laboratory 
also  ])rovides  for  individualizati'^n  accordmg  to  learning  needs.  Both 
j?tructures.  according  to  Dtivi.-^*.  are  *'concern(*d  with  methofK*  for  re- 
vising the  curriculum  much  more  often — at  least  as  often  as  once 
a  year,  say — than  was  po.ssible  during  the  tc.xthook-using  i)eriod  of 
American  education  history'*  (25,  p.  11). 

Another  i)re&sure  for  change  in  the  curriculum  is  the  crisis  in  urban 
education.  Fantini  and  Weinstcin  suggest  changes  toward  a  ''relevant" 
curriculum.  Their  test  for  rcvclance  is  "the  corrcs])ondcnce  of  the 
curriculum  to  the  condition  and  pattern  of  exi)crience  of  the  learner." 
•In  ''Toward  a  Relevant  Curriculum"  (38,  chap.  10).  they  identify 
and  discuss  dimensions  for  change  under  the  following  .subheads: 

From  a  Uniform  to  a  Diver^i^le(l  Curriculum 
Krom  a  Syml)()listic  loan  I'ixpeneiitial  Curriculum 
From  Horizontal  to  A'ortical  Skill  Sequences 
From  a  Rcniot*^  to  an  Innncdiatc  Curriculum 
From  a  What  to  a  Why  Curriculum 
From  an  Academic  to  a  Participating  Curriculum 
From  an  Antiseptic  to  a  Hcality-oricnted  Curriculum 
Towara  a  More  AiYcctive  Curriculum 

To  move  toward  a  relevant  curriculum  in  mathematics  along  tlie>c 
dimension>  suggest.^  anew  tliat  each  teacher  must  become  a  cur- 
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riruluin  (lcvclo])cr  for  his  own  .-tudcnts.  Ho  \m\>i  know  not  only 
niathcniatics  hut  al^o  'Hho  condition  and  i)attern  of  oxporicnre  of 
the  learner/'  as  exe!ni)hr!C(l  in  an  incident  rehUed  i)y  Fantini  and 
Wenistein: 

An  eighth-grade  teacher  overheard  hi.^  students  di.^cu^inj^  their 
desire  to  quit  school  in  order  ''to  make  some  ^ood  money."  From 
class  discussions  he  found  that,  to  them,  "good  money"  meant  '*a 
dol!ar-t\\enly  an  hour"  or  ''forty  bucks  a  week."  A  four-week  unit 
evolved  from  the  teacher's  percei)tion  of  his  .students'  interests  and 
needs. 

After  develojMng  a  working  definition  of  good  money — the  amount 
one  needs  foi  tho  basic  neccv>ities  of  food,  shelter,  and  clothing-— 
the  class  consulted  newspai)er  ads  for  the  cost  of  furni>hed  rooms  and 
the  cost  of  food  for  themselves,  visited  a  dei)artnient  store  to  find  out 
other  costs,  and  viewed  a  film  on  how  to  get  the  most  for  or.e's  money. 
"They  worked  out  their  comi)lete  cost>  on  a  yearly,  monthly.  ^^^^1 
weekly  basis.  The  result.^  were  eomi)ared  with  theii  r'lginal  esti- 
mates and  discrei)ancies  were  discu>se(l." 

The  j)rol)lem  then  was  to  find  out  where  they  eould  make  their 
newly  cefined  "good  money."  Cheeking  new.*5pai)er  ads.  the  students 
discovered  that  "almost  without  excei)tion,  the  jobs  required  .-«i)ecial 
training  and  at  least  a  high  school  dii)loma— that  droj^jMug  out  of 
school  is  not  the  first  ^tep  toward  making  good  money,"  (38.  pj) 
405-7.) 

All  dimensions  of  the  authors'  definition  of  a  relevant  curriculum 
are  exemi)lified  in  this  account  of  a  remarkable  teacher.  The  writer, 
however,  que^tion.s  the  imj^lications  of  the  authors  that  in  the  mathe- 
maties  curriculum  for  educationally  disadvantaged  youth  one  .should 
abandon  the  acadcnie,  symbolistic,  and  remote  dimensions  of  the 
curriculum. 

Many  activities  in  an  "experiential"  curriculum  for  younger  chil- 
dren or  underachievers  like  Mike  (the  tenth  grader  mentioned  earlier 
in  this  dir.,  .er)  might  have  little  relationshij)  with  i)ractioal  reality 
for  the  learner.  It  is  al^o  ai)pro])riate  to  have  experiences  with  cul- 
ture-free models  of  mat^iematical  ideas  in  which  the  cultural  "thing- 
ness" of  a  model  does  not  inhibit  the  >tudy  of  classes  of  mathematical 
relations.  Among  experiential  needs  are  the  i)rimary  needs  for  sen- 
sorimotor exi)eriences  and  eonerete-oi)erational  cxi)enences  which 
precede  formal  o])erational  stages  of  learning.  Many  learners  have 
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been  (loprivcd  of  sucli  cxpc^rionoos,  or  tlioy  b.avo  hvvn  doiiiod  enough 
time  for  tiic  intv>rnaliz;\tion  and  codification  of  cxpcrionoos  before 
bein<^  a.-kcd  to  learn  tbe  formal,  .-yniholie  structures  of  inatbeniatics. 
However,  it  docs  not  follow  that  a  ''>yniboli>tic"  curriculum  is  not 
relevant. 

Prol)leni-solvin<?  activities  need  to  be  grounded  not  only  in  tbe 
reality  of  tbe  learner-'  own  cultural  experiences,  a>  recorded  above, 
but  al  so  ill  tbe  reality  of  relatively  culture-free  niodcl>.  botb  concrete 
and  .-ymbolie,  wbicb  tbe  learner  manipulates  in  botb  free  and  directed 
experiments,  ob.-crving  wbat  bappens.  Learning  to  record  data  from 
experiment^  \Mtb  reabty  moves  from  simple  treatment  of  tbe  daia 
to  inereasint^ly  complex  treatment  in  wbicb  tbe  learner-  rely  entirely 
on  .symbolic  repre>entation>  of  experience.  Empbasi.-  is  on  tbe  procciis 
of  learning.  One  may  a>k,  ''Row  did  you  arrive  at  tbat  conclusion?'' 
and  expect  the  learner  to  demonstrate  with  model  manipulations  or 
pictorial  representations  or  ..yml)olic  repre>eiitation>,  depending  on 
tbe  level  at  wliieh  be  operates  mo>t  succes.-fully. 

Even  in  the  teacliiiig  of  computation,  teachers  are  expected  to 
diversify  tbe  curriculum  to  allow  for  diftereiit  level.-  of  performance 
in  the  exercise  of  .-kills.  For  example,  a  Hxtb-grade  teacher  in  a 
niirldle-clax  .-cliool  po.-cd  tbe  problem  of  two  slow  learners  in  her 
chi.-<  who  could  not  learn  the  u.-ual  computational  algorithm  for 
adding  ''mixed  numbers;'  They  could  not  under.-taiid  or  repro(hice 
tbe  following  ])roeess.  which  all  other  .-tuckwits  in  tbe  cla-.-  bad  mas- 
tered: 

Given:      3-1  ~      Think:        34  i  =  34  —  =  34  — 

+  27  ^  ,  27  ^  =  27        =  07  ^ 

^        and  S  S.7       '  of) 

The  sum  is     01  ^  =  62 

00  50 

There  is  a  less  efficient  process  that  is  also  less  sopbi-ticatcd  or 
complex,  thu.-  permitting  a  lower-level  performance.  Given  tbe  .-aine 
problem,  generate  sets  of  fractions  equivalent  to  tbe  given  fractions 
and,  by  inspection,  determine  a  fraction  in  tbe  fir.-t  .-et  and  a  fraction 
in  tbe  second  set  such  that  botb  fractions  have  tbe  same  denominator, 
then  use  tbe  algorithm  for  adding  fractions  having  tbe  same  de- 
nominator. 

Thus, 
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7  '14*21'  28  '  35  '  42  '  40 


+  27  ^  =  27  + 


5    U?    1£>    20    25    80  (3^ 
.8  '  1()  '  24  '  32  •  40  '  48  '1^  '  " 


or 


Tlio  )iro(TN<  is  todiou^,  of  course.  Tlic  point  is  that  the  ^low  learners 
were  sueoes^ful  at  tlie  le<s  ^oplnstieate(l  level  and  did  ae(iuire  a  skill 
in  eoni]Mitin<i  sinn^  of  mixed  numbers. 

The  institute  participants  were  ex]iceto(l  to  heeome  curriculum 
developers  primarily  throu<^h  adajitinj^  instruction  and  activities  in 
mathematics  to  the  ai)titu(les  and  needs  of  learners  The  staff  may 
have  (luestioned  the  inclusion  of  nmw  skills  and  eoneejits  and  the 
exclusion  of  others  from  the  pre<ent-day  curriculum,  hut  the  institute 
programs  were  designed  to  serve  teachers  of  today's  cliihh'cn  in  today's 
classrooms  within  the  limitations  of  financial  and  ]irofcssional  re- 
sources available  to  them. 

A  proffram  (or  teachers  of  sUnr  learners,  grades  7-10.  Baltimore 
Coiinf]/,  Mari/land 

An  in-service  course  for  teachers  of  slow  leanievs  in  inathematics 
has  been  scheduled  each  year  since  1967  by  the  Baltimore  County 
school  .system  in  conjunction  with  its  instructional  in-o<«;rain  for  slow 
learners  in  grades  7-10  (12).  The  in-service  classes  meet  after  school 
for  fifteen  two-hour  sessions  during  the  winter  season.  Enrollment 
is  limited  to  twenty-five  teachers.  The  content  and  structure  of  the 
in-service  course  must  be  considered  in  the  context  of  the  ongoing 
curriculum  project,  a  locally  initiated  and  locally  funded  program. 

In  196(),  followuig  the  school  system's  identification  of  the  charac- 
teristics and  needs  of  slow  k^u'ners,  a  summer-workshop  grouji  of 
matlicmaiics  supervisors  and  teachers  jirodnccd  a  resource  marual 
of  developmental,  recreational,  and  eoinj)utational  activities  in  mathe- 
matics. The  writing  committee  in  subseciuent  sunnner  worksliojjs  has 
revised  and  expanded  the  program,  with  current  p'ans  calling  for 
construction  of  slow-learner  programs  through  grade  12.  The  specifi- 
cation ot  behavioral  objectives  they  relate  to  matlieiiiatical  con- 
cepts and  skills  is  the  basis  of  the  curriculum  jiroject. 

Teachers  of  slow  learners  are  involved  in  the  planning,  production, 
and  evaluation  of  instructional  units.  The  writing  committee  for 
the  first  junior  high  school  manual,  used  in  1966/67,  included  three 
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elementary,  six  junior  high,  and  three  j^enior  high  teaehers,  in  addi- 
tion to  members  of  the  Offiec  of  Mathematies  .stafT.  Teaehen^  par- 
tieipating  in  the  experimental  program  during  the  fm^t  year  developed 
one  of  the  unique  features  of  tho  current  imstruetional  program,  a 
method  of  teaching  called  the  ''handed"  approach.  This  particular 
ai)i)roach  recognizes  the  limited  span  of  attenion  of  slow  learners 
and  provides  for  a  variety  of  to))ics  and  activities  in  each  lesson. 
The  major  band  is  de\'oted  to  the  de\'elopmental  activity  for  which 
specific  behavioral  objectives  have  been  written,  and  it  is  generally 
sandwiclied  between  two  bands  of  shorter  duration.  The  shorter  bands 
include  skill-maintenance  activities,  exploratory  math-lab  activities, 
pattern  searches,  or  games  and  puzzles. 

The  more  structured  in-service  training  program,  in  which  teachers 
may  earn  two  hours  of  i)rofessional  credit,  is  taught  by  a  local  mathe- 
matics supervisor,  assisted  by  other  members  of  the  Office  of  Mathe- 
matics staff  and  the  writing  committee.  Among  the  activities  and 
topics  included  are  the  following:  testing  and  guidance,  the  nature 
of  slow  learners,  behavioral  objectives,  the  mathematical  significance 
of  activities  and  games  already  written  into  the  student  program, 
the  construction  of  additional  games  or  activities,  visits  to  classrooms 
using  the  program,  and  the  exchange  of  ideas  and  experiences  with 
other  teachers  of  slow  learners.  (12.) 

Among  the  unique  and  positive  features  of  the  program  is  the 
context  in  which  in-service  training  occurs.  The  people  who  have 
written  the  instructional  program  and  who  have  supervised  its  im- 
plementation in  classrooms  are  also  instructing  the  teachers'  in-service 
courses.  As  part  of  their  training,  the  teachers  are  developing  and 
testing  instructional  units  to  be  incorporated  into  the  curriculum 
guide.  Academic  and  laboratory  components  of  tlie  classes  for  teachers 
arc,  thus,  much  more  closely  correlated  with  the  instructional  program 
and  classroom  needs  than  any  university-based  training  could  be. 

Other  special  features  of  the  in-service  course  are  the  same  as  those 
that  mark  the  instructional  program  for  students:  the  specification 
of  learning  behaviors  and  the  banded  approach.  The  instructors  of 
the  teachers  write  behavioral  objectives  for  their  classes,  just  as  the 
teachers  will  write  behavioral  objectives  for  their  students.  These 
trainei-s  of  teachers  ask,  "What  do  we  expect  the  teachers  to  be  able 
to  do?"  and  then  attempt  to  specify  the  desired  outcomes  in  terms 
of  observable  behaviors. 

For  teacii'^rs  who  attend  training  programs  during  after-school 
hours,  the  banded  approach  is  a  change  from  the  usual  sleep-inducing, 
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two-liour-lecture  format  of  many  in-service  courses.  A  variety  of 
toj)ie.s  and  activities  induce,  instead,  a  change  of  pace  whicli  en- 
courages active,  creative,  even  enthusiastic,  participation  in  learning. 
In  tlie  handed  approacli,  flexihility  is  tlie  key.  Tlie  hands  may  vary 
in  nuniher  and  duration,  depending  on  the  topic  heing  presented  or 
tlic  interests  and  needs  of  tlie  teachers. 

To  date,  any  evaluation  of  the  in-service  program  is  largely  suh- 
jeetive.  However,  the  Coordinator  of  Mathematics  reports  that  there 
is  a  discernible  preference  on  the  part  of  mathematics  teachers  for 
classes  of  slow  learners  rather  than  classes  in  general  mathematics. 
The  fact  that  teachers  as  A*  for  slow  learners  seems  to  the  writer  a 
positive  measure  of  the  cfYectiveness  of  one  school  systems  cfTorts 
in  behalf  of  slow  learners. 

Cooperative  teacher-t raining  projects,  grades  7-12,  University  of 
Denver  and  Douglas  County  Schools,  Colorado 

The  features  cliaractcriziiig  a  series  of  cooperative  in-service  pro- 
grams for  teachers  of  low  achievers  in  the  Denver  metropolitan 
schools  arc  summarized  in  the  description  of  two  concurrently  sched- 
uled 1969/70  programs:  a  University  of  Denver-sponsored  project 
for  training  returning  incmhcrs  of  the  Peace  Corps  to  teach  the 
disadvantaged  and  low  achievers  in  mathematics,  grades  7-9;  and 
the  teacher-training  comi)oncnt  of  COLAMDA  (Committee  on  Low 
Achievers  in  Mathematics— Denver  Area).  The  University-based 
program,  designed  to  make  use  of  "the  s])ceial  cxi)cricncc  and  qualities 
of  the  returning  Peace  Corps  workers''  (51,  p.  1),  consisted  of  a  sum- 
mer institute  of  five  weeks'  duration,  followed  by  thirty  weekly 
meetings  during  the  academic  year.  COLAMDA  project  teachers 
in  the  training  ])rograin  were  selected  hy  their  sui)crvisoro  on  the 
basis  of  their  "commitment  to  develop  a  better  learning  atmosphere" 
for  slow  learners  (92,  p.  74).  The  teachers,  each  of  whom  taught  a 
class  in  general,  or  basic,  mathematics,  attended  a  two-week  work- 
sho])  during  the  sunmicr;  training  ex])ericnces  during  the  school  year 
were  individualized  through  weekly  classroom  visits  by  the  director 
of  the  piojcct  or  one  of  his  assistants. 

Partici])ants  in  both  ])rograiiis  taught  in  junior  or  senior  high 
schools  in  the  Denver  area.  That  the  two  programs  were  eooi)erative 
efforts,  com])leinciitary  in  n'lture,  is  evidenced  by  the  fact  that  the 
planning  and  instructional  staff  lor  both  programs  included  the  director 
of  the  University-sponsored  project,  the  director  of  the  Douglas 
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County  COLAMDA  i)rojoct.  :uk1  a  >ui)orvi?or  of  niatlicmatics 

from  (lie  Colorado  State  Dopartinent  of  Education. 

In  a  brief  review  and  evaluation  of  the  rnive^'sity-ha>e(l  institute, 
the  director  identified  \i>  ^trength^  and  it.<  v,-eaknes>  as  follow>: 

The  major  strengths  were  (II  the  traniing  of  teacher^  in  mathe- 
matics in  a  laboratory  settinj:;.  the  format  of  which  was  ''mamj)ula- 
tion,  sinnilation.  and  measurement":  (2)  the  tyinj>;  of  laboratory 
exi)erience.<  to  specific  mathematics  coneei)t?;  and  (3)  the  systematic 
study  of  the  mathematics  content  in  the  junior  and  senior  high  school 
curriculum,  with  some  advanced  topics  included  "to  raise  the  teach- 
ers' eights''  (50). 

Tlic  major  problem  identified  by  the  director  is  also  a  national 
one  and  a  particular  educational  need  to  which  the  institute  jirogram 
wa.s  addre:?scd.  According  to  the  original  projiosal  (51,  2), 

Peace  Corps  workers  who  choose  to  enter  teaching?  in  the  United 
States  after  their  return  are  frequently  disappointed  that  they  arc 
absorbed  into  rigidly  controlled  organizations  where  they  are  unable 
to  use  those  very  qualitic-'  which  make  ihcni  vahiablc  to  the  Peace 
Corp? — empathy  for  the  disiidvantaged  and  the  ability  and  the  patience 
to  impart  to  the  disadvantaged  a  desire  to  learn  as  well  as  learning 
itself.  On  the  other  hand,  urban  schools  in  disadvantaged  area? 
find  it  diflTicult  to  staff  courses  with  teachers  having  those  qualities. 

Of  the  ten  returning  eori)snien  in  the  institute,  Hn-ee  of  them  did 
experience  difficulty  in  adjusting  to  the  regimentation  of  the  public 
schools.  Other  particii)ants  In  the  program  were  twenty  experienced 
teachers.  The  Peace  Corps  workers  were  "cooperative,  excited,  and 
enthusiastic"  about  their  training  and.  together  with  the  exjierienoed 
teachers,  generated  a  "good  grouj)  chemistry"  (50). 

The  sunnner  workshoj)  emi)loyed  the  mathematics  laboratory  a? 
the  central  device  in  training  teachers  in  mathematics  and  in  meth- 
odology. Exjieriences  included  the  use  of  desk  calculators  in  .simu- 
lated ehb-  ^m  exi)eriments  and  as>ignments  in  mathematics.  Flow- 
charting was  studied  as  an  aid  to  i)robleni  analysis.  Teachers  had 
access  to  a  cominiter  terminal  and  develoi)e(l  units  in  computer-aided 
instruction.  They  learned  classroom  uses  of  audiograjihics.  Experi- 
ences with  mani])ulative  devices  such  as  geoboards,  Cuisenairc  rods, 
and  abaci  were  i)rovi(led.  Particii)ants  also  studied  the  value  of  the 
controlled  use  of  games,  jnizzles,  and  other  motivational  techni(pies 
for  slow  learners. 

The  laboratory  experiences  were  carefully  and  explicitly  related 
to  skill  acquisition  and  the  clarification  of  concei)ts.  TCquipmcni 
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luircliasod  for  tlie  workslioji  was  jilacod  in  tlic  scliools  for  stiulont 
uj^c  (luring  tlio  acadoniic  year,  as  wore  tlic  i)articipant-crcated  kits 
of  manipulative  materials  and  measurement  tools.  ^Mathematics  con- 
tent emphasized  fundamental  concepts  in  computing  with  real  mnn- 
bers  and  was  developed  concurrently  with  classroom  techni(|Ues  for 
working  with  students  who  lack  foundational  concejits  and  skills. 
The  basic  geometric  and  algebraic  content  of  junior  high  school 
mathematics  was  reviewed,  with  emphasis  on  methodologies  employ- 
ing experimentation,  discovery,  and  jiroblem  analysis. 

The  thirty  two-hour  in-service  meetings  wore  given  over  to  jiar- 
ticipant  discussion  of  classroom  successes  and  problems,  mathematics 
content  related  to  classroom  tO])ics,  expanded  laboratory  activities, 
and  (in  one  out  of  cxQiy  six  meetings)  to])ics  in  mathematics  of 
intellectual  interest  to  the  participants  without  regard  for  classroom 
api)lications.  The  director  reports  that  the  interest  and  involvement 
were  "tremendous,  with  perfect  attendance"  throughout  the  series  of 
thirty  lessons. 

The  COLAMDA  ])roject  is  a  joint  curriculum-develo])ment  and 
teacher-training  endeavor  for  the  purposes  of  developing 

an  cfTective  program  model  for  low  achievers  in  mathematics,  grades 
7-12.  .  .  .  The  teacher  traininjr  segment  of  the  project  plans  primary 
emphasis  on  favorable  teacher  attitude  change  to\Yard  the  teaching 
of  the  low-achiever,  identification  of  kno\Yn  successful  instructional 
techniques  and  methods,  developnieiit  of  realistic  objectives  and  trans- 
position of  piire  math  theory  into  a  usable  form  for  low-achiever 
iiistnictioii.  Each  new  project  participant  is  required  to  attend  a 
workshop  designed  on  the  above  concerns.  [92,  p.  74] 

Twenty-two  teachers  were  enrolled  in  the  1969/70  training  pro- 
gram. The  mathematics  laboratory  was  again  the  central  training 
device  in  the  summer  workshop,  with  individualized  instruction 
during  the  academic  year.  Desk  calculators,  adding  machines,  flow- 
charting, instructional  aids,  games,  i)uzzles,  manipulative  materials, 
and  overhead  projectuals  were  used  in  the  multisensory  api)roaches 
to  learning  mathematics.  Instructional  techniques  and  methods  were 
studied  in  the  laboratory  and  in  the  classroom,  and  classroom  ma- 
terials and  kits  were  i)rei\irc(l. 

COLAMDA  project  objectives  and  evaluation  i)roccdures  are  stated 
in  terms  of  five  major  concerns  for  a  jirogram  model  for  low  achievers: 
(1)  student  jierformance  in  mathematics,  (2)  student  attitudes  toward 
mathematics,  (3)  teacher  attitudes  toward  teaching  low-achiever 
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nmtluMiiatio.  (4)  the  dovclopincnt  or  .-election  of  field-te.-ted  ma- 
terial.- and  teaeliing  aids,  and  in)  the  eolleetion  of  data  on  niatlie- 
niatio  .skill>  needed  for  entry-level  jobs  in  the  eonnnumty.  a.s  well 
a-  tho-e  neee»ary  for  everyday  living  (92,  pp.  77-791. 

The  evaluation  procedure  with  rejj;ar(l  to  *'favorai)le  teacher  atti- 
tudes toward  teaching  low-achiever  inatheniatio"  includes  two 
criteria. 

[The  jioall  to  dVcct  fMVorablo  tcnchor  attitude  .  .    will  1)0  attained 
if  thoro    I.". — 

a)  An  increased  comniitnioin  by  each  teacher  to  workinji  with  low- 
acliievcr<  m  mathematics.  Thi.^  coinniitnient  wil!  be  measured  by 
rcspon-e<  of  tc:jchcr>  in  an  interview,  witii  additional  information 
satlicred  from  Mecniip:  connnittec  ob>crvati(m>.  buiidinjr  principal 
ob>Trvations.  and  on  observations  by  the  project  >tafT. 

b)  Evidence  of  flcMbihty  and  adaptatum  in  uMiig  material  and 
equipment  in  an  elTort  to  adapt  to  individual  diffcreiiccs  of  .-tudcnts. 
Data  on  this  vvill  be  from  interviews,  material  inventory  and 
ob.-er\atioii  of  Iai)oratory  u>age.  [02,  p.  70) 

Few  mea.>ural)le  results  of  teacher-training  programs  in  mathe- 
matics for  slow  learners  have  been  rcinirted.  Most  of  the  published 
rej)orts  are  descriptive  in  nature,  and  the  evaluations  of  change  in 
teaching  behaviors  are  larg(dy  .sulijective.  The  ultimate  measure, 
of  course,  is  student  performance  in  inatheinatuv.  Perhaps  at  soinc 
time  in  the  future  there  will  be  more  specific  guidelines  for  training 
teachers  of  slow  learners.  The  fact  is  that  the  institutions  whoso 
i)rograms  are  described  herein  felt  they  could  not  wait  for  answers 
in  the  future.  To  paraphrase  Baltimore  County's  coordinator  of 
mathematics,  "The  slow  learners  .  .  .  were  with  us  here  and  now — 
and  in  great  abuiKhnice.  The  urgency  of  the  situation  prouipted  the 
I  institutions  I  to  make  a  start  using  the  best  available  sources,  con- 
sultants and  the  experience  of  dedicated  teachers."  (12,  p.  47.1  Al- 
though the  answers  are  still  not  in.  the  writer  reeoinnieiKN-  the 
directions  that  have  been  charted. 

Recommendations 

The  nature  of  workshops  for  teachers  of  slow  learners  in  mathe- 
matics will  depend  on  many  factors,  such  as  a(hnini.<trative  leadership 
and  support,  teacher  commitment  and  prior  training  in  contemporary 
mathematics,  identification  and  recruitment  of  resource  people  and 
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or<raniz:Uioii>.  linio  x-'ncdulo,  and  finaiifial  Mipport.  The  ^u<:<:(*Mi()ii> 
tliat  follow  arc  i)y  no  ni('an>  ('\han>tiv('  of  tlio  po>Mi)l('  >lniclinv> 
or  roourccs  for  in->orviO('  teacher  trainin^i. 

Short 'tenn  irorkshops  (2-5-40  honr.'^) 

For  teacher.^  of  (jradci^  7-12.  In  the  (>ctoi)er  1909  is>uo  of  the 
Muthemuiics  Tcnchcr  Milton  W.  Bcokniann  (l('^crii)('^  a  >liort-tcnn 
work>liop  hold  at  the  rni\Tr>ity  of  Nei)ra^ka  (8 1.  The  >ehe(hile  of 
topio  is  included  in  hi>  article,  eon^ultant^  are  identified,  and  re- 
source materials  nnd  orjianiy.ations  are  named.  The  work>hop  is 
reeonnn(Muled  to  universi(y-i)a^ed  niatheniatie>  educator>.  >ehool  di>- 
triet  supervisor^,  an(i  depart  mental  chairmen  a<  a  prototyiie  for  short- 
term  workshop."- 

The  fifteen  >e>Mons  of  two  and  one-half  hour>  oaeh  eould  i)e  modi- 
fied to  me(*t  the  time  hmitatious  of  other  in-M'rviee  arrangements — 
for  in>tance,  that  of  a  district  faculty's  preplanninj;  week  and  four 
or  five  sui)se((Uent  released-time,  after->chool,  or  Saturday  morning 
meeting-^. 

At  each  >e»ion  there  were  from  two  to  fiv(*  presentations,  inehiding 
reports  on  i)ooks  and  articles  related  to  low  achi(*ver>  in  mathematics, 
docriptions  of  low-achiever  materials  and  i)roject>,  involvement  m 
the  laboratory  type  of  experience^,  films,  ganio.  and  invited  lectures 
by  master  teachcr^.  A  one-day  conference  was  held  in  conjunction 
with  the  work^ho|^  and  on  this  day  the  presentations  were  made  l>y 
nationally  known  expcrt>  in  the  field  of  teaching  low  achievers  in 
mathematics. 

Detailed  re|)orts  of  each  dayV  >(*<Mon  were  reproduced  and  dis- 
triinited  to  all  members  for  their  ])erinaneiit  reference  file. 

It  is  evident  from  BcckinamiV  description  that  major  facto^^  in 
the  ."-ucce^s  of  the  work>ho])  were  strong  and  concenu^l  leadership: 
cooperative  preplanning;  and  the  active  involvement  of  participating 
teachers  in  the  collecting,  reviewing,  and  developing  of  materials. 

For  teachers  of  (jrades  1-10.  The  in-service  in.structor  with  limited 
resources  might  connder  a  ])rogi'am  based  on  e\*|)cnineiitatioii  with 
selected  ''models"  of  teaching  behaviors.  A  collection  of  profe><ional 
periodicals  i^  an  excellent  source  of  i)o>sil)le  ino(lel> — tiiat  is,  descrip- 
tive re])or(s  by  individual  teachers  of  classroom  material.^  and 
S'trategies  which  they  have  tried  and  found  successful  with  ^low 
learners.  (See  references  at  the  end  of  tiiis  chapter  for  Miggested 
readings  from  the  Arithmetic  Teacher  and  the  Mathematics  Teacher.) 
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In  the  majority  of  tho  rei)Ort.-,  tlio  i)iTi)aration  of  niatmal.^  and  the 
toadiing  .-tratogics  are  suflicicntly  {letailetl  to  allow  for  (Miuilation  by 
otluM'  teachers. 

Particii)ation  during  the  period  of  the  \vork>lu)i)  "^i^ht  eonM>t  of 
two  hours  each  week  in  after-school  or  relea>ed-time  meetings  and 
one  regular  cla>sroom  ])erio{l  each  week  in  which  ex])erimental  ap- 
proaches suggested  by  the  model.-  are  tried.  In  planning  for  the  initial 
in->crvi('e  meeting,  a  large  number  of  recent  issues  of  periodicals 
should  he  assembled  and  one  or  two  model  cla>sroom  ex])erienccs 
identified  for  .simulation.  The  games,  worksheets,  or  manii)ulative 
aids  neces.wy  in  the  .emulation  will  have  to  be  collected  or  rejn-o- 
(Uiced,  and  the  workshoj)  member  selected  for  the  in.^tructor's  role 
may  find  it  heli)ful  to  i>ilot  the  described  exi)eriences  in  his  own 
classroom  first. 

Following  the  workshoj^  .Mniulations  and  related  discu.^.Mons.  the 
teachers  can  be  asked  to  search  the  i)enodical.s  on  hand  and  select 
one  or  more  models  which  they  wdl  try  in  their  own  classrooms  before 
the  next  meeting.  At  that  thne  they  should  be  prei)ared  to  share 
or  demonstrate  the  materials  they  have  ust^l  and  to  discu.^s  their 
students'  reactions.  Subsequent  workshoj)  activities  should  continue 
the  ])atiern  of  experimenting  with  a  range  of  "modeF'  teaching  be- 
haviors and  then  a.^^^essing  the  eficctiveness  of  different  teaching 
behaviors  in  terms  of  instructional  objective.^^  and  learners'  behaviors. 

During  one  in-service  simulation,  teachers  should  be  assigned 
individual  or  grouj)  i)rojeetb  in  mea.Miremcnt,  the  i)hysical  acts  of 
niea.^uring  to  be  carried  out  during  the  meeting  just  as  students  in 
the  mathematics  classroom  should  be  j^ennitted  to  make  their  own 
mcajsurements.  For  instanee,  the  teachers  could  measure  the  dimen- 
sions of  the  room  in  meters;  determine  the  .'^peed  of  automobiles 
passing  in  front  of  the  buihhng;  measure  the  height  of  a  flagi)ole; 
estimate  the  number  of  beans  in  a  large  jar  and  find  ways  to  verify 
their  estimations  without  counting;  estimate  and  measure  the  cai)acity 
or  volume  of  a  variety  of  containers;  make  several  different  pai)er 
models  of  a  s(iuare  foot  or  a  scuiare  yard  (with  at  least  one  foot- 
square  model  and  one  yar(l-.-(|uarc  model);  demonstrate  with  card- 
board or  pa])er  models  that  144  .-(juare  inches  ecpial  1  scjuare  foot  and 
9  square  feet  e(|Ual  1  s(|uare  yard.  Teachers  who  have  themselves 
engaged  in  the  phy.^ical  act  of  measuring  are  more  likely  to  i)rovide 
the  same  real  and  practical  ai)i)roacluvs  to  measurement  in  their  own 
classrooms. 

A  change  of  i)ace  can  be  introduced  at  (lie  in-service  meetings  with 
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films  borrowed  from  .-tatc  ami  local  profo^HOiial  liinario;  dcmon- 
>tratioii>  by  coiiuueroial  (li>tril)utors  of  iiianipulativo  uiat(M')al>  or 
activities  unit^;  di>]ilay  and  doinoustration  of  >tud('nt-(Mvat(Ml  work; 
new  materials  and  games  whieh  a  '^search''  committee  lia^  located, 
reviewed,  or  developed;  and,  if  iio>^il)le,  \\itli  consultants  who  are 
knowledgeable  about  some  of  the  nationally  known  programs. 

The  propo,':ed  >tructure  can  jirovidc  tlu  direction  and  the  nuitual 
Mipport  and  encouragement  that  many  teachers  need  in  order  to 
initiate  ehange>  in  established  cla.'^srorm  procedures.  Kxperimenta- 
tion  with  difTcrent  teaching  behavior.-  is,  of  cour>e,  not  the  whole 
solution  to  the  problem  of  teaching  mathematics  to  slow  learners, 
but  it  i>  a  fir>t  step.  It  i>  hoped  t^at  .^u>t;nned  practice  in  experi- 
mentation will  unleash  the  creative  power,-  of  teachers  to  continue 
.seeking  .solutions  to  ihc  j^roblem  long  after  the  in-.-orvicc  ])rograiii 
is  eoiui)leted. 

For  fcachcrs  of  grades  K-G  An  alternate  structure  for  a  >hort-toriii 
workshoji  might  be  an  inter.>ive  five-  or  six-day  >cb'Hlule  of  seminars 
and  laboratory  se^^ions.  ^/he  director  of  the  workshop  could  begin 
by  i)laniiiiig  and  equippi».g  a  teaching  demonstration  center  that  could 
al>o  serve  as  a  prototype  for  student  learning  centers.  (For  sugges- 
tions, >ee  chr'iter  8  )ii  the  laboratory  ai)proacli  and,  in  the  jn-esent 
chapter,  the  descriptions  already  given  of  teacher-traiinng  iiiatlie- 
nuuics  laboratorirs.)  The  co.<  of  ec|uii)iiicnt  and  material  can  vary, 
deiuMuiing  on  whether  one  purchases  commercially  prepared  manipu- 
lative materials  and  games,  or  contracts  with  local  industrial  arts 
departments  or  hobbyists  for  specified  materials,  or  iiiake>  many 
of  the  materials  himself  with  the  help  of  teacher-partieii)ants 

Money  i^  well  s])ent  for  .selected  profcsMonal  books  and  periodicals, 
prograiMincd  units  in  iiiatliematies.  collections  of  exi)oriinental  student 
unit>.  teachers'  guides,  and  ta^^k  card>  for  use  with  manipulative 
materials.  (This  yearbook  will  be  an  invaluable  sourcebook.)  Pre- 
workshoji  arraiigcineiits  should  include  the  recruitment  of  experi- 
enced and  enthusiastic  teachers  or  consultants  to  direct  the  simulated 
classroom  activities  with  laboratory  materials. 

However  one  varies  or  modifies  the  .sequence  of  major  to]>ies  .^-^g- 
gested  in  the  chart,  a  ''banded''  approach  is  recommended.  With  the 
greater  tinu*  band  devoted  to  the  major  topic,  the  time  bands  of 
shorter  duration  should  allow  for  individual  or  small-group  work  with 
materials  that  have  already  be^Mi  introduced  and  tiic  creation  and 
construction  of  teacher-developed  materials. 
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Major  Topics 

DiM-u^sioii  of  proassiRiiod  readings,  par(i{'ula;iy  {-hapters  1  and  2 
of  this  yoaibook. 

Ikief  review  of  Piagetian  learning  theory  and  related  re^calch, 
with  eniphrtMs  on  number  coneept^und Von^ei  vations.  Denion- 
stmtions. 

Classroom  sirnulatit)n  with  attribute  blocks. 
Uevit'w and (liscussionof  Ilc^s  andShipnian's  *'Coj;nititive 
hMenients  in  Maternal  Behavior"  (48,  pp.  57-8.')). 
Relating  and  discn^^ing  the  above. 

3,4 

Sinndated  clas^uxMn  expeiience^  with  Cnisenane  rod^. 

.5 

Snnnlated  classroom  e.\periencoj>  witli  the  Diene.s 
Mnltiba^^e  Arithmetic  Hh^cks. 

0,  7,8,0 

Study  of  Wirtz,  Hotel,  and  HehernianV  four-part  set  of  books 
(100),  which  is  reconimendcd  for  purchase  by  each  teacher, 
(Under  each  of  two  titles  theie  are  two  books:  a  teacher's  guide 
and  a  book  of  >>t udent  work  forms  that  purchasers  may  duplicate 
ti-y  they  wish.)  Viewing  the  set  of  mi  i  elated  fdnis  showing  class- 
room lessorjs  in  which  the  activities  and  strategies  described  in 
the  t eachci 's  guides  are  used. 

10,  n 

Using  gcohoards  in  simulated  classiooni  activities,  as  suggested 
in  exercises  in  chapters. 
Doing  project.s  in  meaf^urcment. 

12 

J?eviewby  workshoj)  members  of  Nuffield  Foundation  lx)oklets 
(7i3)  and  Biggs  nnd  Alaelean's  Freedom  to  Learn  (11). 
JCvaluation  of  workshop:  ''Wheiedo  we  go  from  here?" 

Laboratory  activities  b'liould  be  related  to  tlie  development  of 
matlieniatical  eoneept?  and  tlie  acquisition  of  .skills.  Resources  other 
than  those  used  in  connection  with  major  topics  sl  ould  be  provided 
for  outside  reading  and  exploration.  Active  teacher  involvement  in 
a  variety  of  flexible  and  exi)erinientol  approaches  to  the  teaching- 
learning  act  is  the  immediate  goal  of  the  short-term  workshop. 

Professional  credit  in-service  course  (50  hours  or  more) 

A  new  and  promising  trend  in  mathematici?  curriculum  develop- 
ment ignores  the  traditionally  horizontal  and  fragmented  treatment 
of  elementary  mathematics  and  emphasizes  instead  a  collection  of 
''strands."  The  strands  identify  the  big  ideas  in  mathematics,  such 
as  relations  and  functions,  numbers  and  numeration,  Oj)erations  and 
])roperties,  geometry,  measurement,  and  i)robability  and  statistics. 
Guidelines  for  iini)lementiiig  a  strands  approach  ignore  the  arbitrary 
structures  of  grade  le^'els,  adiniiiistrati\'e  divisions,  and  branches  in 
elementary  mathematics— that  is.  eight  years  of  arithmetic,  one  of 
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algohra,  and  one  of  jroometry.  Iiistoad.  the  giiidolines  sug^M  early, 
intuitive  ex])eriences  of  the  readine>s  tyi)e  in  each  of  the  strands, 
with  the  develoi)inental  nature  of  mathematical  and  logical  ideas 
adjusted  to  niaturational  stage?  in  learning. 

The  in-service  training  of  teachers  of  slow  learners  in  mathematics 
could  ])rorit  from  a  strands  ai)i)roacli  Instruction  and  exchange  of 
ideas  among  teachers  along  the  vertical  dimension  of  grade  i)lace- 
ments  would  better  serve  the  needs  for  individualizing  learning.  Par- 
ticii)ants  in  the  course  should  be  recruited  from  those  who  teach 
basic,  or  general,  mathematics  in  a  senior  high  school  and  those  who 
teach  slow  learners  in  the  feeder  junior  high  and  elementary  .schools. 
Content  strands  of  the  course  may  include,  or  be  selected  from,  the 
toi)ics  that  constitute  the  chajiter  divisions  of  this  yearbook. 

In  the  content  of  strands  in  niathematics  and  in  teaching  mathe- 
matics to  slow  learners  there  is  considerable  overlaj)  among  grades 
and  administrative  divisions.  It  is  ai)i)arent  from  a  review  of  the 
training  i)rogranis  described  in  this  chai)ter  that  many  basic  assumj)- 
tions,  materials,  and  strategies  in  the  niathematics  laboratories  for 
teachers  of  grades  K-8  and  teachers  of  grades  7-12  are  the  same. 
The  recommended  prototyi)es  for  short-term  workshops,  with  few 
modifications,  are  api)roi)riate  for  teachers  in  any  administrative 
divi.sion.  The  fact  is  that  ijistruction  in  mathematics  for  slow  learners 
must  be  in  terms  of  individual  students'  develojmiental  needs  and 
interests,  not  grade-level  i)lacements. 

It  is  especially  imi)ortant  to  include  primary-grade  teachers  in  any 
such  program.  Because  ])roblems  of  slow  learners  are  more  glaringly 
evident  at  the  ui)i)er-elementary  and  secondary  grade  levels  than 
they  are  in  the  fii>t  and  second  grades,  the  greater  efforts  to  solve 
the  i)roblems  have  been  in  remedial  iirograms  rather  than  in  early 
j)ul)lic  school  i)rogranis.  However,  if  teachers  of  primary  grades  were 
more  acutely  aware  of  the  future  exi)ectations  for  their  students, 
some  of  the  i)roblems  might  be  i)revented.  For  instance,  in  order  to 
ensure  an  adequate  and  sound  development  of  the  concei)ts  and 
skills  employed  in  computation,  the  first-grade  teacher,  the  fourth- 
grade  teacher,  the  seventh-grade  teacher— all  teachers  who  serve  the 
same  child  over  the  i)eriod  of  years  he  must  attend  school — need  to 
talk  to  one  another  in  an  effort  to  identify  and  remedy  i)otential 
problem  areas.  The  following  anecdote  makes  the  point. 

The  teachers  in  an  inner-city  school  (grades  K-7)  were  discussing 
jiroblems  in  teaching  computation.  The  fourth-grade  teacher  had 
com])lained  that  his  students  did  not  understand  the  place-value 
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princii)le>  involved  in  computing  differences  sueh  as  43  —  17.  In  the 
ensuing  dis?eus?^ion  a  fiv:5t-grade  teaeluM-  remarked  that  she  had  just 
completed  a  unit  on  i)laee  value  and  that  all  her  students  knew  what 
17,  43,  and  all  two-digit  numbers  meant.  \Mien  asked  to  demonstrate 
what  these  first  graders  had  learned  about  43,  she  wrote,  ^'43  = 

®   ®  ®  ®  J I IJ'  FiJrther  questioning  elieited  the  information 

that  her  first  graders  had  >pent  about  four  weeks  learning  to  write  that 
all  two-digit  numbers  are  e(|ual  to  Xs  with  rings  drawn  around  them 
and  tally  marks  with  fingers  drawn  under  them.  The  skill  is  of  little 
value  in  i)rei)aration  for  the  fourth  grade.  How  does  one  "borrov;" 

one  of  those  @  's  and  take  it  apart  to  have  a  lot  of^'s? 

These  first  graders  were  not  unintelligent  or  imteaehable.  They  had 
learned  well  what  they  were  told  to  learn.  Children  from  a  poor 
socioeeonomie  eommunity,  they  will  be  labeled  "slow  learners'^  in 
the  fourth  grade.  Their  poor  perforinanee  in  eomputation  will  be 
unjustly  attributed  to  their  "poor  eultural  background.'*  During  the 
four  weeks  allotted  to  learning  about  place  value,  these  children 
should  have  been  tying  string  around  physical  objects  in  bundles 
of  ten,  or  putting  rubber  bands  around  bundles  of  ten  singles,  or 
l)utting  singles  into  paper  sacks  or  boxes  and  then  counting  the 
bundles  and  the  singles  left  over.  As  they  bundled  objects  and  counted, 
the  teacher  could  have  instructed  them  in  the  arbitrary  convention 
of  recording  their  counts  of  bundles  and  singles.  That  is,  to  record 
the  i)hysical  reality  of  4  bundles  and  3  singles,  one  uses  a  coding 
scheme  in  which  the  count  of  bundles  is  written  to  the  of  the 
count  of  singles,  and  one  reads  the  symbol  "43"  as  *"4  bundles  and 
3  singles"  or  "4  tens  and  3  ones''  or  "forty-three." 

All  teachers  who  arc  responsible  for  firs>t  experiences,  reinforcement 
experiences,  or  remedial  experiences  in  Icaniing  to  use  the  decimal 
numeration  system  should  recognize  that  it  is  an  arbitrary  and 
complex  coding  system  and  that  the  development  of  skills  in  compu- 
tation is  dependent  to  a  great  extent  on  the  development  of  skills 
in  using  the  code.  Much  of  the  trouble  that  slow  learners  have  with 
computation  stems  from  an  incomplete  understanding  of  the  numera- 
tion, or  number  coding,  system. 

A  joint  study  by  primary  and  upper-grade  teachers  of  the  strand 
on  characteristics  and  needs  of  slow  learners  should  point  up  the 
physically  oriented  learning  styles  of  many  children  and  the  con- 
comitant need  for  a  great  deal  more  ])hysical  input  in  the  primary 
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grades  l)cforc  coding  takes  ])lace,  A  joint  study  of  the  strand  on 
reaching  the  slow  learner  through  ])ehavioral  oljjeetives  should  lead 
to  the  writing  of  ])erfonnance  objectives  and  the  identification  of 
ena])ling  skills;  these  activities  could,  in  turn,  i)rovia  more  si)ecific 
directions  for  primary-grade  teachers  in  the  curriculum  choices  they 
must  make  and  more  specifie  guidelines  for  middle-  and  upper-grade 
teachers  in  diagnostic  and  ])roscrii)tive  measures.  A  joint  study  of  the 
strands  on  multisensory  aids  and  the  lal)oratory  ai)i)roach  would  sug- 
gest the  means— materials  and  strategies— by  whieh  school  faeulties 
could  i)rovide  a  more  consistent  and  i)urposeful  sequence  of  activities 
across  the  grades  to  meet  the  needs  for  i)hysical  ini)Ut  in  the  achieve- 
ment of  the  si)ecified  o])jeetiveP. 

Creative  and  ingenious  leadership  will  be  needed  in  planning  and 
imi)lementing  a  professional  credit  eourse  along  the  vertical  dimen- 
sions of  selected  strands  for  teaehers  whose  training  and  experiences 
have  cciuii)i)ed  them  with  quite  different  sets  of  coneerns  and  ex- 
pectations. However,  the  common  concern  with  a  i)artieular  i)0])ula- 
tion  of  learners  in  a  particular  content  area  should  i)rovide  a  foeus 
the  instructor  can  use  in  the  i)lanning  and  execution  of  the  eourse.  For 
instanee,  if  teachers  are  recruited  from  schools  in  a  i)artieular  geo- 
grai)hie  area,  then  the  strand  on  the  characteristics  and  needs  of 
slow  learners  (see  ehaj).  1)  ean  i)rovide  a  context  in  whieh  their  slow 
learners'  characteristics  and  needs  ean  l)e  more  specifically  delineated. 
In  turn,  the  instructor  and  teachers  ean  use  this  set  of  characteristics 
and  needs  as  a  guide  for  determining  the  inclusion  of  other  strands. 

To  i)rovide  for  differences  in  abilities,  needs,  and  interests,  learning 
can  ])e  individualized  through  la])oratory  experiences;  teacher  0])tions 
within  a  required  reading  list;  individual  and  small-grou])  assign- 
ments in  reviewing,  collecting  and  develoi)ing  materials  for  jmscnta- 
tion  to  the  total  group;  exi)erinientation  with  new  materials  and 
teaching  strategies  in  a  i)raeticum;  and  individual  conferences.  It  is 
througli  the  identification  and  discussion  of  common  problems  along 
the  develoi)mental  dimensions  of  a  strands  ai)i)roaeh  that  each  teacher 
can  acquire  a  greater  awareness  of  his  role  and  his  resi)onsi])ility 
in  the  sequenced  learning  exi)eriences  of  his  students. 

Concluding  Remarks 

Whether  or  not  in-service  training  i)rograms  use  a  strands  api)roach, 
the  major  recommendations  are  these;  The  usual  lecture  format  should 
be  avoided  and  multisensory  aids  emi)loyed  in  instructing  teachers 
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in  mathematics.  Each  teachei  should  he  acil/ely  engaged  in  reviewing, 
collecting,  and  developing  materials  for  uj^e  ni  the  course  and  in 
his  classroom.  Experinientt  tion  with  a  range  of  possible  teaching 
behaviors  and  assessment  oi  different  behavior>  in  terms  of  instruc- 
tional objectives  and  learn'.i^  behaviors  should  be  supported.  Teacher 
eNchange  of  ideas  and  ex|)eaences  should  be  encouraged. 

Although  the  suggested  content  for  in-service  programs  appears 
to  be  a  smorgasbord  of  topics,  activities,  and  strategies,  it  is  im- 
portant that  the  sui)ervisor-instructor  provide  a  structure  of  rather 
clear-cut  objectives  and  direction,  at  least  in  the  major  instructional 
"hands.'' 

The  ultimate  goal  of  the  recommended  programs  is  the  establish- 
ment of  classroom  environments  in  which  purposeful,  creative,  and 
self-directed  learning  in  mathematics  can  take  place.  The  intermediate 
goal  should  be  to  establish  a  comparable  structure  for  training  the 
classroom  teachers  of  mathematics. 
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This  beginning  section  of  Appendix  A  suggests  activities — including 
applications  and  games — that  are  suitable  for  slow  learners  of  mathe- 
matics. Many  of  the  activities  are  adaptable  to  various  to])ics.  ^omc 
arc  included  because  they  are  motivational  arid  because  they  can  be 
used  to  move  the  pupil  toward  some  specific  and  valued  mathematical 
goal.  A  few  are  included  because  of  their  motivational  value  alone.  It 
is  left  to  the  teacher  to  match  the  ap])ropriate  activities  with  specific 
objectives.  Many  of  the  iietivities  are  useful,  in  some  form,  for  both 
the  elementary  and  secjndary  levels.  Again,  the  decision  in  this  regard 
is  left  to  the  teacher,  since  the  curriculum  at  these  levels  may  vary 
from  one  part  of  the  country  to  another.  We  hope  you  will  find  many 
useful  ideas  here  and  that  this  presentation  will  serve  as  a  base  on 
which  to  build  an  r^creasing  collection  of  such  ideas. 

Lightning  addition 

The  pupils  select  three  3-digit  numerals,  which  uvo  recorded  on  the 
chalkboard  and  on  paper  by  the  pupils.  The  teacher  tiien  supplies  two 
3-digit  numerals  and  asks  the  students  to  find  the  sum  of  the  fi\e 
addends.  The  teacher  or  a  pupil  who  knows  the  method  then  writes 
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the  sum  on  the  chalkboard  without  going  through  the  addition.  The 
pupils  check  this  sum  on  their  papers.  Students  can  be  challenged  to 
find  the  secret  or  can  be  told  the  secret  after  their  appetites  are  suffi- 
ciently whetted. 

Example:  The  students  supply  453,  721,  and  584.  The  teacher  adds 
546  and  415  to  this  and  immediately  writes  the  sum  2,719. 

453] 
1  l 


721  (  students 
teacher 


084/ 
546 
415 


2,719 


The  secret  is  in  the  fact  that  the  teacher  selected  the  "nines  comple- 
ments" of  two  of  the  student  numbers— 453  and  584,  in  this  case  Note 
that  453  +  546  =  584  +  415  =  999.  Thus  999  +  999  =  2,000  -  2,  and 
the  addition  is  solved  by  adding  this  to  the  remaining  addend  721 
Thus  721  +  2,000  -  2  =  2,719,  the  sum. 

This  procedure  can  be  done  with  other  variations.  You  can  use  more 
addends,  or  more  digits  per  addend.  The  students  always  supply  one 
more  than  half  tlu  -ddtnds.  Consider  these  example.'!- 

7,068  —  teacher 


64] 
25 


)  f  teacher 
325  =  28-1-  300  -  3 


17,682  =  7,683  +  10,000  -  1 


An  mteresting  variation  is  for  the  teacher  to  .supply  the  answer  im- 
mediately after  the  pupils  have  given  the  first  addend.  In  this  case 
the  teacher  simply  uses  the  first  number  as  the  key  number  and  sup- 
plies the  "nines  comjjlcment"  for  each  additional  addend  later  given 
by  the  pupil.s. 

838  -  students 
136\ 

students'  additional 


8631 
2711 


teacher 


2,836  =  838  +  2,00C  -  2 


rm:  slow  lkaiinku  in  mathkmatics 


A  version  of  nim  for  class  competition 

Niiii  is  an  ancient  matlicniatical  game  that  take?  various  forms.  The 
following  is  just  one  version  that  has  been  adapted  fur  group  compe- 
tition. 

In  this  version,  the  ol)jective  is  to  be  the  player  to  add  the  addend 
that  i)ro(luces  the  goal  number.  Any  goal  number  may  be  used,  but  for 
beginning  play  it  is  best  to  use  a  fairly  easy  one.  Let's  eonsider  an 
exami)le  using  11.  The  players  take  turns  adding  addends  until  the  goal 
is  reached,  and  the  one  to  reach  it  wins.  The  addends  that  can  be  used 
are  selected  by  the  teacher  or  i)layers.  In  the  case  with  the  goal  of  11, 
su|)pose  we  use  the  addends  1  and  2.  The  game  might  then  progress 
as  follows: 

First  plr--:  1,  5,  S,  11  (the  goal) 

Second  i>  yor:  3,  6,  9, 

The  game  can  be  adapted  for  groups  as  follows:  The  class  is  divided 
into  two  teams  of  equal  numbers.  If  there  is  an  odd  number  of  stu- 
dents, one  might  serve  as  judge  and/or  scorekco|)er.  Each  team  is  then 
subdivided  into  pairs.  If  caeh  team  has  an  odd  number,  one  member 
can  be  team  captain.  A  player  is  permitted  to  talk  to  his  partner  but 
to  no  other  team  member.  A  pair  from  the  first  team  plays  a  pair  from 
the  second  team;  and  this  is  repeated,  aHernating  the  first  play,  until 
all  i)airs  have  played.  The  team  gets  one  point  for  each  game  won  by 
a  pair  from  that  team.  Players  will  ordinarily  look  for  the  system  that 
will  assure  victory.  After  the  teams  have  played,  the  teacher  may  in- 
vite anyone  from  either  team  to  challenge  him  to  a  game.  If  the  stu- 
dent wins,  then  his  team  gets  two  extra  points.  If  he  loses,  then  the 
team  loses  one  point.  It  is  also  possible  to  record  the  results  in  various 
ways.  Sometimes  they  are  recorded  as  follows: 

1,2,  4,  6,  8,  9,  (11) 

Other  times  they  may  be  recorded  so  that  the  pupils  do  a  little  more 
figuring. 

1+2+2+1+2+1+2 

The  ?  '  can  be  adapted  to  the  abilities  of  the  students,  as  well  as 
adjuSi  ^cording  to  experience  in  playing,  by  changing  the  goal 
and/oj  addends.  Thus  a  goal  of  14,  21,  100,  or  any  other  number 
might  be  used.  The  addends  1  and  2  can  be  used,  or  the  numl)er  of 
addends  can  be  increased.  For  a  goal  of  21  the  addends  could  be  1,  2, 
and  3.  With  a  goal  of  100,  the  addends  might  be  1,  2,  3, .  .  .  ,  9. 
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The  game  givc.^^  practice  with  basic  addition  and  encourages  the 
pupils  to  seek  a  strategy  that  will  ensure  victory.  Although  the  under- 
lying strategy  is  basically  the  same  for  all  games,  it  is  likely  that  many 
pupils  will  initially  find  the  strategy  only  for  particular  games,  so  that 
each  change  of  addends  or  goal  produces  new  competition. 

The  strategy  for  a  particular  version  of  the  game  can  be  built  around 
discovery  of  a  certain  set  of  "key"  numbers.  For  instance,  in  the  game 
to  11  that  was  described  above,  the  first  player  can  always  win  if  he 
knows  the  key  numbers  2,  5,  and  8;  then  he  is  assured  of  being  the  one 
to  get  11.  Such  a  set  of  key  numbers  can  be  found  for  each  version  of 
the  game,  although  it  will  sometimes  be  the  first  player  who  has  the 
advantage  and  at  other  times  the  second  player.  The  general  formula 
for  winning  any  game  is  based  on  recognizing  that  where  n  is  the  larg- 
est addend,  rei)eatedly  substracting  n  -f  1  from  the  goal  until  such 
subtraction  is  no  longer  possible  yields  the  key  numbers.  Thus,  in  the 
game  of  11,  the  key  numbers  are  11  -  3  =  8,  8  —  3  =  5,  and  5  -  3  = 
2.  If  the  goal  were  12  and  the  addends  1  and  2,  the  key  numbers  would 
be  12  -  3  =  9,  9  -  3  =  6,  6  -  3  =  3,  and  3-3  =  0.  Since  0  is  not 
allowed  as  an  addend,  the  second  player  can  always  win  if  he  knows 
the  strategy. 

jMany  variations  of  this  game  can  be  found  in  books  dealing  with 
mathematical  recreations;  others  miglit  be  designed  by  the  creative 
teacher  for  his  particular  class. 

Magic  squares 

This  is  an  interesting  way  to  review  addition  (and  subtraction). 

To  make  a  magic  square,  we  must  place  a  different  number  in  each 
cell  in  such  a  way  that  the  sum  of  every  horizontal  row  of  cells,  the 
sum  of  every  vertical  column  of  cells,  and  the  sums  of  the  diagonals 
will  be  the  same  number.  Magic  squares  may  be  made  that  have  an 
odd  number  of  cells  or  an  even  number  of  cells.  Following  are  the 
directions  for  constructing  a  9-celled  magic  square,  using  the  numbers 
from  1  to  9,  inclusive. 

Directions: 

1.  Draw  a  square  with  9  cells. 

2.  Place  the  number  1  in  the  middle  cell  of  the  to])  row,  as  seen  in 
figure  A.l. 

3.  By  moving  diagonally  up  to  the  right,  we  begin  to  fill  in  the  other 
spaces,  but  this  puts  us  out  of  the  top  of  the  square.  When  this 
occurs,  we  simply  drop  to  the  last  cell  in  that  column. 
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Fig.  A.l 


4.  Moving  diagonally  from  the  2  puts  us  out  of  the  side  of  the 
square.  When  this  happens,  we  simply  go  all  the  way  to  the  left 
of  that  row. 

5.  jMoving  diagonally  from  3  up  to  the  right,  we  find  ourselves  in 
a  space  that  is  already  occupied.  When  this  oceurs,  go  back  to  the 
starting  point  of  3  and  put  the  number  4  in  the  cell  below  the 
3.  This  rule  also  applies  if  you..niove  out  of  the  square  on  the 
main  diagonal. 

6.  Continue  until  all  cells  are  filled,  as  in  figure  A.2.  Ask  the  class 
to  observe  anything  unusual  resultmg  from  the  arrangement  of 
the  numbers.  It  should  be  apparent  to  the  student  that  the  sum 
of  the  numbers  of  each  row,  colunm,  and  diagonal  is  15. 


8 

1 

6 

3 

5 

7 

4 

9 

2 

I'^ij?.  A.2.  Magic  square  1 

This  9-celled  magic  square  is  made  with  9  consecutive  whole  num- 
ber.^. To  change  the  square,  each  number  in  magic  square  1  may  be 
increased  by  the  same  number.  If  each  number  in  magic  square  1  is 
increased  by  1,  the  result  is  the  magic  square  seen  in  figure  A.3. 


9 

2 

7 

4 

6 

8 

5 

10 

3 

Fig.  A.3.  Magic  square  2 
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Using  this  method,  squares  can  be  made  for  class  u^e  hy  omitting 
nmncrals  in  certain  cells,  as  in  figure  A.4. 


25 

23 

20 

22 

24 

26 

y\^.  A. 4.  Majiic  s(iu;ue  3 

This  square  was  constructed  by  increasing  oach  number  in  magic 
square  I  by  17.  Each  number  can  also  be  multiplied  (or  divided)  by 
the  same  number  to  create  a  now  magic  square.  Division  will  produce 
squares  with  fractions. 

One  can  make  more  difficult  magic  squares  using  16  cells,  25  colls, 
and  i>o  on. 

To  construct  a  magic  square  containing  16  cells,  we  do  the  following: 

1.  Construct  the  square  and  put  in  all  16  numbers  consecutively, 
beginning  in  the  upper  left-hand  corner,  as  seen  in  figure  A.5. 


Rowl  — ► 

1 

2 

3 

A 

Row2  — ► 

5 

6 

7 

8 

Row3  — ► 

9 

P 

H 

12 

Row4 — *■ 

14 

15 

Fig 

A.5 

2.  Reverse  the  numbers  in  both  diagonals  of  the  square.  This  will 
yield  the  completed  square,  seen  in  figure  A.6. 


16 

2 

3 

13 

5 

1 1 

10 

8 

9 

7 

6 

12 

4 

14 

15 

1 

Fm.  A.6.  Magic  Miuare  4 
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By  omitting  i?evc*al  of  the  number^  in  the  magic  .square,  the  >tudent.s 
may  1)0  motivated  to  diseover  the  pattern  at  the  :?ame  time  that  they 
are  revi  nvnig  the  addition  ahd  subtraction  facti?. 

Magic  squares  of  25  cells,  49  cells,  or  any  odd  number  of  cells  may 
l)e  made  by  following  the  direciions  given  for  the  square  of  9  eelU. 
Even-numbered  magic  sciuares  l)eyond  16  arc  i)Ossible  to  make  but 
arc  not  included  here. 

Discover  the  rule 

Rules  or  formulas  for  the  students  to  discover  are  shown  at  the  right 
of  the  tabular  information  that  supplies  the  necessary  clues. 


a 

4 

8 

0 

10 

5 

11 

16 

0 

b 

16 

0 

20 

a 

2 

7 

0 

9 

6 

18 

16 

11 

h 

10 

lo 

8 

17 

a 

3 

7 

0 

10 

5 

8 

6 

1 

h 

18 

26 

12 

3 

14 

2 

6 

12 

15 

a  —  h 

a 

6 

IT) 

7 

11 

h 

3 

1 

3 

2 

5 

4 

0 

16 

18 

12 

2.-) 

a  -V  b 

3 

4 

3 

29 

18 

9 

8 

8 

11 

12 

31 

a 

6 

6 

9 

b 

3 

2 

4 

3 

.5 

18 

12 

18 

2.-) 

19 

2.') 

42 

47 
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6. 


a 

3 

7 

0 

10 

.") 

S 

6 

1 

b 

<) 

2 

a  4-  2  =  b 


Slwrtcuts  in  multiplication 

Since  25  can  be  expressed  as  -i^,  multiplication  by  25  can  be  done 
in  two  simple  steps: 

1.  Divide  by  4. 

2.  Multiply  by  100. 
Example:   25  X  48 

f  X  IS 
4 

f  X  I  =  1,200 

1 

If  the  nuHiber  being  multiplied  is  not  i  ^juiltiplc  of  4,  there  are  three 
cases  to  consider; 
a)  A  remainder  of  1 


Example:  25  X  73 


181 


^X73 
4 


100  ..00X18.25=1,825 
1 


b)  A  "emainder  of  2 

Example:  25  X  86 


21^ 

X       =  100  X  21,50  =  2,150 

1 


c)  A  remainder  of  3 
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lOxaiiipli':  2')  x  39 

9f 

1 

Multiplication  by  .lO — since  .lO  can  be  exprc^^scd  as  -IJ- — can  i.e 
used  by  following  a  tcclmiquc  similar  to  that  used  in  inultipUcati<  ii 
by  2,1: 

1.  Divide  by  2. 

2.  Multiply  by  100. 

Example:   r)0  X  7S 

f  X  78 

i^il  X  ^  -  3,900 
1 

If  the  number  bein^  multiplied  is  not  an  even  number,  the  only  ]>o>- 
sible  remainder  Is  1. 

Ex-ample:  50  X  93 

A^ 

~  X^-  =  100  X  -lO.oO  =  4,650 
1 

An  interestmg  diseussion  can  follow  the  jM'osentation  of  these  two 
shortcuts,  based  on  the  following  questions:  What  are  the  possible 
endings,  ten>  and  units  digits,  for  nitiltiples  of  25?  Of  50? 

A  different  kind  of  shortcut  becomes  apparent  when  we  consider 
multiplication  i)roblems  involving  11.  In  the  first  exami)le  >hown  below 
the  5  in  the  •)!  Juct  is  the  same  as  the  units  digit  of  the  nmltiplieand. 
The  8  is  tb<^  >um  of  the  tens  and  units  digits.  The  3  ib  the  same  as  the 
ten>  digit. 

First  example:  35 

35 
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Otlier  examples: 


IcMis  dij^it '         ^  units  digit 

sum  of 
tens  and  units 
dibits 


78  -  858 

.  ,■■  ^  \ 

tons  dipt       /units  dip:it 
plus  1.  which 
was  carried 


sum  of  tons  and  units  dij^it, 
showing?  that  we  put  down  the  5 
and  carry  1 


Fibonacci  numbers 

An  interesting  sequence  of  numbers,  called  Fibonacci  number?,  can 
he  generated  in  the  follownig  manner: 

Begin  with  two  ones,  1,  1;  add  these  to  get  the  next  number,  2,  of 
the  sequence  1,1,2;  then  add  1  and  2,  and  i^o  on,  for  the  sequence  seen 
helow. 

1 , 1 ,  2, 3,  5, 8, 13,  21 , 34,  55,  89, 144, 233, .  . . 

The  ijcquence  has  many  interesting  properties.  For  example:  2x3 
=  6;  1  X  5  =  5;  3  X  5  =  15;  2  X  8  =  16;  5  X  8  =  40;  3  X  13  =  39. 

For  any  four  successive  numbers,  the  product  of  the  two  in  the 
middle  will  he  1  more  or  less  than  the  i)roduet  of  the  outer  two. 

3'  =  9;   5  X  2  =  10  8'  =  64;   5  X  13  =  65 

13'  =  169;   S  X  21  =  168 
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Tlu»  >quar('  of  a  Fibonacci  number  will  be  1  more  or  less  than  the 
product  of  the  two  adjacent  to  it.  Squaring  Fibonacci  numbers  we  get 
a  .^^equence  that  begins  as  shown  in  the  U])per  line  of  figure  A.7.  Adding 
tlu»  |)roducts  a*  shown  in  the  lower  line  of  the  figure,  we  get  alternate 
Fibonacci  numbers. 


Writing  the  Fibonacci  sequence  vertically,  ask  a  student  to  draw  a 
line  under  one  of  the  numbers.  You  can  immediately  give  him  the  sum 
of  all  the  numbers  above  ^hc  line.  The  sum  alwf.ys  turns  out  to  be  1 
less  than  the  second  number  below  the  line. 

Example: 

1 
1 

2 

3 
") 

8 

13  The  sum  of  the  numbers  above 

21  tl\e  line  is  1  less  than  55,  or  54. 

34 

55 

89 


N^imber  patterns 

Complete  this  pattern: 

1X8+1=9 
12  X  8  +  2  =  98 
123  X  8  +  3  =  987 
1/234  X  8  f-  4  =  9,876 
12,345  X  8  +  5  = 
123,456  X  8  +  6  = 
1,234,567  X  8  +  7  = 
12,345,678  X  8  +  8  = 
123,456,789  X  8  +  9  = 
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4:)5 


Give  the  first  few  products  in  each 
piittern.  Have  the  pupil^^  coinplett; 
the  patterns  and  cheek  some  of 
the  prockicts  by  reguhir  miihipliea- 
tion. 


76,92:^  X  1 
70,923  X  10 
70,923  X  9 
70,923  X  12 
76,923  X  3 
76,923  X  4 


076,923 
709,230 
692,307 
923,070 
230,709 
307,692 

153,846 
038,461 
384,615 
846,103 
461,538 
615,384 


76,923  X  2 

76,923  X  7 

76,923  X  5 

76.923  X  11 

76,923  X  6 

76,932  X  8 


Palindromic  numbers 

A  palindromic  word  is  reversible,  as  are  MOM  and  LEVEL.  A  palin- 
dromic number  is  also  reversible,  as  are  363,  13131,  and  66.  An  inter- 
esting way  of  forming  a  palindromic  number  is  to  select  some  number, 
reverse  the  digits,  add,  and  then  repeat  the  entire  routine  until  a  palin- 
drome is  produced.  For  example: 


The  number  of  additions  required  varies  with  .le  number  used  to 
start.  For  instance,  196  requires  100  additions. 

Thf>'  lattice  method  of  multiplication 

The  use  of  the  lattice  ;nethod  or  form  is  simple  in  its  operation 
because  it  presumes  only  a  knowledf^e  of  the  primary  multiplication 
facts  and  the  ability  to  add.  There  is  no  renaming  during  multipli- 
eation.  This  wa^  an  early  method  used  for  multiplication,  and  it 
was  also  known  by  the  names  gelosia,  jalousie,  awl  "grating." 

As  a  first  step  in  the  multiplication  of  419  by  375,  see  figure  A.8. 

Obtain  products  of  the  separate  factors  and  in  the  corresponding 
squares  write  the  products,  with  the  numeral  representing  the  ones 
digit  of  the  product  written  below  the  diagonal  and  the  numeral 
representing  the  tens  digit  written  above  the  diagonal.  For  examples, 
sec  the  top  row  of  the  completed  diagram  (fig.  A.9) .  4  X  3  -  12, 


IS 
+  81 


238 
+  832 
1070 


20 
+  02 
22 


+  0701 
1771 


450 
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419  X  375  = 

\  \ 


1-419  (3digits) 


375  (3 digits) 


3  X  3,  or  9.  squares 


Fig. 


SO  in  the  appropriate  square  2  is  written  below  the  diagonal  and  1  is 
written  above  it;  1  X  3  =  3,  so  3  is  written  below  the  diagonal  and 
a  0  inserted  above  it;  9  X  3  =  27,  so  7  is  written  below  the  diagonal 
and  2  above  it.  The  final  produet  is  obtained  by  adding  the  digits 
ni  the  diagonals,  beginning  with  the  diagonal  in  the  lower  right-hand 
corner,  and  adding  the  numerals  in  eaeh  diagonal  until  all  the  addi- 
tioni^  have  been  performed.  Numerals  are  earried  into  the  next  diagonal 
row  of  numerals  where  neees^ary,  as  in  ordinary  addition.  When 
the  numerals  thus  obtained  are  read  from  left  to  right  around  the 
lattice  frame,  the  produet  of  the  two  given  factors  is  obtained,  as  seen 
in  figure  A.9. 

The  method  works  because  of  the  distributive  property. 


419 
375 


2,700  =  300  X  9 
3,000  =  300  X  10 
120,000  =  300  X  400 


630  = 

70 

X  9 

700  = 

70 

X  10 

28,000  = 

70 

X  400 

4:")  = 

/) 

X  9 

50  = 

X  10 

2,000  =   5   X  400 
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4o7 


\  9 


/2 

0/ 

2/ 
/i 

/Q 

/i 

^/ 

/3 

^/ 
/5 

/5 

Xapiers  bones 

John  Napier  developed  a  method  of  multiplication  closely  related 
to  lattice  multiplication  that  is  considered  to  be  a  forerunner  of  modern 
computing  machines.  Prepare  a  set  of  strips  (bones)  with  multiples: 
of  the  digits  0  through  9,  together  with  an  index  stick  bearing  each 
of  the  digits  1  through  9.  Figure  A. 10  shows  the  bone  for  7. 

To  find  a  product,  use  the  bones  and  t!ie  index  stick  as  shown  in 
figure  A. 11;  for  8  X  369,  place  the  index  beside  the  bones  for  3.  6, 
and  9. 


Fip.  A.lO 


Fig.  A.n 


458 
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To  find  the  product,  use  the  row  along^de  the  8  on  the  nidex  btick 
As  with  Lattice  nuiltijilication,  add  on  the  diagonal?.  Thus  8  x  369  = 
2,952,  as  seen  in  figure  A.  12. 


To  compute  in  situations  such  as  427  x  369,  we  use  the  row  beside 
the  index  4,  the  row  beside  the  index  2,  and  the  row  beside  the  index  7. 
We  get  three  partial  products  and  then  add  them  in  such  a  way  as 
to  allow  for  the  place  value.  Thus: 

1476 
0738 
+__25S3 
157563  =  427  X  369 

B  ueball  game 

This  game  of  baseball  reinforces  the  basic  number  facts  for  addl 
tion,  subtraction,  multiplication,  and  division  of  natural  numbers. 

The  only  i;^)ecial  equipment  needed  consists  of  a  color  Vtheel  (see 
fig.  A. 13)  and  flash  cards,  which  can  be  made  of  ;ioster  |/aper;  the 
chalkboard  can  be  used  for  a  scoreboard  (see  fig.  A. 14),  tallies  of  runs, 
and  records  of  the  positions  of  men  on  base.  The  flash-card  compu- 
tations consist  of  the  basic  addition  and  multiplication  facts,  with 
the  inverse  operations  included.  They  are  made  in  four  sets,  in 
increasing  difficul  y  according  to  the  value  assigned  to  them,  as  shown 
in  the  examples  in  figure  A. 15. 

Color    [  Ploy 

Red  Single 
Blue  Double 
Green  Tnple 
Yellow  Home  run 
Orange]  Out 


\  / 


Fig.  A.13.  Color  wheel  and  values 


ACTIVITIKS,  (;AMK^,  AN!)  AIMM.IC  VTIONS 


Team  I  I 


2 

\ 

0 

7 

8 

Fijr.  A.14.  .Scoifbo:|r(! 


After  choo:?ing  three  field  oflicial:5,  separate  the  re>'t  of  the  ela.ss 
into  two  teams. 
Duties  of  the  offieials: 

1.  Determine,  by  si)iiining  the  eolor  wheel,  the  type  of  hit  the  batter 
will  attempt  to  make  (an  out  is  automatic  when  orange  is  spun). 

2.  Pick  at  random,  for  the  batter,  a  flash  eard  from  the  r])])ropriate 
set. 

3.  Keep  tally  of  runs  and  po.sition  of  men  on  base,  and  make  the 
proi)er  entries  on  the  scoreboard. 

As  the  year  progreifses,  the  flash  cards  should  become  more  difficult 
with  the  inclusion  of  fractions,  i)roperties,  percent  equivalents,  dcci- 
nial  fraction  e(|uivalcnts,  and  so  on. 


U'l  4  Set  /, 

I'riplr       Homo  run 


4 
3 


6 

X  3 


i  4- 


Fig.  A.15i 

Exponents  by  discovery 

This  activity  can  be  used  to  lead  to  the  idea  of  exi)onents,  i)roviding 
drill  with  fundamental  oi)erations  at  the  same  tinu*.  It  is  really  ihr 
familiar  arithmetic  game  "What's  My  Rule?"  in  a  special  verMon. 

Duplicate  enough  cards  of  the  type  shown  in  figure  A.IG  to  permit 
each  pupil  to  have  an  ample  supply. 

The  activity  can  be  accompanied  by  a  .story  of  some*  sort  if  desired. 
l'V)r  instance,  the  card  could  be  an  order  card  in  a  .shipping  department 
and  the  pupils  are  to  guess  how  to  interpret  it. 

The  card  is  marked  with  X's  or  by  punching  hol(\s  above  the  numeials. 
The  pupils'  job  is  to  u.fte  the  appropriate  number  in  the  Iow.t  left-hand 
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112    3    4    5    6    7    8  9 


Fig,  A.16 

box.  If  there  arc  two  X's  over  the  3,  a  9  is  written  in  the  box.  If  there  are 
two  X's  over  2  and  two  X's  over  a  29  is  written  in  the  lower  left-hand 
box.  With  enough  exainplo.s  from  the  teacher,  the  pupils  will  soon  dis- 
cover the  three  X's  over  the  2  means  2^  =  8  should  be  written  in  the 
box.  Two  X's  over  4  and  four  X's  over  3  means  4"  +-3^  =  10  +  81  =97 
should  be  written  in  the  box.  Later,  if  X's  are  used,  the  card  can  be 
X 

eliminated  and  X  written  as  ai;  abbreviation  for  the  infornri.iticM  on  uie 
2 

card.  This  can  then  be  further  abbreviated  to  2'  and  the  raii,ed  2  called 
an  'Xponent." 

Arithmetic  with  exponents 

Would  you  believe  that  even  some  of  tiie  slowest  junior  and  senior 
high  school  students  could  find  the  answer  to 

6/)61-  X  243^  X  729 
19,683^  X  59,049 

in  ju.st  a  few  soconds?  To  do  so,  the  following  concepts  must  be  devel- 
oped: The  symbol  3^  means  that  3  is  used  as  a  yf actor  4  times 
(3  X  3  X  3  X  3) ;  3-  means  that  3  is  used  as  a  factor  2  t*nes.  So 
3*  X  3-  mc-  ns  that  3  is  used  as  a  factor  4  +  2,  or  6,  times.  After  a 
few  such  examples,  the  student  will  see  that 


Similar  examples  with  other  base  numbers  should  be  used  until 
the  general  rule  a'  •      =  a'*^  is  developed. 

The  (juantity  3^  -r  3^  can  be  written  as 

3X3X3X3 
3X3 
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4G1 


By  dividing  numerator  and  denominator  l)y  3  repeatedly  until  all 
the  3s  in  the  denominator  are  used  up,  we  are  left  with  3  X  3,  or  3-. 
So  when  dividing  by  3-,  we  ''took  away"  two  of  the  3s  in  3'.  With 
a  few  other  examples,  the  student  will  be  led  to  the  generalization  that 

K  =  a'-" 
a 

Next,  have  the  class  complete  a  table  of  powers  of  3,  through  3*^. 


3' 

=  3 

3"  =  729 

3= 

=  9 

3'  =  2,187 

3^ 

=  27 

3'  =  6,561 

3* 

=  SI 

3"  =  19,683 

3'' 

=.  243 

3'"  =  :)9,049 

Ask  the  class  to  find  the  product  27  X  81  by  inspection.  Some 
will  see  that  tliis  is  3-'^  X  3^  or  3",  which  is  2,187.  In  like  manner 
59,049  -H  729  becomes  3^^  -h  3^  or  3^  which  is  81.  After  some  practice, 
the  clasr>  should  be  able  to  tackle  the  original  problem: 

i'Vy  X  i^y  X  3^'  _  3"^  X  3^  X      X  3'-  X  3"'  X      _  3^  „  .,9 
(3")^'  X  3'"  3^  X  3"  X  3'"  "  3^^*  " 

So  the  answer  is  19,683. 

Similar  tables  using  other  bases  should  also  used  to  apply  the 
same  principle. 

For  example: 


can  be  expressed  as 

(2yx_(2T  _  2'"  X  2"  _       _  ^.  _ 

Number  shapes 
Present  to  the  class  the  array  of  dots  shown  in  figure  A. 17. 


r)12^X  2r)6' 
1,024  X  1:^8' 


Fig.  A.17 


4()2 
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Ask  the  stiidont>  to  contnuic  the  ])attern  through  the  next  two 
sets  of  dots.  Then  ask  if  anyone  can  jwdict  how  many  dotb'  would 
be  in  the  next  j>et,  without  actually  drawing  it. 

Hopefully,  >omc  of  the  students  will  associate  the  dots  with  the 
following  se([uence  of  numbers,  called  the  set  of  triangular  numbers: 

1,3,6,10,^5,21,28,... 

If  zero  is  included,  subtracting  consecutive  ])airs  of  triangular 
nunil)ers  ])roduces  the  result  shown  ni  figure  A. 18. 

0     1     3     6     10     15     21  28... 


Fig.  A.18 


Adding  consecutive  i)airs  jiroduces  the  set  of  square  numbers, 
which  can  also  be  rej) resented  geometrically,  as  shown  in  figure  A.  19. 

0      1     3     6      -10       15       21       28.  ,  . 

\/\/\/\/  \  /  \  /  \  / 

1     4     9     16       25      36  49 


FIk.  a. 19 

Subtracting  consecutive  >qiiare  number^;  i)r()(hiees  the  set  shown  in 
figure  A. 20. 

0     1     4     9     16     25      36  49.., 

\/\/\/\/\/\/  \  / 

1     3     5     7       9       11  13 
iMg.  A. 20 

Naming  inanbers 

The  student  can  I  o  asked  to  see  if  he  can  construct  a  name  for 
each  whole  number  from  1  through  10  using  exactly  four  4s,  any  of 
t!ie  oi)erations  -f,       X,  and  -f-,  and  ])lace  value. 
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Some  exaini)lci^  are  yhown  below: 


I  =  I  +  (4  ^  4) 


4  -r  4 
0  =  +  'J 


3  = 


4  ^  4 
4  +  4+4 


7  =  (4  +  4)  - 


4 


4  =  4  +  4  X  (4  -  4) 
^  (4  X  4)  +  4 


8  =  (4  +  4)  +  (4  -  4) 
4 


i)  =  (4  +  4)  + 


4 


10  = 


44  -  4 


Of  cours>c,  there  are  other  ways'  to  construct  nio,<t  of  these.  The 
level  of  difficulty  can  be  varied  by  extending  the  set  to  bo  named 
(eg.,  1  through  20),  using  additional  operations  (e.g..  exponents, 
factorials,  etc.),  or  using  other  numbers  as  the  base  set  in  ])lace  of 
four  4s. 

Here  are  two  examples  of  numbers  greater  than  10.  using  addi- 
tional operations  and  four  4s. 


4+4! 
4  +  =  11 


and 


4' 


=  IG 


4X4 

This  activity  gives  good  practice  with  fundamental  operations  and 
rei)laces  much  routine  drill. 

Bingtac 

This  game  ai)peared  in  the  April  1969  issue  of  the  Arithmetic 
Teacher,  in  an  article  written  by  Russell  L.  Williams. 

Make  several  sets  of  wooden  cubes  with  the  numerals  4-9  on  their 
faces  and  duplicate  enough  copies  of  the  grid  shown  in  figure  A.21 
to  give  several  to  each  i)ui)il. 


4 

5 

6 

7 

8 

9 

4 

5 

6 

7 

8 

Fig.  A  21 
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T'.c  game  can  bo  played  with  two  to  foip*  players.  Th'^y  first  decide 
on  addition  or  multiplication  as  the  operation  to  be  ndicated  in 
the  upper  loft-hand  corner  of  the  grid.  Then  they  roll  one  cube  to 
see  who  gets  the  highest  number  and  plays  Hrst.  Each  player  takes 
a  turn  rolling  two  cubes  and  placing  the  sum  or  product  of  the 
resulting  numbers  in  its  appropriate  space  on  his  grid.  If  a  double 
is  thrown,  the  player  gets  an  extra  turn.  The  first  player  to  get  six 
in  a  row,  column,  or  diagonal  correct  wins  and  calls  out  ^'Bingtac 
If  the  player  gives  a  wrong  sum  or  product,  he  loses  that  turn.  It  was 
pointed  out  that  it  is  wise  not  to  have  the  pupils  play  too  long  on 
any  one  day,  perhaps  half  an  hour  or  less. 

Mxdtiplication  by  doubling  and  halving 
Consider  the  multiplication  2X4  =  8. 

2X4  =  ^(2)  X  (2  X  4) 
=  1X8 
=  8 

Consider  also  the  multiplication  8  X  11  =  88. 

8  X  11  =  4  X  22 
=  2  X  44 
=  1  X  88 
=  88 

In  each  case  we  have  taken  half  of  one  factor  and  doubled  the 
other  until  the  product  is  aehievea.  This  process  can  be  adapted  even  * 
when  one  factor  is  an  odd  number  by  using  the  distributive  principle 
and  saving  all  addends  of  the  form  (1  X  a)  where  a  is  any  whole 
number. 

lo  X  23  =  (14  +  1)  X  23 

=  (14  X  23)  +  (1  X  23) 
14  X  23  =  7  X  40 

=  (6  +  :)  X  46 

=  (6  X  46)  +  (1  X  16) 
6  X  46  =  3  X  92 

=  (2  +  1)  X  92 

=  (2  X  92)  +  (1  X  92) 

2  X  92  =  1  X  184 


Thus, 
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15  X  23  =  (1  X  23)  +  (1  X  46)  +  (1  X  92)  +  (1  X  184) 
=  23  +  46  +  92  +  184 
=  345 

Here  is  another  example:  18  X  19  =  ? 

18  X  19  =  9  X  38 

=  (8  +  1)  X  38 
=  (8  X  38)  +  (1  X  38) 
8  X  38  =  4  X  76 
=  2  X  152 
=  1  X  304 

18  X  19  =  (1  X  304)  +  (1  X  38)  =  304  +  38  =  342 
Multiplication  by  doubling  and  summing 

Any  whole  number  ean  be  expressed  as  a  sum  of  powers  of  two. 
Listing  these  powers  we  get:  2^  =  1,  2^  =  2,  2-  =  4,  2^  =  8,  2*  =  16, 
....  Consider  3  =  2+1,  5=4+1,  6  =  4  +  2,  7  =  4  +  2+1, 

9  =  8  +  1,  10  =  8  +  2,  and  so  on.  This  is  not  a  proof  of  the  state- 
ment, but  it  does  illustrate  it.  Let's  eonsider  a  large  number,  45  =  32  + 
8  +  4  +  1  =  25  +  23  +  2^  +  20. 

This  prineiple  ean  be  used  to  multiply  two  whole  numbers.  Consider 

10  X  13  =  130.  This  ean  be  solved  in  the  following  way,  noting  that 
10  =  8  +  2. 

1  X  13  =  13--^ 

!I  ^  !o     -o/'  Double  eaeh  time 
4  X  lo  =  oJ\^ 

8  X  13  =  104-^ 

But  10  X  13  =  (8  +  2)  X  13  =  (8  X  13)  +  (2  X  13)  =  104  + 
26  =  130. 
Another  example:  33  X  45 

33  =  32  +  1  IX  45  =  45 

33  X  45  =  (32  +  1)  X  45  2  X  45  =  90 

=  (32  X  45)  +  (1  X  45)  4  X  45  =  180 

=  1,440  +  45  8  X  45  =  360 

=  l,4Sr.  16  X  45  =  720 

32  X  45  =  1,440 
The  seeret  of  this  proeess  is  that  the  first  factor  is  being  written 
as  a  base-two  numeral  and  the  seeond  factor  is  being  multiplied  by 
powers  of  two  through  a  simple  doubling  proeess.  The  produet  is 
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thus  found  by  .siini)ly  adding  those  jiroducts  that  occur  where  there 
are  ones  in  the  base-two  numeral  of  the  first  faetor.  Thus, 

33,,„  =  100001.„„  =  (1  X  2'')  -t^  (1  X  2')  -  82  +  1 
Binary  magic 

Reproduce  the  four  charts  seen  in  figure  A.22,  either  on  a  ditto, 
giving  one  set  to  each  student,  or  on  tagboard  that  is  large  enough 
for  the  entire  class  to  see. 


iU 
13 1 


10 

1 1 

14_ 

15 

4 
5 

12 
13 

6 

14 

15 

D  

8J12I 
9  jl3j 
J0_[l4' 
11  1 151 


Fig.  A.22 


Ask  one  of  the  students  to  select  a  number  from  1  through  15, 
informing  the  class  of  his  choice.  Then  ask  the  class  to  tell  you  on 
which  of  the  charts,  A,  B,  C,  or  D,  the  number  appears.  You  can 
then  tell  them  the  number  they  are  thinking  of  by  simply  finding  the 
sum  of  the  numbers  in  the  upper  left-hand  corner  of  the  charts  the 
students  name. 

For  example,  if  they  choose  13,  tliey  will  name  charts  A,  C,  and  D. 
You  will  then  add  1,  4,  and  8,  giving  you  13. 

The  charts  are  set  up  by  representing  the  numbers  from  1  through 
15  in  the  binary  system  (see  fig.  A.23). 

All  the  numerals  having  a  one  in  the  ones  column  appear  on 
chart  A,  those  having  a  one  in  the  twos  column  are  on  chart  B,  those 
witli  a  one  in  the  fours  column  are  on  chart  C,  and  chart  D  contains 
those  having  a  one  in  the  eights  column. 

The  yes  and  no  responses  from  the  students  tell  you  how  to  repre- 
sent the  numeral  in  the  binary  system. 

Taking  the  example  we  have  already  used,  13,  we  see  that  the 
results  are  as  shown  below. 


D 

C  li 

A 

(S) 

(4)  (-2) 

(1) 

Yes 

Yes  No 

Yes 

1(-S)  +  1(4)  +  0(2)  +  1(1) 
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Hjuse-Teii  Numeral  ! 

Base-Two  Numeral 

8 

4 

2 

1 

1 

1 

2 

1 

0 

:i 

1 

1 

4 

1 

0 

0 

14 

1 

1 

1 

0 

15 

1 

1 

1 

1 

D 

C 

B 

A 

Fig.  A.23 

An  intcrcstinfT  variation  of  this  activity  is  to  prepare  a  punch  card 
for  each  of  the  numbers  1  through  15,  representing  them  in  the  binary 
system  as  is  illustrated  in  figure  A.24. 


Again  have  the  students  select  a  number  from  1  through  15,  and 
lot  you  know  on  v^hich  chart  it  appears. 

By  using  a  knitting  needle,  the  cards  are  then  separated  in  the 
following  manner: 

If  the  numeral  appears  on  chart  A,  put  the  needle  through  slot  A 
and  separate  the  cards  into  two  sets.  Discard  those  that  remain  on 
the  needle.  If  the  numeral  is  not  on  chart  B,  put  the  needle  through 
the  B  slot  of  the  remaining  cards^  this  time  keeping  the  cards  that 
stay  on  the  needle.  Continue  this  through  the  four  charts.  When  you 
get  to  the  fourth  chart,  if  the  response  is  yes,  the  number  selected  will 
be  represente'  on  the  card  that  falls  off  the  needle;  if  the  response 
IS  no,  it  will  be  the  one  remaining  on  the  needle. 

If  you  wish  to  use  more  numbers,  a  fifth  chart  wili  extend  the  set 
through  31,  and  a  sixth  chart  will  extend  it  through  63. 
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Odd  VS.  even 

This  is  a  gamo  between  two  players  or  two  teams.  One  player  or 
team  uses  all  the  even  digits^  the  other  uses  all  the  odd  digits.  Players 
take  turns  placing  the  numbers  on  a  tic-tac-toe  grid.  The  first  player 
or  team  to  j)lace  a  third  number  in  a  row,  column,  or  diagonal  such 
that  the  sum  is  15  wins.  The  game  can  be  varied  by  expanding  the 
board  to  4  by  4  or  5  by  5,  and  using  the  numbers  1-16  and  1-25, 
respectively,  with  sums  of  34  and  65.  Another  possibility  would  be  to 
use  the  9-cell  square  with  multiplication  to  either  of  the  products  120 
or  105  (two  goal  numbers  are  desirable  in  multiplication  so  that  one 
is  odd,  the  other  even).  This  may  be  further  varied  by  having  each 
team  pick  its  own  goal  number  before  play  begins. 

Turn,  Turn,  Turn 

A  novel  addition  game  that  can  be  played  using  a  single  die  gives 
good  practice  with  fundamental  addition  while  encouraging  the  pupil 
to  develop  strategies.  This  can  be  played  with  an  ordhiary  die  taken 
from  a  game,  or  a  large-size  die  can  be  made  from  a  wou^.lcn  cube 
cut  to  about  or  2  inches  on  an  edge.  The  die  will  have  the  numbers 
from  1  through  6  on  it,  arranged  so  that  opposite  faces  p.Iways  add 
up  to  7. 

The  game  requires  two  players.  One  player  rolls  the  die  to  start 
the  game.  The  number  on  the  toj)  face  becomes  the  first  addend.  The 
second  player  ean  turn  the  die  to  any  of  the  four  faces  adjacent  to 
the  top  face,  but  cannot  use  the  top  face  or  the  face  that  is  opposite 
the  top  face.  The  number  turned  to  becomes  the  second  addend.  The 
players  alternate  turning  the  cube  to  produce  new  addends  until  a 
goal  number  is  reached.  The  player  who  turns  the  cube  to  show  the 
addend  that  gets  the  sum  closest  to  the  goal  number  without  exceeding 
it  wins.  A  good  goal  number  might  Ixi  21;  another  is  50.  Players 
should  be  encouraged  to  analyze  the  game  for  strategies  that  increase 
their  chances  of  winning. 


Fig.  A. 25.  In  this  example  of  Turn.  Turn,  Turn,  the  playons  continue  turning 
until  the  addends  give  the  sum  of  21  or  the  sum  closest  to  21  witliout  oxreedinjr 
that  goal. 


First  addend  IS  1 


Second  cddend  is  2 
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Mathematical  mind  reading 

To  find  the  luunbcr  of  brothers  and  sisters  a  student  has  (assuming 
that  the  student  has  no  more  than  9  brothers  or  9  sisters),  tell  him 
to  follow  these  direetions: 

1.  Write  down  the  number  of  brothers  you  have. 

2.  Double  this  number. 

3.  Add  1. 

4.  Multiply  this  result  by  5. 

5.  Add  the  number  of  sisters  you  liave. 

6.  Tell  your  result. 

When  you  hear  the  result,  subtract  5  from  it  to  obtain  the  number 
of  brothers  (shown  by  the  tens  digit)  and  th.e  number  of  sisters 
(shown  by  the  units  digit).  For  example,  if  his  result  is  17,  subtraethig 
5  gives  12,  showing  1  brother  and  2  sisters. 

An  explanation  of  why  this  "mathematieal  mind  reading"  works 
beeomes  apparent  when  the  steps  performed  by  this  student  are  given 
below  in  both  arithmetieal  and  algebraie  terms,  with  r  representing 
the  number  of  brothers  and  y  representing  the  number  of  sisters. 

A  rithmeiical  A  Igebraic 

1.  1  X 

2,  2  X  1,  or  2  2x 

8.  2  +  1,  or  3  2.r  +  1 

4.  3  X     or  If)  n(2x  +  1),  or  10^  +  o 

5.  lo  +  2,  or  17  10.r  +  n  +  y 
0.  17  lOx  +  5  +  y 

Solution:  lOx  +  F)  +  y  —  5  =  lOx  +  y 

Operations  with  fractions 

The  distributive  property  of  multiplication  over  addition  can  be 
used  to  multiply  certain  whole  numbers  and  mixed  numbers  mentally. 

For  example,  o  X  7|: 

T)  X  (7  +  ?)  =  (o  X  7)  +  (5  X  I) 
=  35  +  3 
=  38 


After  working  several  examples  of  this  type,  where  the  product  is 
a  whole  number,  more  diffieult  examples  can  be  used. 
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For  examj)le,  4  X  3| 


4  X  (3  +  f )  =  (4  X  3)  +  (4  X  I) 
=  12+1 

=  12  +  n 


An  approach  to  dividing  fractions  is  Uustratcd  by  the  following 
examples: 

Example  1:   |  | 


4 

Express  the  problem  as 

2 
3 

Find  the  least  common  denominator  for  the  two  fractions  and 
multiply  this  by  the  numerator  and  denominator  of  the  complex 
fraction. 


3 

3 

12 

2 

12 
12 

=  ix 

2 

_1 

12 

9 
8 

3 

3 

1 

Example  2:   3|  ^  4| 

3|  18  ^  3  X  18  +  I  X  18  ^  54  +  4  ^  58 
4|  ^  18     4  X  18  +  I  X  18     72  +  15  87 

Copy  lumbers 

This  idea  was  first  suggested  to  the  writer  by  Dr.  Lola  J.  May  of 
Winnetka;  Illinois. 

An  area  of  frequent  difficulty  is  addition  and  subtraction  of  frac- 
tions. Copy  numbers  may  be  used  with  students  who  seem  to  be 
unable  to  make  j)rogress  with  the  usual  algorithm. 

Note  that: 

5  ^  5  +  5  ^  5  +  5  +  5  ^  5  +  5  +  5  +  5 

6  6+6     6+6+6  6+6+6+6 

3  ^  3  +  3 ^  3  +  3  +  3  _3  +  3  +  3  +  3 

4  4+4     4+4+4  4+4+4+4 
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These  are  the  ''copy  numbers/'  Now,  .suppose  we  are  adding  g  and  f. 
Sot  up  the  probh^m  in  the  vertical  form  and  devehip  the  copy  numbers 
one  at  a  time,  beginning  with  the  .smaHer  denominator  and  always 
working  with  the  fraction  liaving  the  smallei  sum  in  its  denominator. 

i-m 

3  ^  3  +  e3  +  3 

4  4+4+4 

At  this  point,  wc  note  that  6  +  6  =  4  +  4  +  4;  this  tells  us  we 
have  gone  far  enough.  Now  wc  can  complete  the  addition. 

10 
12 
9^ 
12 
19 
12 

Of  course,  it  is  not  necessary  to  write  everything  over  three  times. 
That  was  done  only  to  spell  out  the  separate  steps.  Here  is  one  more 
example,  without  rewriting. 

5  ^  5  +  5  +  5  _  15 

77  +  7  +  7  "21 
_  2  ^  2  +  2  +  2  +  2  +  2  +  2  +  2  _  14 
3     3  +  3  +  3  +  3  +  3  +  3  +  3"  21 

21 

Sometimes  the  process  is  very  quick;  at  other  times  it  takes  time, 
just  r.s  is  the  case  with  finding  the  least  common  denominator  for 
the  standard  algorithm.  It  does  enable  the  student  to  successfully  add 
fractions  with  unlike  denominators  even  when  he  is  unable  to  use  the 
standard  algorithm. 

Whoh  Numbers  Down 

Whole  Numbers  Down  is  a  card  game  that  can  be  played  by  two, 
three,  or  four  pupils  at  one  time.  It  gives  excellent  practice  in  adding 
fractions. 

The  materials  needed  for  the  game  consist  simply  of  a  special  deck 
of  cards.  These  can  he  made  by  the  teacher  or  by  a  capable  student. 
The  background  for  each  carr!  is  poster  paper  cut  to  approximately 


5  ^  5  +  5 

6  6  +  6 

3  ^  3  +  3  +  3 

4  4+4+4 
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the  size  of  a  regular  playing  card — or,  to  eliminate  cutting,  a  tliree- 
by-five-incli  index  card  could  be  substituted.  On  a  lighter-weight 
paper,  cards  to  be  cut  to  the  appropriate  size  should  be  made  up  as 
shown  by  the  examples  in  figure  A. 26. 


Fig.  A  26 


The  cards  showing  the  fractions  should  then  be  cut  out  and  glued 
to  the  heavier  cards.  A  complete  set  should  consist  of  40  cards  with 
various  fractions. 

The  game  is  played  by  shuffling  and  dealing  four  cards  to  each 
player.  The  remaining  cards  are  placed  face  down  in  the  center  of 
the  playing  area,  then  the  top  one  is  turned  face  up.  The  first  player 
either  takes  the  faee-up  card  or  draws  one  from  the  top  of  the  pile. 
He  then  makes  up  combinations  of  cards  in  his  hand  that  add  to 
any  whole  number;  he  lays  these  whole-nuinber  sums  down  face  up 
in  front  of  him.  Finally,  he  diseards  one  card.  The  first  player  to  get 
rid  of  all  of  his  eards  ends  the  hand,  and  eaeh  player  gets  the  total  of 
the  points  he  has  put  down  on  the  table  minus  Vo  point  for  eaeh  eard 
in  his  hand.  The  game  is  won  by  the  first  player  to  get  25  points. 
Anyone  who  lays  down  a  set  of  eards  not  having  a  whole-number  sum 
must  return  these  cards  to  his  hand  and  take  an  extra  card  from  the 
pile  without  discarding. 

Seven 

Praetiee  in  multiplication  and  division,  as  well  as  the  recognition 
of  patterns,  can  be  accomplished  in  the  following  ways: 

Ask  the  class  to  multiply  142,857  by  1,  then  by  2,  3,  4,  5,  6,  and  7. 

After  they  have  done  two  or  three,  ask  if  anyone  can  gi\?  the 
rest  of  the  products  by  inspection. 
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1  X  142,857  =  142,857  5  X  142,857  =  714,285 

2  X  142,857  =  285,714  6  X  142,857  =  857,142 

3  X  142,857  =  428,571  7  X  142,857  =  999,999 

4  X  142,857  =  571,428 

Ask  the  class  to  change  y,  f,  y,  4,  y,  and  y  to  decimal  fraetions,  carry- 
ing the  division  out  to  12  places. 

Again,  after  two  or  three  are  worked,  ask  if  anyone  can  see  a  special 
pattern  that  would  enable  him  to  get  the  rest  of  the  quotient  by  in- 
spection, 

Sim  arid  product 

Find  two  fractions  that  will  give  the  same  answer  whether  they  are 
multipli'^d  or  added  together.  Is  there  a  pattern  for  making  such  pairs 
of  fractiOiiS*^  (t  and     |-  and  f ,  etc) 

Regular  hexcgons 

After  leariiing  to  construct  a  regular  hexagon  in  a  circle  it  is  a 
simple  matter  to  make  a  triangle  and  to  make  regular  polygons  with 
sides  of  12,  24,  48,  .  .  ,  by  bisecting  a  side  of  the  polygon  and  its 
corresponding  arc. 

For  the  hexagon  use  r  as  radius  for  a  circle,  and,  using  this  same 
radius,  mark  off  points  around  the  circumference  of  the  circle.  By 
connecting  the  consecutive  points,  a  regular  hexagon  is  formed.  If 
every  second  point  is  connected,  an  equilateral  triangle  is  formed. 
By  drawing  two  triangles,  ACE  and  DRF,  a  six-pointed  star  is  formed, 
as  seen  in  figure  A.29.  Many  designs  can  be  created  by  students 
from  the  basic  regular  hexagon. 


A 


F 

Fig.  A. 20 


Sqmres 

Construct  the  perpendicular  l)iscctor  of  tb^  diameter  of  a  circle. 
Connect  the  four  consecutive  points  on  the  circumference  and  have  a 
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Fig.  A,30 


perfect  square,  as  seen  in  figure  A.30.  By  biseeting  a  side  of  the  square 
and  its  eorresponding  arc,  a  regular  octagon  ean  be  eonstructed.  Con- 
tinuing in  this  way,  rcguhar  polygons  of  16,  32,  64,  .  .  .  sides  can 
be  eonstructed. 

Symmetry 

The  idea  of  symmetry  can  be  introduced  to  a  elass,  small  group,  or 
individual  using  a  discovery  approach.  A  fairly  large  set  of  cutout 
shapes  (either  geometric  shapes  or  the  eapital  letters  of  the  alphabet) 
is  required  for  this  activity.  About  half  the  shapes  should  have  line 
symmetry;  the  other  half  should  be  nonsymmetrieal. 

The  activity  begins  when  the  teacher  writes  **Yes"  as  a  heading 
for  one  section  of  a  chalkboard  or  flannel  board  and  "No"  as  a 
heading  for  another  section.  A  letter  or  geometric  shape  is  then  selected 
and  held  up  for  the  pu})ils  to  see.  They  are  to  guess  if  it  is  a  yes  or 
a  no.  After  all  have  had  the  opportunity  to  express  their  opinion, 
the  teacher  places  the  shape  (using  masking  tape,  magnets,  glued-on 
flannel,  or  something  similar)  in  the  proper  section  of  the  board. 
The  shapes  are  selected  one  by  one  for  this  process.  Any  pupil  who 
feels  he  knows  the  principle  determining  the  yes  shapes  can  either 
write  his  theory  or  state  it-aloud  after  all  members  of  the  grou))  have 
had  ample  opportunity  to  guess.  The  principle  could  also  be  described 
nonverbally  by  having  the  pupils  fold  the  shapes  to  show  matching 
halves. 

The  activity  can  be  made  more  challenging  or  can  be  extended  at 
another  time  by  including  figures  that  have  symmetry  with  respect 
to  a  point  in  addition  to  those  having  line  symmetry. 

An  individualized  version  can  be  developed  by  putting  the  shapes 
on  flash  cards  with  "Yes^'  or  "No"  on  the  back.  The  pupil  would 
try  to  classify  a  card  properly  without  looking  at  the  back,  then  he 
eould  check  his  response.  He  would  put  it  into  the  proper  set  and 
continue  this  process  until  he  felt  he  could  describe  the  principle 
either  orally  or  in  writing  for  the  teacher  to  check. 
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Spatial  relationships 

To  aid  in  developing  spatial  perception  in  geometry,  exercises  of 
the  following  type  may  help  (build  models) 

.0  r  ^T'^".  °^  '^"St'^'  1'°^^  can  they  be  arranged 
so  tl  a  four  triangles  are  formed  whose  sid«  are  the  length  of  Sc 
Popsicle  sticks?  The  answer  is  seen  in  figure  A  31 


Tetrahedron 


Fig.  A.31 


Ask  the  students  to  visualize  a  3-incn  cube  that  is  painted  red 
Assume  that  this  cube  is  cut  into  27  one-inch  cubes  as  in  figure  A  st 


Fig.  A.32 


their  faces?  On  one  face  only?  On  two  faces  only?  On  more  than 
three  faces?  Alphabet  blocks  or  sugar  cubes  are  two  things  tl  at  can 
be  used  to  build  a  model  if  the  students  cannot  visualize  the  cub" 
Elementary  surveying: 

Use  of  clinometer  to  determine  the  size  of  an  angle 

trilld  '''''m''  "  °'         t''^  «°"«^Pt  of  similar 

triangles  or  the  concept  of  scale  drawing- 
Heights  of  flagpoles  and  buildings  or  rockets  may  be  solved  by  the 
hadow  method  and  similar  triangles.  Another  interesting  method  i 
to  use  a  clinometer  to  determine  the  angle  of  elevation  Once  the 
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angle  is  determined,  eithc-r  scale  drawing  or  trigonometry  can  be  used 
10  determine  distances. 

This  activity  gives  every  student  the  opportunity  to  discover  sur- 
veying techniques  for  himself,  since  he  will  make  his  own  clinometer 
and  use  it. 

Directions  for  construction: 

1.  Use  a  rectangular  piece  of  heavy  cardboard,  about  9  by  14 
inches  in  size. 

2.  Place  a  protractor  close  to  the  edge  in  the  upper  right-hand 
corner,  as  shown  in  figure  A.33. 

3.  Attach  a  string  with  a  weight  at  point  Aj  figure  A.33. 


Directions  for  ase: 

1.  The  student  stands  at  point  P,  an  arbitrary  distance  (not  too 
close)  from  a  flagpole,  as  shown  in  figure  A.34.  In  this  figure  P  is  at 
a  distance  of  50  feet  from  the  flagpole. 

2.  Standing  at  point  P,  the  student  siglits  along  the  edge  of  the 
instrument  to  the  top  of  the.  flagpole. 

3.  The  string  will  remain  in  vertical  position  because  of  the 
attached  weight  and  will  cross  the  protractor  at  a  point  that  repre- 


.4 


Fig.  A.33 


Height 
of  pole 


P 


SOfeel 


Fig.  A.34 
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Fig,  A,36 


scnts  the  measure  of  the  angle  of  elevation.  Figure  A.35  shows  the 
position  for  a  reading  of  an  angle  of  elevation  of  20°.  Figure  A.36 
is  a  diagram  of  the  scene. 

4.  Solve  the  problem  by  the  use  of  a  scale  drawing.  Graph  paper 
is  ideal  for  this  purpose.  Note  that  construction  of  a  scale  drawing 
will  give  the  height  of  the  flagpole  {x  in  fig.  A.36)  above  the  student's 
h.orizontal  line  of  sight.  The  student  should  be  sure  to  remember  to 
add  his  eye-level  height  to  the  valuo  of  x  to  get  the  final  answer. 

The  Mobms  strip 

A  Mobius  strip  can  be  constructed  in  the  following  way:  Take  a 
strip  of  paper  (adding-nachine  tape  is  quite  good),  give  one  end 
half  a  twist,  and  tape  the  two  edges  together.  In  figure  A.37,  A  would 
be  joined  to  i4',  B  to  b\ 


Fig.  A  37 

The  Mobius  strip  has  many  interesting  characteristics,  which  the 
following  experiments  illustrate. 
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Fig.  A  38 

Ask  the  students  to  color  one  side  red  and  the  other  side  blue. 
(They  will  discover,  no  doubt  greatly  to  their  surprise,  that  this  cannot 
be  done.  This  will  help  to  prepare  them  for  further  surprises  in  the 
additional  experiments.) 

Ask  them  to  cut  the  Mobius  strij:  in  half,  along  the  dotted  line, 
as  seen  in  figure  A. 38. 

Then  cut  the  halves  in  half. 

Instead  of  cutting  it  in  half,  try  to  cut  it  into  thirds. 

Make  a  double  Mobius  strip  (see  fig.  A.39) .  Join  A  to  A\  B  to  J5', 
C  to  C%  and  D  to  D'.  Verify  that  there  are  really  two  strips  by  run- 
ning some  object  between  the  two  strips  all  the  \vay  around.  Then 
separate  the  strips.  Then  put  them  back  together. 


1 

B' 

ly 

c[ 

Fig-  A.39 

Prohahiliiy 

This  activity  is  designed  to  help  the  student  discover  for  himself 
a  method  for  predicting  the  outcome  for  certain  events. 

Have  a  student  flip  a  single  coin  several  times  and  record  the 
results  in  the  following  way: 

Example: 

X 
X 

X  X 

XX  G  heads  (H),  4  tails  (T) 

X  X 
X  X 

H"  T 

Then  leb  the  students  work  in  pairs,  noting  the  heads-or-tails 
outcome  of  each  pair  of  flips  as  shown  in  the  example  below. 
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X 

X 

X 

X 

2H— 3 

X 

X 

IH,  IT—, 

X 

X 

X 

2T— 4 

X 

X 

X 

X 

X 

X 

H,H 

H,T 

or 

T,H 

T,T 

Next,  have  three  students  working  together  Here  is  an  example 
of  possible  results: 


X 

X 

X 

X 

X 

X 

X 

X 

3H— 4 

X 

X 

2H,  IT— 10 

X 

X 

X 

IH,  2T— 12 

X 

X 

X 

3T— 6 

x 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

HHH 

HTH 

HHT 

THT 

Some  observations  the  students  might  be  expected  to  make  on  the 
second  and  third  examples  are:  When  two  coins  were  flipped  at  once, 
there  were  about  twice  as  many  times  one  head  and  one  tail  appearecl 
as  there  were  times  either  two  heads  or  two  tails  were  gotten.  When 
three  coins  were  flipped,  the  number  of  times  two  heads  and  one  tail 
appeared  was  about  the  same  as  the  number  of  times  two  tails  and 
one  head  appeared.  There  were  about  three  times  as  many  times  for 
either  of  these  as  there  were  of  getting  three  heads  or  three  tails. 

Divide  the  class  into  groups  of  three  or  four.  Each  group  should 
have  a  pair  of  dice  and  a  sheet  of  paper  to  record  the  results  of 
rolling  the  dice.  The  results  can  be  recorded  as  seen  in  the  tabulation 
of  pos^-ible  results  below. 
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X 
X 

X  X 

X  XXX 

X         X         X         X  X 
X         X         X         X         X         X  X 
X         X         X         X         X         X  X 

xxxxxxxx  X 
xxxxxxxxx  X 

XXXXXXXXX  X  X 

xxx       xxxxxx  X  X 

2      3      4      5      6      7      8      9     10       11  12 

A  similar  tabic  should  then  be  made  using  the  ordered. pairs  that 
result  in  the  various  sums: 

(6.1) 

(5.1)  (5.2)  (6,2) 

(4,1)     (4,2)  (4.3)  (5,3)  (6,3) 

(3.1)     (3,2)     (3,3)  (3.4)  (4,4)     (5,4)  (6,4) 

(2,1)     (2,2)     (2,3)     (2,4)  (2.5)  (3,5)     (4,5)     (5.5)  (6.5) 

(1,1)     (1,2)     (1.3)     (1,4)     (1,5)  (1,6)  (2,6)     (3,6)     (4,6)     (5,6)  (6.6) 

2         3         4         5         6         7         8         9        10        11  12~ 

The  students  should  then  observe  that  the  table  shows  36  different 
possible  combinations:  There  is  1  way  out  of  36  of  getting  2,  there 
are  2  ways  of  getting  3,  6  ways  of  getting  7,  aud  so  on. 

Games  ivith  coordinate  axes 

There  aio  a  variety  of  games  that  can  he  played  on  coordinate 
axes.  One  of  these  is  the  game  that  is  sometimes  called  "Battleship." 
There  are  different  versions  of  the  game  to  be  found,  and  the  following 
is  just  one  possibility. 

Three  pupils  cooperate  in  this  activity.  It  is  a  very  simple  way 
to  enable  them  to  name  and  idei.tify  ordered  pairs  on  a  set  of  co- 
ordinate axes.  One  pupil  serves  as  the  judge,  the  others  are  players. 
Each  player  has  a  sheet  of  graph  paper  or  a  teacher-made  version 
of  a  coordinate  grid,  with  the  axes  marked.  The  judge  puts  a  curve 
around  four  adjacent  points  on  his  grid.  The  others  are  not  allowed 
to  SCO  which  four  points  have  been  identified.  The  opponents  then 
take  turns  calling  out  an  ordered  pair,  which  they  each  mark  on 
their  respective  grids.  If  one  of  them  selects  a  point  from  the  four 
that  were  chosen  as  the  battleship,  the  judge  calls  out,  '^lit."  The 
opponent  who  hits  the  fourth  point  of  the  battleship  wins  the  game. 
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Then  the  wiiiiu-r  becomes  the  judge,  and  the  foniior  }\n\gQ  plays 
the  lober.  The  first  ])erson  to  win  three  games  is  the  (•hanii)ion. 

Another  game  involving  the  eoordinate  grid  is  a  version  of  tic-tac- 
toe.  Two  i)layers  elioose  a  grid  of  dimension  agreeable  to  both,  or 
the  teacher  can  pick  the  i)laying  grid.  The  players  take  turns  naming 
ordered  i)air.«;  and  marking  ])oints  on  tlie  grid,  perhai)s  with  their 
fir.st  initial.  Players  score  a  i)oint  for  three  in  a  row  vertically,  hov\- 
zontally,  or  diagonally.  The  player  with  the  greatest  number  of 
l)oints  when  the  grid  is  filled  wins.  The  game  can  be  varied  by 
reciuiring  four  or  more  in  a  row  for  a  ])oint  or  by  extending  it  outside 
the  fir.*;t  (luadrant  of  the  grid.  A  j^layer  who  names  one  ordered  pair 
and  marks  a  different  one  loses  his  next  turn.  This  can  be  used  as  a 
group  game  similar  to  nim,  wliieh  was  described  earlier. 

Crass-nianber  puzzle 


\ 

2 

3 

4 

5 

6 

7 

8 

9 

10 

n 

12 

13 

14 

15 

i6 

17 

18 

B 

20 

21 

22 

23 

Fig.  A, 38 


Uonzonlnl 

1.  Tho  L.C.D.  of%a!Kl% 

3.  Change  -Vs  to  nuinbor  of  21ths. 

5.  Chango      to  ji  whole  nuinbor. 

6.  6%  +  5M  -f  3-*;;  f  2Vv 
8.  7«X.  -  3'/j 

0.  S%  X  1% 

10.  Va  of  what  nuinb(M-  \<  28? 
12.  16iX»  H-  7-r, 


13.  Sublract 


fioin  13  M 


and  add  2'/i.j. 
14.  Add  27';.  32'/{.  16;1m.  and  44% 
16.  Multiply  131:  bv  2Va. 

18.  Divide  29iX»  by  7%. 

19.  19Vj  is  -Ki  of  what  mnnbor? 

20.  5%  X       divided  by 

21.  Siniplifv 
12%  X  2'/j 

23.  Divido  I  ho  pro(hict  of 
17'X»  .-uid  '/u  by  Vy>. 


V CI  deal 

1.  Divide  14  by  Mo- 

2.  Change  '4  to  number  of  IGths. 

3.  y.  +     +  y» 

4.  Find  'Yv  of  72. 

5.  6%  X  1% 

6.  Divide  Z%^  by  ^1,,. 

7.  Add  148-Ki,  210%.  56%,  and  402  Yvz 

11.  Change      to  a  whole  number. 

12.  Multiply  the  differcuco  of  120^. 
and  271/1.  bv  6%. 

14.  %  X  1V2  X  m 

15.  12is-y»  of  what  number? 

16.  Take  ^.  of  390. 

17.  L.C.D.of  '/s,  M^.  -K.andyrj 
IS.  'V\  of  what  mimhor  is  31i/i? 

22.  Vk  X  2'/o  divided  by  3 

23.  Siniplifv 

5j/2__-^2y4 


482 


THE  SLOW  LEARN'ER  IN  MATHEMATICS 


2 

4 

1 

5 

1 

2 

1 

8 

4 

1 

4 

1 

1 

2 

6 

8 

1 

2 

1 

3 

2 

4 

2 

6 

1 

4 

2 

1 

1 

2 

Fig.  A.39.Solution 
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Appendix  Bs  Sample  Lessons 

Exploring  Large  Num1>ers 
(for  Slow  Junior  High  or  Upper 
Elementary  Students) 

NEIL  W ALLEN 
Assistant  Pnnctpal,  Coral  Way  Ekmenlary  School 
Miami,  Floridn 


Objective 

Given  a  number  of  common  uniform  objects  (dimes,  dollars,  paper 
clips,  etc.— in  the  principal  activity  here,  dimes),  the  learner  should 
demonstrato  an  understanding  of  this  number  by  relating  some  of 
these  uniform  objects  to  a  small  unit  of  measure  and  then  to  some 
single  larger,  object  (a  specific  mountain,  tower,  building,  etc.)  whose 
measure  is  thereby  more  easily  comprehended. 

Materials  for  each  student 

Over  20  dimes  Worksheet 
R^^lcr  Conversion  t/\ble 

Teacher-guided  activities 

1.  Give  each  student  a  number  of  dimes  and  a  ruler.  Ask  him  to 
find  approximately  the  number  of  dimes  in  a  1-inch  stack  (20). 
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2.  Ask  questions  such  as  these:  How  high  would  a  ptack  of  40 
dimes  be?  How  high  would  a  stack  of  60  dimes  be? 

3.  Have  the  student  estimate  how  high  a  stack  containing  1,000,000 
would  be.  (The  correct  answer  is  not  to  be  expected  at  this  time.) 

4.  Have  the  student  complete  the  worksheet  (fig.  B,l). 


Indies  Diinc^ 
10.000  200.000 

Inches    l)imes  ' 
1 .000  20.000 

Inciies  Dimes 
100  2.000 

Incites  Dimes 
10  200 

Inches  Dimes 
1  20 

Inches  Dimes 
20.000  400.000 

Inches  Dimes 
2.000  40.000 

Inches  Dimes 
200  1.000 

Inches  Dimes 
20  400 

Inches  Dimes 
2  40 

Inches  Dimes 

Inches  Dimes 

Inches  Dimes 
300  6.000 

Inches  Dimes 
30  600 

Inches  Dimes 
3  60 

Inches  Dimes 

Inches  Dimes 

Inches  I^imes 

Inciies  Dimes 
40  800 

Inches  Dimes 
4  80 

Incites  Dimes 

Inches  Dimes 
5.000  100.000 

Inches  Dimes 

Inches  Dimes 

Inches  Dimes 
5  100 

Inches  Dunes 

Inches  Dimes 

Inches  Dimes 

Inches  Dimes 

Incites  Dimes 

Inctics  Dime>« 

Inches  Dimes 

Incho.**  Dimes 

Inches  Dimes 

Inches  Dimes 

Inches  Dimes 
80,000  l.GOO.OOO 

Incites  Dimes 

Inches  Dimes 

Inches  Dimes 

Inches  Dimes 

Indies  Dime^ 

Inches  Dimes 

Incites  Dimes 

Inciies  Dimes 

Inches  Dimes 

Fig.  B.l.  Worksheet 


5.  Discuss  the  worksheet.  Have  the  student  check  his  estimation 
made  in  activity  3  in  the  following  way,  using  the  worksheet. 


Dimes 

Inches  High 

200,000  

 >  10,000 

200,000  

 >  10,000 

200,000  

 >  10,000 

200,000  

 >  10,000 

200,000 

 >  10,000 

1,000,000  

 >  50,000 

SAMPLE  LKSSOXH 
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6.  Using  the  conversion  table  (fig.  B.2),  change  the  number  of 
inches  (50,000)  to  the  number  of  feet. 


Inches 

Feet 

Inches 

Feet 

12 

1 

8  JO 

70 

00 

') 

900 

80 

120 

10 

1,080 

<)0 

240 

20 

1,200 

100 

300 

30 

12,000 

1.000 

480 

40 

24,000 

2.000 

GOO 

oO 

30.000 

3.000 

720 

GO 

48.000 

4,000 

Kig.  15  2  Conver^^ion  tabh^ 


7.  Ask,  "If  1,000,000  \)cop\c  each  ])lacc  3  dimes  on  a  stack,  how 
high  would  the  stack  be  in  feet?'^ 


Dimes  Feet 

1,000,000   >  4,106  2/3 

1,000,000   >  4,166  2/3 

1,000,000   >  4,100  2/3 

3,000,000   12,498  6/3  =  12,500  ft. 


8.  Have  the  children  name  ohje.'ts  that  measure  about  12,500  feet 
Look  in  encyclopedias,  dictionaries,  and  other  reference  niat(M-ial.s  for 
information  such  a^  height  of  mountains.  For  example,  Fuji  in  Japan 
is  12,388  feet  high. 

Reinforcement  activities 

1.  Count  the  sheets  of  paper  in  a  stack  1  inch  high.  Using  a 
similar  procedure,  determine  how  high  a  stack  of  1,000,000  sheets 
of  paper  would  be. 

2.  Count  the  number  of  paper  clips  in  a  string  1  foot  long.  Find 
the  length  of  a  string  containing  1,000,000  clips. 
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Triai&jalar  and  Square  Numberai 


GAETANA  LEVINSON 
Montdair  State  College 
Upper  Montclair,  New  Jersey 


The  following  is  a  lesson  plan  written  specifically  for  the  student. 
It  is  a  lesson  on  triangular  and  square  numbers  and  would  be  used 
in  a  unit  on  the  study  of  number  character  and  perjsonality.  Other 
topics  in  this  unit  could  include  a  study  of  the  properties  of  even 
and  odd  numbers,  prime  and  composite  numbers,  perfect  numbers, 
the  divisibility  rules — in  fact,  a  general  "Who's  Who''  among  the 
integers. 

Please  note  that  the  lesson  as  given  here  has  been  completed. 
Responses  of  the  students  are  indicated  by  being  circled. 

References  used  in  the  construction  of  this  lesson  follow  the  lesson 
itself. 


I  have  character,  like  you.  Just  as  some  of  you  are  tall  and  fat 
and  cheerful  and  honest,  numbers  have  character,  too.  There  are 
even  numbers  and  odd  numbers  and  prime  numbers  and  square 
numbers  and  many  other  numbers.  All  with  different  personalities. 

Do  you  know  what  I  look  like? 

ril  give  you  a  hint. 

You've  seen  one  of  me  at  the  bowling  alley  as  an  array  of  10 
bowling  pins.  You've  seen  part  of  me  in  the  sky,  in  the  formation 
of  birds  flying  south  in  the  winter.  Pool  players  use  one  of  my  forms 
to  store  the  15  balls  of  that  game  when  they  are  not  in  use. 


Hi! 

I'm  myself.  I'm  me. 
■^V  name  is  Triangular. 
I  am  a  set  of  numbers. 


S\MPLli  LESSONS 


Now  do  you  know  what  I  look  like? 

Well,  I  just  happen  to  have  a  few  pictures  of  myself.  This  is  the 
first  one. 


O 


As  you  can  see,  sometimes  I  am  quite  small.  Here  I  am  called 
the  first  triangular  number.  My  nickname  is  T(l). 
This  is  the  second  one. 


O 

o  o 

Here  I  am  as  the  second  triangular  number,  called  T(2).  Do  you 
see  that  I  get  bigger  if  you  put  down  two  circles  in  the  second  row? 

Unfortunately,  I've  only  one  other  picture  of  myself.  This  is  the 
third  one. 


O 

00 

ooo 

See  how  the  line  of  three  circles  in  the  third  row  makes  me  bigger 
stilL  This  is  me  as  the  third  triangular  number,  T(3)- 


Gee,  Fm  pretty.  But  I  wish  I  had  more  pictures  of  myself. 
Could  you  draw  a  picture  of  me?  Til  help. 
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First,  see  how  niy  pattern  forms  a  triangle.  How  many  circles  are 
there  in  each  side  of  the  triangle?CEqual  number.)  Whut  kind  of 
triangle  docs  my  form  take?  (Equilateral.} 

Now  you  can  draw  a  picture  of  me  at  the  bowling  alley.  (Fig.  B.3.) 


Fir,,  B.3 


How  do  I  look?  CEquilateraQ 

How  many  rows  did  it  take  to 

form  nie?  (?)   

What  would  I  be  called?  (tTO 

How  many  circles  did  you  use? 

@ 

I  just  love  having  my  picture  drawn.  Please  draw  another.  I  know, 
a  picture  of  mc  on  the  pool  table.  (Fig.  B.4.) 


Fig.  B.4 


How  did  it  turn  out? 

How  many  rows  did  it  take  to  form  me  this  time?  (5^ 
What  wo  ;ld  I  be  called  here?  (T{5)) 
How  many  circles  did  you  use? 


SAMPLK  LESSONS 


493 


Say,  you  certainly  can  draw  a  nice  picture  of  me.  Do  you  think 
you  eould  draw  nie  when  I  am  ealled  T(8)?  And  T(10)?  Please  try. 
(Fig.  B.5.) 


GOO 
0000 

ooooo 
oooooo 

0000000 

oooooooo 


^(10)^0 

000 
0000 

ooooo 
oooooo 

0000000 

oopooooc 
ooooooooo  / 
vpooooooooo  J 


Fig. 


How  many  rows  are  there  in  T(8)?  (§) 
T(10)?(ro) 

How  many  eireles  did  you  use  in  T(8)? 
@  T(10)?  @ 

Did  you  actually  count  them? 

There  must  be  an  easier  way,  and  I  bet 
you  eould  determine  it.  You  seem  so-o-o 
smart.  (Sigh!) 


Now  you  know  what  I  \ooh  like.  But  you  still  don't  know  me— 
how  Fm  made — the  real  me.  Or  do  you? 

Look  at  me  again  when  I  am  ealled  T(l).  See  that  I  equal  1 
circle,  or  1.  Then  look  at  me  at  T(2).  See  that  I  equal  1  circle  plus 
2  circles,  or  3. 

At  T(3)  I  am  (1  +  2  +  3;  eireles;  in  other  words,  I  equal  6. 

Here's  my  chart!  (Fig.  B.6.) 

Complete  it,  and  you  should  know  me  quite  well. 

Well,  you've  done  it.  Here  arc  the  first  10  members  of  me  (and 
me  in  general).  Now  that  you've  seen  a  part  of  the  real  me,  how 
would  you  define  me? 

(Seek  students'  definitions — in  their  own  words.] 

My  character  can  be  summarized  by  saying  that  I  am  a  number 
equal  to  the  sum  of  consecutive  integers  beginning  with  one  (1). 

Now  wo  arc  true  friends. 
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oooo 


7'(I0) 

Optional-*  7'(  r) 


Nick- 
nomo 

no 


r(2) 

r(4) 

r(6)' 


Uti 


2n<l 

/ 
2 
2 


3rd 

Row 

/ 
/ 
3 


4  th 
Row 

/ 

/ 

/ 


5th 
Row 

/ 

/ 

/ 


6thl7th 
Row  Row 


7'(9)  "  ' 


Qth 
Ro^ 

/ 
/ 


9lh 
Row 


Othi 
Rortl 

/ 

/ 

/ 


1    2    3    4    i5   6  17 1  8 


©0 


10 


Sum 

1  +  2 
I  +2  +  3 
1+2+3+4 


.  .  Trtongijtor 
\'(</'i  Number 


to  r 


T(r+TT 


Fig.  B.6 


Oh,  here  comes  one  of  my  favorite  cousins,  Square  Number. 


YouVe  met  him  already?  Yes,  I  imagine  you  would  have.  He 
really  gets  around.  That's  right.  He  is  the  product  of  another  number 
by  itself.  (2  X  2  =  4,  3  X  3  =  3^  =  9,  etc.)  And,  of  course,  you  met 
him  when  you  studied  the  area  of  a  square  {A  =  $-)  and  the  area 
of  a  circle  (A  =  tt  r-).  But  why  not  talk  to  him  for  a  while,  anyway? 
You  might  discover  something  new  in  his  character. 
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Hi! 

Fm  Square  Number. 
I  noticed  you  looking  at  some  i)ictures  of 
my  cousin,  Tri. 
Would  you  like  to  see  some  of  me?  Good. 


This  is  me,  at  P.  You  see  I  was  only  a  baby  of  1.  (They  called 
me  S(l)  here.) 

O 

Now  here  I  am  at  4^,  when  I  was  16.  Notice  my  terrific  pattern. 


O  O  O  O  friends  called  me  S(4)  here. 

What  is  my  shape?  (ijquare.) 
^  ^  r;  ^         How  many  circles  are  there  on  each 
OOOO        side?  ® 

(^(^Q)  Wends  called  me  S(4)  here. 


My  cousin  tells  me  that  you  draw  pictures  of  us  numbers  quite 
well.  Could  I  interest  you  in  sketching  me  when  I  was  2^,  3-,  and  5^? 
Fig.B.7.) 


5(2) 


5(3) 


OOOOO 


OOOOO 
)0000 
'OOOOO 


Fig.  B.7 


Very  good  likenesses,  I  must  say. 
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But  you  haven't  captured  my  resemblance  to  my  couein,  Triangular. 
What??  You  don't  see  it?  Well,  please  allow  me  to  show  you. 

First,  let  us  look  at  your  sketches  of  me  at  2-,  3-,  and  5-.  At  2-, 
when  I  was  called  S(2),  my  shape  was  square.  What  is  the  length 
of  each  side  of  this  square?  @ 

How  many  circles  were  used  to  form  me?  (5) 

Now,  at  S(3),  what  is  the  length  of  each  side?  © 

How  many  circles  were  used  to  form  me  here?  (§) 

Once  more  at  S(5).  Is  my  shape  still  the  same?  (Yes.) 

How  long  is  each  side?  (5) 

How  many  circles  were  drawn  to  sketch  me? 

(Tm  glad  to  see  that  you  didn't  count  but  simply  thought  5- 
means  5x5,  which  eciuals  25.) 

Now,  let  us  try  again.  What  are  the  first  and  second  triangular 
numbers?  (1  and  3.) 

What  is  their  sum?  (5) 

How  does  this  sum  compare  with  the  second  square  number, 
S(2)?  (gam^ 
See  how  you  drew  me  at  S(2)? 

OO 

oo 

Now  see  how  I  can  capture  my  resemblance  to  triangular  number 
by  arranging  the  first  and  second  triangular  numbers  to  form  S(2). 


Again,  the  resemblance  can  be  seen  when  S(3)  is  sketched  as  an 
arrangement  of  the  second  and  third  triangular  numbers. 


T(3) 
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Now  do  you  see  iny  rei^einblance  to  Triangular  NumlxM'?  Right! 
I  ean  be  represented  as  the  teuni  of  two  consecutive  trianguhir  numbers. 

Sketch  nie  again  at  S(4)  and  S(5)  as  the  sum  of  two  con.-ccutivc 
triangular  number.^.  (Fig  B.8.) 


Fig.  B8 


Yes  indeed!  \  very  good  resemblance. 

Here  is  a  chart  of  our  relationship.  (Fig.  B.9.)  Complete  it,  and 
you  will  see  it  quite  well. 


First    I  Second 
triangular  triangular 
number  i  number 


I 


Sum  of  two 
consecutive 
triangular  nunnbers 

1+0 


Sum 


Squaf^F" 
number  \ 


3 

;  \ 

1  3+1 

1  4 

<  2*;  4 

6 

j' Y+i 

10 

!  ^ 

j  10+6 

^  !6 

16 

j_  CiF+lo") 

;  '(^" 

1  ciL+js) 

6*  ;(I§)i 

'  (ID 

' 

1  Cge+Sa) 

re?; 

8^  {(§4; 

,_@) 

<® 

55 

'   - 

i  ® 

t  cSZ^ 

(TOO) 

Fig.  B,9 

Very  good,  indeed. 

Well,  I  must  dash.  It  has  been  a  rea!  ])lcasure  having  you  see  the 
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relationship  to  cousin  Triangular.  See  you  again.  — Bye,  Triangular. 
Bye,  students. 
Good-bye,  Square  Number. 

And  good-bye  to  you  again.  I'm  happy  we  met.  It  would  be  fun 
if  we  could  have  another  visit.  Fm  sure  my  other  cousins.  Pentagonal 
and  Hexagonal,  would  be  very  happy  to  have  you  discover  their 
characters,  too. 
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Linear  Measurement 
(Grades  4-7) 

MARY  Y.  NESBIT 
Former  Supervisor  of  Elementary  Mnlhemtitics,  Dade  County  Public  Schools 

Miami,  Florida 


Objective 

Given  an  object  less  than  10  feet  in  length,  the  learner  should  be  able 
to  estimate  its  length  using  body  measurements  and  report  the  esti- 
mate in  feet  and  inches. 

Materials  for  the  teacher 

References  given  at  the  end  of  the  lesson  and  any  available  book  on 
the  history  of  measurement 

Materials  for  each  student 

Foot  ruler 
Yardstick 
Pa])cr  and  pencil 

Teacher-guided  activities 

1.  Led  by  the  teacher  (who  has  used  the  reference  sources),  the  stu- 
dents can  discuss  old  ways  of  measuring  and  how  they  led  to  some  of 
the  standard  units  of  our  present  linear  measure. 

2.  Students  make  a  table  of  early  measures  of  length:  digit,  hand  or 
palm,  span,  cubit,  foot,  and  pace. 

Example: 

4  fingers  =  1  palm 

3  palms  =  1  span 

2  spans   =  1  cubit 

2  cubits  =  1  yard 

3.  Students  may  measure  given  line  segments,  a  textbook,  a  desk,  or 
other  available  objects,  using  the  body  measure  they  feel  is  most  aj)- 
pro])riate.  Ask  them  to  record  these  measurements. 
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4.  Let  t^niall  grouj).s  of  students  work  together  to  compare  the  mea- 
:?urcments  they  have  recorded.  To  gi\'o  a  variety  of  measures  the 
teacher,  an  aide,  and  any  avaihable  adult  may  be  inchidod  in  the 
groups. 

Example: 

Measure  your  desk  by  palms. 
How  many  palms  long  is  it? 
How  many  palms  wide  is  it? 

Compare  the  width  of  your  palm  to  the  palms  of  several  friends  and 
to  your  teacher's  and  aiders  palms. 

5.  Suggest  that  each  group  make  a  table  containing  body  measure- 
ments and  comparisons  of  these  measurements  to  the  standard  unit  to 
which  they  are  related. 

Example  (see  fig.  B.IO) : 


Description  of  .Moa^uromont 

Fir>t 
Person 

Second 
PcLson 

Third 
PeiM)U 

Kourtli 
i*ei  M)n 

Standard  unit — Inch 
Width  of  thumb... 
Widthof  two  nnj^cM«<  ... 
J)ist:ince  from  knuckle  to 

joint  of  thumb  

Distance  from  jonit  to  end 

of  thumb  .   

Standard  unit — Fool 

Length  of  foot  

Stjuidaid  unit — Yard 

Distance  from  no^e  to  (lunnl)of 
out. stretched  arm   

Fiji,  13.10 


6.  Pick  the  student  whoso  thumb  measures  nearest  an  mch.  Pick 
the  student  whose  foot  measures  nearest  a  foot.  How  many  thumb- 
inches  are  in  the  foot-foot? 

7.  Ask  each  student  to  find  his  ouv?  body  measures  that  are  nearest 
to  an  inch  and  to  a  foot.  Provide  objects  for  each  to  measure,  using 
his  own  body  measures. 

Follow-up  activities 

1.  Estimate  measurements  of  the  following: 
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a)  Length  of  room  in  inches,  feet,  and  yards 

b)  Distance  in  inches  a  bieycle  wheel  travels  in  one  revolution 

c)  Dimensions  of  the  ehalkboard  in  inches  and  feet 

2.  Measure  the  length  of  a  block  by  using  the  body-foot.  Renieasure, 
using  a  yardstick  or  tape  measure. 

3.  Check  the  estimates  made  in  follow-up  activity  1  by  using  the 
appropriate  unit  of  measure. 

4.  Make  a  record  similar  to  the  one  shown  in  figure  B.ll. 


Acctiiatc 
moaMnc 

Amount  over  or 
under  ostitniito 

SpeilcM-(lieij;hO 

J 1  inches 

—  2  inolio^ 

Chalkbo.nd  (ienj;(ii) 

10  foot 

Ofcot 

-f  1  fool. 

Fig.  B.ll 
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A  **Sticky*'  ExpeHmeiit— a  Lab  Appi*oacli  and 
Behavioi^al  Objectives 


VINCENT  BRANT 
Coonlinntof,  Office  of  Malhemalics,  Board  oj  Education  of  Ballimorc  County 
Toirson,  Maryland 


The  following  lesson  is  an  ilkistration  of  the  kind  of  activity  appro- 
priate for  slow  learners.  This  may  be  used  as  an  activity  in  the  ele- 
mentary grades  to  introduce  the  basie  faets  in  miilti])lication.  Observe 
that  the  model  is  based  on  the  Cartesian  product  of  two  sets.  This 
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model  may  also  be  used  for  children  who  forget  their  basic  facts  in 
multiplication.  In  other  words,  it  represents  an  algorithm  of  a  lower 
order  of  abstraction  and  enables  the  child  to  perform  successfully,  al- 
though at  a  slower  rate,  until  he  convinces  himself  that  it  would  be 
much  easier  to  commit  these  basic  facts  to  memory. 

Objectives 

The  student  should  be  able  to  do  the  following: 

X.  Identify  the  horizontal  and  vertical  positions  of  lines 

2.  Name  the  horizontal  and  vertical  positions  of  lines 

3.  Draw  (place)  lines  in  horizontal  and  vertical  positions 

4.  Name  and  identify  intersections  of  horizontal  and  vertical  linos 

5.  State  the  rule  that  the  number  of  intersections  of  horizontal  and 
vertical  lines  is  equal  to  the  product  of  the  number  of  horizontal  lines 
and  the  number  of  vertical  lines 

6.  Apply  the  above  rule 

Materials  for  each  student 
18  ^^ticks 

Preliminary  worksheet 
Summary  worksheet 

Plan 

1.  Distribute  the  sticks  and  worksheets. 

2.  Emphasize  the  necessity  of  careful  reading  and  recording. 

3.  Have  an  additional  activity  ready  for  those  children  who  finish 
before  others. 

Preliminary  Worksheet 

1.  The  sticks  in  these  experiments  will  represent  lines. 

2.  When  a  stick  is  placed  on  your  desk  as  in  the  diagram  below,  we 
say  that  the  stick  represents  a  horizontal  line. 


Desk 


Horizontal  stick 


3.  When  a  line  is  placed  on  your  desk  as  in  the  diagram  below,  we  say 
that  it  represents  a  vertical  line. 
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Desk 


-Vortical  stick 


Experiment  1 

1.  Place  one  stick  in  a  horizontal  position  on  your  desk. 

2.  Place  another  stick  in  a  vertical  position  on  top  of  the  first  ^tick 
as  .shown  l)elo\v. 


3.  Do  they  cross  each  other?  

4.  How  many  times  do  they  intersect  (cross  each  other)  ?. 

5.  Record  your  findings  in  the  chart  below. 


Nuinhoi  of 
iiorizoutal  lines 

Nunibcrof 
vortical  lines 

Nun»ber  of 
intellections 

Kxpeiimcnt  1 

Experiment  2 

1.  Place  2  .sticks  in  a  horizontal  position  on  your  desk. 

2.  Place  1  stick  in  a  vertical  position  on  top  of  the  horizontal  stick.s. 

3.  Count  the  number  of  intersections  of  the  horizontal  and  vertical 
sticks;  that  is,  the  number  of  places  where  they  cross. 

4.  Record  this  information  in  the  chart  on  the  summary  worksheet. 

Experiment  S 

1.  Place  3  stick.s  in  a  horizontal  position  on  your  desk. 

2.  Place  2  sticks  in  a  vertical  position  on  top  of  the  horizontal  sticks. 

3.  Count  the  number  of  intersections  of  the  horizontal  and  vertical 
sticks. 

4.  Record  this  information  in  the  chart  on  the  siunmary  worksheet. 

Experiment  4 

1.  Phce  3  sticks  in  a  horizontal  position  on  your  desk. 

2.  Place  5  sticks  in  a  vertical  position  on  top  of  the  horizontal  sticks. 
.3.  Count  the  number  of  intersections  of  the  horizontal  am!  vertical 

sticks. 
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4.  Record  this  information  in  the  chart  on  the  summary  worksheet. 

Expemnent  5 

1.  Place  6  sticks  in  a  horizontal  position  on  your  desk. 

2.  Plaee  4  sticks  in  a  vertical  position  on  top  of  the  horizontal  sticks. 

3.  Count  the  number  of  intersections  of  the  horizontal  and  vertical 
sticks. 

4.  Record  this  information  in  the  chart  on  the  summary  worksheet. 

You  will  probably  notice  that  there  is  a  rule  that  will  tell  you  how 
to  find  the  number  of  intersections  without  counting.  If  you  know  this 
rule,  write  it  in  the  spaces  provided  in  the  middle  of  the  summary 
worksheet. 

If  you  have  not  discovered  this  rule,  do  experiment  6. 

Experiment  6 

1.  Place  4  sticks  in  a  horizontal  position  on  your  desk. 

2.  Place  8  stieks  in  a  vertical  position  on  top  of  the  horizontal  st''*ks. 

3.  Count  the  number  of  intersections  of  the  horizontal  and  vertical 
sticks, 

4.  Record  this  information  in  the  chart  on  the  summary  worksheet. 

Now,  to  discover  the  rule,  compare  the  numbers  in  the  different  rows. 
There  is  a  relationship  or  rule  connecting  the  three  numbers  in  each 
row.  When  you  have  discovered  the  rule,  write  it  in  the  space  provided 
in  the  middle  of  the  summary  w^orksheet.  Test  the  nile,  as  directed 
there,  and  check  your  answers  by  comparing  them  with  the  eorrect 
answers  at  the  bottom  of  the  worksheet. 


Number  of 
horizontal  lines 

Number  of 
vortical  lines 

Number  of 
intersections 

Kxpcnnricnt  1 

1 

1 

1 

K.xpciimcnt  2 

ICxpcnmcnt  3 

Expcrimciit  4 

lOxpcrinicnt 

Experiment  6 

Rule 

The  rule  for  finding  the  number  of  intersections  of  horizontal  and 
vertieal  Hnes  is  


Testing  your  rule 

By  this  time,  you  have  probably  dii^eovered  the  rule.  It  should  pro- 
vide a  shortcut  for  finding  the  number  of  intersections  without  cotmt- 
ing.  Test  your  rule  by  finding  the  number  of  intersections  for  the  /(al- 
lowing exercises.  You  can  check  your  ansv^rs  by  comparing  them  with 
the  correct  answers  at  tiie  bottom  of  this  worksheet. 

1.  6  horizontal  sticks  and  5  vertical  sticks 

2.  7  horizontal  .sticks  and  9  vortical  sticks 

3.  9  horizontal  sticks  and  8  vcitical  sticks 

If  you  should  ever  forget  your  basic  facts  of  multiplication,  you  can 
always  asc  the  idea  in  this  experiment.  For  example,  if  you  forget  the 
answer  to  5  X  4,  you  can  draw  5  horizontal  and  4  vertical  lines  on 
your  paper,  and  then  count  the  number  of  intersc  :tions. 

Correct  anstcers 

1.  30         2.  63         3.  72 


Area  of  a  Rectangle 
(Foorili  Grade) 

MARILYN  POTTORFF 
Fourth-Grade  Teacher,  F.  C.  Martin  Elementary  School 
Richmond  Heights,  Florida 


Objective 

Given  a  number  uf  horizontal  units  less  than  11  and  a  number  of 
vcitical  units  less  than  11,  the  student  should  learn  to  compute  the 
area  of  a  rectangle. 
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MatotaLs  for  (he  teacher 

Dotted  grid  on  ^  '^^kboard 

Large  demonstic,    n  geoboard,  if  available 

Mr^terials  for  each  student 

1  dotted  sheet  of  rectangles  and  two  other  shapes,  as  in  figure  B.12 
1  data  sheet,  figure  B.13 
Individual  geoboard,  if  available 

Teacher-guided  activities 

When  children  look  over  the  dotted  sheets,  tell  tlicm,  *'We're  going 
to  find  the  number  of  square  units  in  each  of  the  rectangles  shown." 


•    1    — IHonzontalunit 

.,  )  

)\/fer}ical  unit 


B 


r 


1- 


•  J- 


N 


Q 


•H- 


K 


•0 


D 


M 


•s- 


•R- 


E 


Fig.  B.12.  Dotted  s-Ik-oI. 
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Sliow  on  the  chalkboard  grid  one  vertieal  unit,  one  horizontal  unit, 
and  one  square  unit. 
Relate  'S-ertieaK'  to  vertical  take-ofT  aircraft. 
Relate  'liorizontar'  tc  horizon. 

I)iscus>  the  data  bhcet  (fig.  B.13)  and  procedure  for  each  set  of  an- 
>\vers.  ^Fake  clear  that  the  children  count  the  Imic  segment  from  one 
dot  to  the  next — not  the  dots. 


Vertical  units 
Honzontal  unr 
Square  units 

Vertical  units 
Horizontal  units 
Square  units 

Vertical  unit? 
Hor  .zonal  units 
Square  units 


i  " 

G 

j 

h" 

1 

J 

K 

jZi 

1 

! 

N 

0 

p 

Q 

For  those  who  think  theyVe  smart: 

R  =  square  units    S  =  square  units 

Fig.  B.13.  Data  sheet 


Do  rectangle  A  of  figure  B.12  on  the  ehalkboard  or  geoboard.  Work 
A,  and  II  together.  The  teacher  or  a  child  should  write  the  following 
answers  on  the  board,  filling  in  a  simulated  portioii  of  the  data  sheet. 


A    B     C     D     E  F 


Verticc 

3!  units  111 

4  '  5  1  2  ;  3  1 

Horizo 

nral  units;  2  !  3 

1 

1 

2  !  2  ' 

Squar 

&  units   !  2  1  3 

1  ) 

4 

5  i  4  i  6  j 

More  figures  may  be  worked  out  together  (as  needed). 

The  teacher  should  dui)licate  the  outline  of  the  figure  and  the  dots, 
since  children  often  have  difficulty  seeing  the  square  units.  As  in  a  por- 
tion of  the  illustration  below,  count  the  number  of  square  units  by 
drawing  in  connecting  lines  between  dots. 
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•      •      •  • 


Review  results,  using  the  data  sheet,  after  the  first  few  exanii)le.^. 
Allow  the  children  to  complete  independently  the  second  low  of  the 
dotted  sheet  (G,H,andI). 

C 071  till  nation  of  teacher-guided  activities 

Ask  the  children  if  they  see  any  relationship  between  the  horizontal 
and  vertical  units  and  the  square  units  of  each  rectangle. 

Allow  them  to  do  indei)cndently  the  third  row  of  the  dotted  sheet 
(J-M). 

Ask:  '  Do  you  see  a  shortcut  fniultii)lieation]  yet?" 

Allow  the  children  to  coni])lete  rectangles  through  Q.  (Do  not  do  R 
and  S  at  the  present  time,  since  they  are  not  rectangles  ) 

"OK.  Suppose  you  knew  this  chalkboard  was  7  vertical  units  and 
10  horizontal  units.''  [Write  this  on  the  board  in  data-sheet  form.] 


Vertical  units 

7  1 

^  Horizontal  units 

10  ! 

!  Square  units  ! 

"Can  you  tell  me  how  many  square  units  it  would  contain?" 

As  the  children  figure  out  the  shortcut,  don't  ask  for  the  rule;  rather, 
give  them  a  simple  rectangle  to  figure  out  by  saying,  for  exampiO; 
"Three  vertical  and  7  horizontal  units — how  many  square  units?'' 

For  children  who  seem  to  have  the  concept,  ask:  "How  many  sciuare 
units  ni  a  3 -by. 7  rectangle?  How  many  square  units  in  a  7-by-3  rec- 
tangle?" 

Exteiiswns 

1.  For  those  who  have  caught  on,  prci)arc  worksheets  without  dots, 
like  the  one  shown  below.  Later,  graduate  to  larger  numbers  as  their 
.skills  warrant.  For  groui)s  who  have  skill  using  a  tape  niea?ure.  .'-ugge.st 
they  measure  the  room,  recording  length  and  width  to  the  nearest 
foot,  and  fin<l  the  area. 
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2.  Prepare  sheets  with  dots  only  and  allow  the  children  to  make  up 
their  own  figures,  such  as  the  R  and  S  of  figure  B.12. 


Lon^  Division 
(Upper  Grades) 


JAMES  R.  PEARSON 
Coordinator  of  Med'm  ValuaHon,  Dnde  County  Public  Schooh 
Miami,  Florida 


Objective 

To  enable  the  student  to  realize  the  objeetive  of  this  lesson,  preles- 
son  work  should  have  been  done  with  an  array  approaeh  to  irultipliea- 
tion,  of  eourse;  this  work  should  also  include  1  digit  times  multiples 
of  10,  since  this  is  merely  basic  multiplication-facts  drill  hidden  behind 
"big  numbers''  (i.e.,  8  X  60  is  really  8x6  multiplied  by  10).  The  ob- 
jective of  the  lesson  is  that  the  student,  given  a  division  problem  hav- 
ing a  3-digit  dividend  and  a  1-digit  divisor,  with  a  remainder  of  0, 
should  learn  to  compute  the  quotient 
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MatoiaLs  for  the  teacher 

Chalkboard 
Large  ^^array"  card 

Materiah  for  each  studeyit 

Scrap  paper  and  peneils 
Multiplication  tables  (if  necessary) 
Worksheets 

Teacher-gxihled  activities 
Hold  up  the  array  card  shown  below  and  review  the  fact  that  the 

8  columns  _  32  objects  in  the  array  may  be  represented  by 
the  multiplication  of  the  number  of  rows,  4, 
by  the  number  of  eohnnns,  8:  4  X  8  =  32. 

The  division  sentence  might  be  32  -r-  4  = 
what?  (8.) 

Suppose  the  array  looked  hke  this: 

n 

Now  we  can  write  4  X  □  =  32.  Is  there  a 
division  sentence  we  can  write?  (32    4  =  D.'i 


Review  1  (hgit  times  a  multiple  of  10. 
Now,  on  the  board,  show: 

How  can  this  be  written?  (8x0=  320.) 
Are  we  .sure  a  whole  number  can  be  put  in 
the  box?  (We  can't  abvays  be  sure.)  At  any 
rate,  lot's  use  k.ss  than  or  equal  to  (<).  We 
can  eail  it  '  equal  or  not  quite  equal  to." 

Is  this  true,  whether  or  not  the  D  represents  a  whole  numher:  320 
^  8  =  □?  (Yes.)  How  many  tens  in  320?  (32.) 

Write  8  X  □  <  32  tens.  Now  it's  easy:  8  times  what  is  ''eciual 
or  not  quite  equal  to"  32?  (4.)  Yes,  but  4  what?  [Point  to  the  space 
after  the  box,  wait  to  hoar  'Hens,"  and  write  8  X  [4|  tens  <  32  tens. 
Also  ask  the  students  to  fill  in  8  X  □  <  320.J 


4 
rcws 


n 


320 


SAMPLK  LICSSONS 


511 


Continue  with  other  examples,  jjuch  as  240  -e-  6  =       639  ~  9  = 
□,'and490-^  7  =  □. 
Look  at  this  example:  504  -f-  7  =  D 

□ 


504 


How  can  we  write  this  as  multiplication?  (7  x  □  <  504.)  How 
many  tens  in  504?  (50.)  Will  someone  write  a  sentence  using  tens? 
(7  X  n'tens  <  50  tens.)  How  many  tens?  (7.)  Write  7  x  [t]  tens 
<  50  tens.  What  is  [write]  7  x  70  =  D?  (490.)  That's  not  exactly 
504.  What  can  we  do  to  find  out  how  much  more  than  490  we  have? 
(Subtract;  504  -  490.)  Now  we  have  a  7  x  70  array  (490)  plus  a 
7x0  array  with  14  in  it. 


Now  what  goes  in  the  box?  (2.)  So  7  X  (D 
=  14. 


0^ 

\2\ 

490  + 

14 

504 

-490 

14 

Then  504     7  =  □.  (72.) 


Continue  with  other  examples,  such  as  384  ~-  8  =       301  ~-  4  = 
and  125     5  =  □. 
Finally: 


100  +  25 


125 
JOO 
25 


0  X[20]<  12  tens 


(Leave  the  above  on  the  board.) 
Or  we  could  write  it  like  this: 


5 


125 
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Now  erase  the  dotted  lilies: 


125 


20  A.  Wc  already  found  that  5  X  20  =  100,  and 

00  we  subtracted  the  100  to  see  how  many  we 

"25  had  left.  Let's  subtraet  here  this  time.  Wo 

find  there  is  a  5  X  D  array  left  with  25 

in  it. 


25 
5 
20 

125 
■100 

25 
25 


B.  Now  5  X  d]  =  25,  SO  we'll  write  that 
above  the  20  and  add  np.  Now,  fill  in: 
125  H-  5  =  □.  (25.) 


Now,  we'll  do  the  next  one  like  this:  444  h-  6  =  D. 


70 

444 
■4^u 
24 


A.  Can  someone  write  the  "equal  or  not  quite 
equal''  sentenee?  (6  X  □  <  444.) 

How  many  tens  in  444?  (44.)  Now,  write 
the  "tens"  sentenee,  6  X  [7]  tens  <  44 
tons,  and  6  X  70  =  420.  How  mueh  more 
than  420  is  (his?  (Someone  subtraet  444  — 
420.) 


74 
4 

70 
444 
-420 
24 
24 


B.  There's  24  left,  and  that's  an  easy  fact. 
(6X4  =  24.)  When  we  add  up  we  get  74. 
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Extensions 

Worksheets  with  the  following  types  of  woil:  will  provide  pi-aetiee: 
872  ^4  =  0;    „xn<_;    —XD  teii.s  <  _  tens 


□ 


n 


'572 


372 


9  468 


468  ^  9  =  □ 
 X  D  tens  <  tens 
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Diagnostic  Analysis  of  Mathematics  Skills 


JAMK8  K.  SKA  lUUUv 

Principal,  Lansdoxcne  Pllvmentary  School 
Bnllimore  Countu,  Maryland 


Oral  analysis  is  a  diagnostic  technique  in  which  the  toaeher  not  only 
observes  the  ehilds  work  but  al.-o  lias  him  talk  aloud  as  he  .*?olves  the 
problem.  The  technique  enables  the  teacher  to  discover  how  the  child 


514 


THK  SLOW  LiOAUN'lOR  i\  MATUICM ATiCS 


is  thinking  about  mniibcr  and  mimher  oi)oration.-.  By  asking  i)rol)ing 
(jnestions,  the  teaclicr  gains  insiglit  into  what  ^kills  have  boon  mastored 
and  further  insiglit  into  what  generalizations  liave  been  only  partially 
nnder>tood.  The  techni(ine.can  readily  he  ini|)lernente(l  nsing  informal 
exercises  or  test  itenir'  at  any  level  of  learning.  Al though  oral  analysis 
is  valnable  for  use  with  all  pni)ils,  it  is  es])ecially  ai)i)roi)riate  for  U'^e 
with  slow  learners. 

In  order  to  illustrate  oral  analysis,  the  following  examj^les  were  se- 
lected from  a  fonrth-gra(^  •  diagnostic  exercise  administered  at  the  he- 
ginning  of  the  school  year.  The  children  had  been  introduced  to  the 
subtraction  skill  of  renaming  as  a  part  of  their  third-grade  program; 
the  skill  had  not  been  reviewed  in  the  fourth  grade  prior  to  the  diag- 
nostic exercise.  A  tai)c  recorder  was  cnii)loycd  to  record  the  cxi)lana- 
tion.-  offered  by  the  children.  Each  computation  is  reproduced  as  it  ai> 
])earcd  on  the  child's  j)ai)cr. 

I llust ration  A 

Before  reading  the  cxi)lanation  offered  by  jnipil  A,  analyze  Ins  algo- 
rithm. How  would  one  cxi)lain  the  changing  of  6  hundreds  to  4  hun- 
dreds in  the  sum? 

Compufafion  Student  Erplanation  (op  tape) 


Through  your  analysis  of  the  algorithm  were  you  able  to  a.^sess 
\)\\\)\\  A's  under^tanding?  The  exi)lanation  revealed  that  iiui)il  A  j^ar- 
tially  understood  the  concci)t  that  hi  subtraction  of  whole  numbers 
every  colunm  must  have  a  sum  that  is  greater  than  or  the  same  as  the 
known  addend.  Specifically,  the  child  recognized  that  the  sums  named 


-0  4  o 


4  1  1 
^04 


G  9 


Four  minus  five,  you  can't  take  that,  so  you'll 
h.ave  to  take  fi)ause|  you  can't  take  one  from 
jcero.  so  you  take  one  from  the  number  six  and 
that  will  give  you  the  numi)er  fourteen  and  four- 
teen minus  five  is  nine  and  then  you  come  to  the 
number  zero  and  zero  minus  four  [i)auscl.  You 
can't  take  four  from  zero,  so  you  come  from  the 
number  six  again  ar,d  take  one  from  there,  and 
that  will  give  you  the  number  ten,  and  ten  minus 
four  is  six.  and  ^ince  you  took  two  from  tlu^  num- 
ber .^ix,  that  would  make  the  number  four  and 
four  minus  five  is  (pause).  Yon  can't  tak  that 
so  you  just  leave  it  blank,  and  the  number  is 
riombcr  sixty-nine. 
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in  tlio  Olios  cohnnn  and  in  tli(^  tens  coluniii  wcw  not  larger  tlian  tlio 
known  addends  and  tlicrcfoiv  realized  that  the  sum  had  to  i)e  renamed. 
However,  the  eliild  did  not  undei>tand  the  eoncept  of  renamiiiii.  Fur- 
ther quojitioning  would  i)e  neeessary  to  reveal  the  child'^  uiulei^tandinjr 
of  place  value. 

Illustratio}}  B 

As  you  read  the  explanation  of  pupil  B.  a^^es>  under>tan(hng  of 
the  operation. 

(\)))iput(it/'on  Student  E.vplanatioi}  (on  tape) 

T)  9  10         ^'on  cnn't  take  four  [pau??ej  five  from  four,  so 
0  0   4         you  take  a  hundred  out  of  the  hundreds  place 
and  put  nine  in  the  teii>  column  and  then  ten  in 
^'lA — the  ones  eoluimi,  and  then  you  >ui)tract  ten  from 
T)    .l         IpJHise]  five  from  ten  and  put  down  five,  and 
then  you  sui)tract  nine  from  four,  and  then  you 
get  your  an>wer  is  five,  and  five  take  away  fi.'e 
ocjuals  zero. 

The  explanation  indicated  pupil  B's  understanding  that  the  opera- 
tion required  renaming.  The  child  skillfully  handled  the  zero  (iinieulty 
when  renaming  6  iiundrcds  to  5  hundreds  9  tens  and  10  ones.  The  diffi- 
culty oeeurred  in  providing  for  tlu^  4  ones  represented  in  the  original 
sum.  Confusion  was  evidcneed.  however,  in  the  application  of  the  con- 
cept that  sulitraction  is  the  inverse  operation  of  addition.  In  two  in- 
stances, pupil  B  began  to  subtract  the  sum  rather  than  the  known 
addend;  in  the  third  instance,  he  reversed  the  numbers  but  computed 
the  missing  addend. 

Illusfrafion  C 

Review  pupil  C's  algoritliiii  and  analyze  the  explanation.  Based  on 
your  assessment  of  his  understanding,  what  teaching  .suggestions  could 
be  offered  to  help  pupil  C? 

Student  Explanation  (on  tape) 

Zero  minus  zero  equals  zero  ( pause j.  1  crossed 
out  the  one  'cause  you  can't  take  four  from  one, 
and  I  took  a  four  from  the  nine,  and  the  one  be- 
came the  four,  and  four  minus  four  is  zero,  and 
of  coiu'se  the  |pause(  nine  it^  now  five,  so  I  get 
five  minus  two  equals  three. 


(\)mputati()n 
f)  4 

3  0  0 
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()i)viou>ly,  |)ul)il  C  is  :itteni])tin<i  to  function  at  a  lovel  beyond  his 
undorstamlinji.  FurtluM-  (liagnosi>  is  minimi  to  asm'tain  pupil  C's 
ai>ility  to  >ui)tract  2-  and  3-dij^it  nunuTals  when  iTnaniin<^  is  not  rc- 
(juircd.  An  instnirtional  proj^rani  should  provide  for  a  review  of  ex- 
panded notation  usinjj;  number  frames  and  place- value  pook(»ts  to  de- 
velop the  idea  that  a  nunii)er  can  i)e  named  in  many  ways.  The  concept 
of  ex|)amlcd  notation  should  then  i)e  used  to  develop  an  understanding 
of  renannnji.  f^xpanded  notation  and  ronannn<»  should  then  i)e  applied 
to  2-digit  numerals  and  3-digit  numerals  i)efore  the  .^hort  >ul)traction 
aliiorithm  is  developed. 

Illn.^tration  J) 

Tn  contra^  to  the  preceding  an>wers.  the  an,^wer  of  pupil  D  is  cor- 
rect As  you  read  the  explanation,  attempt  to  identify  the  method  em- 
ployed. What  reconnnendations  should  be  offered  coneerning  an  in- 
structional program  for  pupil  D? 

f^fu(]enf  Explanation  (on  tape) 

W(01,  you  can't  take  five  from  four,  so  you  have 
to  make  a  four  a  fourteen,  and  five  from  fourteen 
would  i)e  nine,  and  then  you  have  to  make  the 
four  a  five,  from  ten  would  be  five,  and  you  have 
to  make  the  other  five  a  six,  and  six  from  six 
would  i)e  zero. 

It  should  i)e  noted  that  an  inspection  of  the  written  computation 
does  not  reveal  the  take-away  equal-additions  method;  only  through 
oral  analysis  is  the  method  evident  to  the  teaelier.  Further  discusMon 
with  the  child  revealed  that  the  procedure  was  taught  to  the  child  i)y 
a  parent.  The  instructional  jnogram  >hould  ]n'Ovide  for  jnipil  D  s  un- 
derstanding of  the  method  i)eing  used  by  the  class.  Tlu^  instructional 
program  .^hould  al.^o  enil)hasize  that  there  are  different  methods  to  ])er- 
form  number  o])erations  and  that  each  method  has  certain  advantages. 
The  ultimate  choice  of  method  i)elongs  to  the  child. 

Conclufiion 

Oral  analysis  is  unique  in  revealing  the  mental  reactions  of  a  child- 
It  enai)les  the  teacher  to  a^se.^s  the  manner  of  individual  learning  and 
to  juogram  in.struotion  based  on  that  assessment. 


(^owputnfion 
()  0  4 
4  o 
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Fractions 
(Grades  4—6) 


MARGAKET  H.  BERGE 
District  Maihcmattcs  Tencher,  SouUiwcsi  District,  Doric  Couuttj  Public  Schooh 

^^if^mi  rlorida 


Objective 

Given  fractional  nunil)crif,  the  student  should  learn  to  identify  equiv- 
alent and  nonequivalent  fractions  orally  or  hy  writing  the  symbols  =, 
<,  >,  and  y^. 

Materials  for  the  teacher 

6  egg  cartons,  jjainted  in  different  colors:  1  whole  carton,  the  others 
cut  into  halves,  thirds,  fourths,  sixths,  and  twelfths 
These  egg  cartons  nest  together  neatly  and  compactly. 
Materiah  for  each  student 

6  egg  cartons,  as  listed  for  the  teacher  (children  enjoy  gathering 

and  prei)aring  this  material! 
1  large,  unruled,  laminated  card 
1  crayon 

1  tissue  or  jiapcr  towel  for  cleaning  the  laminated  card  after  each 
response 

Teacher-guided  activities 

During  this  lesson,  have  students  show  answers  on  the  laminated 
cards  as  often  as  possible  so  that  you  can  evaluate  the  response  of  each 
student.  Discussion  of  answers  and  proofs,  using  nests,  should  follow 
to  allow  students  to  verbalize  their  responses  and  to  clarify  miscon- 
ceptions. 

Display  1  whole  egg  carton  and  ask  students  to  write  a  number  or 
a  word  on  their  card,  with  the  crayon,  that  tells  how  many  the  carton 
will  hold.  Ask  them  to  show  their  answers  when  you  say,  "Show  me." 

Discuss  the  correctness  of  ''12"  or  "dozen."  Suggest  that  for  the  ac- 
tivities today  "1  dozen"  bo  used  to  name  the  container. 
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Look  tlimugli  your  ne^t  of  coiitaiiiors  and  find  one  tliat  will  liold 
dozen.  Tlic  lesson  might  then  i)roceed  as  follows.  Tlie  resi)onses  of  tlie 
students,  when  given,  are  shown  in  i)arentheses 

How  many  of  these  do  you  have?  1 2.) 

If  we  fit  these  2  into  our  1-dozen  container,  how  do  they  compare 
in  Mzc?  Do  the  2  parts  fill  the  dozen  container?  (Yes.) 
IIow  many  parts  do  you  have  that  show     dozen?  (2.) 
Are  the  2  parts  the  .same  size?  (Yes.) 
Show  me  1  of  these  2  parts. 

You  have  shown  me  1  i)art  of  2  parts.  (Show  this  on  the  chalkboard 
as  indicated  below.] 


1 

part 

outof. 

2 

parts 

Wo  can  also  writ'^  this  as  Mi- 
Tell  me  two  wavs  to  read  this  symbol.  (Yj  or  1  part  out  of  2  parts.) 
Look  through  your  nest  and  find  3  parts  of  a  dozen  that  are  the  same 
size. 

Fit  the  3  parts  into  the  dozen  container  and  tell  bow  they  comi)are 
in  size,  or  how  they  fit. 

Write  the  color  of  your  3  parts  on  your  card  and  show  me. 

Show  nie  1  part  out  of  3  parts.  [Place  the  following  on  the  chalk- 
board.] 


1 

part 

out of - 

3 

parts 

If  we  called  1  part  out  of  2  parts  Yji  what  symbol  can  \vq  use  to 
show  1  part  out  of  3  parts?  (V;i-) 
How  do  we  read  this  symbol?  (%  or  1  jiart  out  of  3  parts.) 
Show  me 


2 

parts 

€>Utof 

3 

parts 

or  %  of  1  dozen. 
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[Continue  the  same  procedure  with  fourths,  sixths,  and  t>velfthb  until 
the  children  (kMuonstrate  the  fraction  by  identifying  the  part  named  by 
the  deiioniinator  and  the  number  of  parts  specified  by  the  numerator.] 

Show  me  V12  dozen. 

Show  me  dozen. 

Plow  many  V^os  will  it  take  to  fill  Vj? 

Use  your  nests  to  find  out  and  write  your  answer  on  your  card,  and 
shoir  me.  (6.) 
Next,  think  about  this: 


6 

parts 

out  of ' 

9 

parts 

or  > ,  is  another  name  for  Vo. 
Write  True  or  False  on  your  card  for  this  equation:  %o  =  1/;.  (True.) 
How  do  you  know? 
Show  nie  dozen. 
Show  me  Vi  *j  dozen. 
How  many  '/oS  will  it  take  to  fill  Vj  : 

Write  True  or  False  on  your  card  fortius  equation:  Vj  =  ^-2-  (True.) 
How  do  you  know? 

Write  True  or  False  fortius  equation:  14  =  (False.) 
How  do  you  know? 

Write  the  answer  on  your  card:  How  many  ^/j oS  equal  1  dozen?  (12.) 
Write  True  or  False:  ^'Yy.  =  1.  (True.)  %'=  1.  (True.)  %.  =  1. 
(False.) 
^how  me  %  dozen. 
Show  me  dozen. 

How  many  %s  of  a  dozen  will  it  take  to  fill  dozen? 
Next,  think  about  this: 


parts 

6 

parts 

or -J,  is  another  name  for  %. 
Write  True  or  False  on  your  eard  for  this  equation:  %  =  (True.) 
[Continue  with  other  equivalert  fractions.] 

Use  your  nests  to  find  which  is  larger,  or  %.  Use  them  again  to 
find  which  is  larger,  %  or  %. 

[Continue  with  other  comparisons,  allowing  the  children  to  manipu- 
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late  their  ne^^ts  to  dibcover  relationships.  A  sample  worksheet  is  shown 
here] 

Use  your  7iest  of  cartoyis  to  compare  the  fractions. 
Put  <,>,(??•  =  in  the  frames. 


Gl — 1.3 

6  1 — 1  -1 

12  1 — 1  G 

Follorv-np 

This  lesson  should  be  followed  by  naming  and  comparing  fractional 
parts  of  number  lines  and  regions  using  fifths,  sevenths,  eighth^,  and 
others. 
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286-87 
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Davis,  Robert  B.  15.  116,422 
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Diagnosing  pujjil  performance,  23.  130- 

35,  136.  310-12.  Sec  also  Diagnostic- 

prescriptive  teaching 
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of,  132-33 
audio  tape  and  video  tape  m  132 
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307-12 

method  \-an:ibIe  and.  287-90 
nomothetic  proce(hires  in,  282.  305-7 
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toi^.  Rerouliaj;  efjuipnient ;  Wiit- 
ten  nKiteiiaN 
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\V  J.  149 

MacLran.  Jamrft  K..  115,  434 
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rods;  0('ol>oaHl>.  Mo(i('l?> 
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373.431 
.yfalhemnlu's  Teachiag.  265 
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110 
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for  relevance  in  learning.  18-10 


526 


INDKX 


foi  8011-0  of  tru^t.  13-14,  23 
for  Mu  cp>^.  20.  110. 120-27 
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in  toxtbooks.  91 

IV'chal.BilIy  J.137. 149. 151 
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tapes.  97,  105. 167.179.401 
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r/r/.ss/(;o;«  Quc.<lio}ts-  Mlwl  KM^.\ 
309 

Scliacht.  Kliiier  Jrmcs.  133 
School  Mathematics  Study  Oioup 
(SMS(;).315.349-,55 
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St;nic.  M  .2 

SiiK-ldaiid.  Jarno>  lM>h(T.  Jr.  3(5 
Stiofx  i.  Mr<.  L  H  .310.380.382 
Siippcs.  Patrick.  13G.  337.  356 

'rci!>a.  Hihla.23 
'ra>k  control.  14-10 
Ta^k  fittin<i  See  A--c>sincnl.  ta^k- 
Taxonoinios 
hrha\ioral.  298-305  (see  ali.0  Hlooni. 

15(>iijainin  S.) 
content,  282.  203-301.  303-5.  313 
of  type-  of  Icaniiiiu,  301-5 
Taxonomti  of  EducniinHal  Ohjeclife.^ : 
The  rias^tficdtttm  oj  Kdncatiimai 
(i'oah.  Hand})<)ok  1.  Cognidve  1)o- 
mnin  (Hlooni.  cd.).  40.  59  203  208- 
305, 309, 313 
TcacluMS.  .SVr  aho  .\idr>,  loachcr 

nianajicr- of  in-tniction,  14-18  23 
170.417-18 
;is  .stiat(*j;jc  chanu('  Murnt<,  12-13,  23 
iKiinmuof  tsec  Teacher  oduciilion) 
n>oof.340-41 
Tc^aciuT  education.  307-101.  402-43 
Hi  Kinory  TniveiMty.  406-25 
at  the  ^nlveI^«ity  of  Demer,  307-401, 
127-30 


ni-eivico.  372.  370.  385.  301.  405-38 

l.tboiatoiK  -  foi.  397-401.  107-14 

practiciiin  in. 410-16 

role  i)lM.\in^  in.  118-21 

-enMtivit\  traininmn.  406  417 

^tIan(i^  appioach  to.  435-37 

video  tapo>  and.  417-18 
lejH-hinfr  aScc  ai^o  Diaj;no>tio-pro?crip- 
tive  teaching; 

sensitivity  to  ^'low  leainoi^  124-27. 
402-5.406.417 

>tratefries  of.  137.  170 

Myiesof.  163-81.418 

team.  136. 335-?,6.  ^30.  382 

UM'  of  leinforcoment  control  in.  20-23 
Teinian.  Lewis  Madh-oii.  20 
Tectum  ^^ee  .\.-.-e-Mn<Mit  .  Kvahiation 
Thormhke.  K.  L  .28.30 
Thonuhke.  H.  L  .  37-38 
Thui>tone.  Loni-  I.eoii.  27-29 
Tian<fei  of  learnnifi.  170.  283.  208 
Tutoiial  help.  30 

rndi'iachieveis.  1,  29.38.  159 
Tnited  Staie.s  OfTire  of  Eduealion 
(TSOK).  157.  175,  180.  356.  100.  406 

ViMial  aid>  and  i.iatci  lals.  136.  137. 
112.  140,  157,  170.  183.  322.  Sec 
(ilso  Audiovisual  iiiatei  ia!& :  Bul- 
letin hoard-:  Chalkboards;  Mod- 
Multisen^ory  aids;  Projector-: 
Wilt  ten  materials 

ehait<,  107.  114.  150.  151. 102-04 

dot  i)aper.  225,  267.  500 

Uraph  i)aper.  144.  146,  106-201,  211, 
215-10  .  218.  262.  265,  266  .  260,  477. 
180 

Uiaphs.  107,  137.  151. 1G5.360 

^irids.  193.  106-201,  211.  215-16.  225 

229.  309,401,480.  506.507 
nomograph.-.  204-6 
^■ale>.  151.  102-04 

Waetjen.  Walter  B.  15 
Walbesser.  Henry  H..50.  01,  372 
Wat  t>.  Jean  C,  20) 
Weaver..!.  Kied.30S 
Weinstein.  (leiidd.  7.  402.  417.  422-23 
Williams,  nu.«e\\  L..  403 
Wibon.duy  M  .285.286 
\\'d-on.  Janie-  W..  ,30. 40-41 
\Vil>on.  John  W.,  203 
Wmdolband,  Wilhelui.305 
Wiitz,  Hobert  W,  134 


